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Minimal Assumption Derivation

of a Bell-type Inequality
Gerd Graßhoff, Samuel Portmann and

Adrian Wüthrich

ABSTRACT

John Bell showed that a big class of local hidden-variable models stands in conflict with

quantum mechanics and experiment. Recently, there were suggestions that empirically

adequate hidden-variable models might exist which presuppose a weaker notion of local

causality. We will show that a Bell-type inequality can be derived also from these weaker

assumptions.

1 Introduction

2 The EPR-Bohm experiment

3 Local causality

4 Bell’s inequality from separate common causes

4.1 A weak screening-off principle

4.2 Perfect correlation and ‘determinism’

4.3 A minimal theory for spins

4.4 No conspiracy

5 Discussion

1 Introduction

The violation of Bell’s inequality by the outcome of an EPR-type spin experi-

ment (Einstein, Podolsky, and Rosen [1935]; Bohm [1951]) seems to exclude a

local theory with hidden variables. The underlying reductio ad absurdum

proof infers on the grounds of the empirical falsification of the derived

inequality that at least one of the required assumptions must be false. The

force of the argument requires that the derivation be deductive and that all

assumptions be explicit. We aim to extract a minimal set of assumptions

needed for a deductive derivation of Bell’s inequalities given perfect correla-

tion of outcomes of an EPR-type spin experiment with parallel settings.

One of the assumptions in Bell’s original derivation (Bell [1964]) was

determinism. Later, he succeeded in deriving a similar inequality without

determinism (Bell [1971]), placing in its stead an assumption later dubbed

� The Author (2005). Published by Oxford University Press on behalf of British Society for the Philosophy of Science. All rights reserved.

doi:10.1093/bjps/axi140 For Permissions, please email: journals.permissions@oxfordjournals.org

Advance Access published on October 21, 2005.



local causality (Bell [1975]). As Bell stressed, the notion of local causality he

and others used might be challenged. In Hofer-Szabó, Rédei, and Szabó

([1999]), it was pointed out that Reichenbach’s Common Cause Principle

(Reichenbach [1956]) indeed suggests a weaker form of local causality. We

will prove here, however, that even from this weaker notion Bell’s inequality

can still be derived.1

2 The EPR–Bohm experiment

Consider the so-called EPR–Bohm (EPRB) experiment (Einstein, Podolsky,

and Rosen [1935]; Bohm [1951]). Two spin-1
2

particles in the singlet state

jCi ¼ 1
ffiffiffi
2

p j "#i� j #"ið Þ ð1Þ

are separated in such a way that one particle moves to a measurement appar-

atus in the left wing of the experimental setting and the other particle to a

measurement apparatus in the right wing (see Figure 1). The experimenter

can choose arbitrarily one of three directions in which the spin is measured

with a Stern–Gerlach magnet.

The following terminology follows the reconstruction of Wigner ([1970]),

which van Fraassen ([1989]) has subsequently expanded on. The event type2

that the left (right) measurement apparatus is set to measure the spin in dir-

ection i 2 {1,2,3} is symbolized by Li (Ri). L
a
i (Ra

i ) symbolizes the event type

that the measurement outcome in the left (right) wing of a spin measurement

in direction i is a. There are two possible measurement outcomes spin up

(a ¼ þ) and spin down (a ¼ �) for each particle in each direction. The letter

j 2 {1, 2, 3} will be used like i to symbolize directions and b 2 {þ,�} like a to

symbolize measurement outcomes. Formulae in which the variables i, j, a,

and b appear are meant to hold—if not otherwise stated—for all possible

Figure 1. Setup of the EPR–Bohm experiment (cf. Bell [1987], p. 140).

1 Several of the issues we present in this paper are discussed in more detail in Wüthrich ([2003]).
2 We will speak of event types to distinguish them from the token events which instantiate

corresponding event types.
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values of the variables. p(X) denotes the probability of an event type X, which

is empirically measurable as the relative frequency of all runs of an EPRB

experiment in which the event type X is instantiated, with respect to all runs.

p(X ^ Y) is the probability of the event type ‘X and Y ’, measurable as the

relative frequency of all runs in which both X and Y are instantiated. p(X |Y ) ¼
p(X ^ Y)/p(Y) is the conditional probability of the event type X given the

event type Y, measurable as the relative frequency of instantiations of X

with respect to the subensemble of all runs in which Y is instantiated. For

example,

pðLa
i ^ Rb

j jLi ^ RjÞ ð2Þ

denotes the probability that the measurement outcome is a on the left and b

on the right when measuring in direction i on the left and in direction j on the

right. These probabilities are predicted by quantum mechanics as

pðLþ
i ^ Rþ

j jLi ^ RjÞ ¼
1

2
sin2 wij

2
, ð3Þ

pðL�
i ^ R�

j jLi ^ RjÞ ¼
1

2
sin2 wij

2
, ð4Þ

pðLþ
i ^ R�

j jLi ^ RjÞ ¼
1

2
cos2

wij

2
, ð5Þ

pðL�
i ^ Rþ

j jLi ^ RjÞ ¼
1

2
cos2

wij

2
, ð6Þ

where wij denotes the angle between the two measurement directions i and j.

Also, the outcomes on each side are predicted separately to be completely

random:

p La
i jLi ^ Rj

� �
¼ 1

2
, ð7Þ

pðRb
j jLi ^ RjÞ ¼

1

2
: ð8Þ

3 Local causality

The derivations of Bell-type inequalities known to us which do not presuppose

determinism assume instead what John Bell calls local causality (Bell [1975];
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Clauser and Horne [1974]), that is, the assumption that there is a common

cause variable3 V which takes on values q 2 I ¼ {q1, q2, q3, . . ., qk} such that

for event types ‘the variable V has the value q’ (Vq) we have
P

q p(Vq) ¼ 1 and

pðLa
i ^ Rb

j jVq ^ Li ^ RjÞ ¼ pðLa
i jVq ^ LiÞ pðRb

j jVq ^ RjÞ: ð9Þ

Other frequently used names for this condition are factorizability (Butterfield

[1989]) and strong locality (Jarrett [1984], [1989]). It is usually justified by

pointing out that it follows from the conjunction of the following three

conditions, which are called completeness [Equation (10)] and locality

[Equations (11) and (12)] (Jarrett [1984], [1989]), outcome independence and

parameter independence (Shimony [1993]), or causality and hidden locality

(van Fraassen [1989]):

pðLa
i ^ Rb

j jVq ^ Li ^ RjÞ ¼ pðLa
i jVq ^ Li ^ RjÞ pðRb

j jVq ^ Li ^ RjÞ,
ð10Þ

pðLa
i jLi ^ Rj ^ VqÞ ¼ pðLa

i jLi ^ VqÞ, ð11Þ

pðRa
j jLi ^ Rj ^ VqÞ ¼ pðRa

j jRj ^ VqÞ: ð12Þ

Equation (10) says that event types Vq or the variable V ‘screens off ’ La
i and

Rb
j from each other (van Fraassen [1989]; Butterfield [1989]). Van Fraassen

([1989]) pointed out that Equation (10) can be motivated through

Reichenbach’s Principle of Common Cause (PCC) (Reichenbach [1956]).

The principle states that whenever two different event types A and B are

statistically correlated

p A ^ Bð Þ 6¼ p Að Þp Bð Þ ð13Þ

and neither is A causally relevant for B nor B for A, there exists a common

cause variable V with values q 2 I ¼ {q1, q2, q3,. . . , qk} (
P

q p(Vq) ¼ 1) such

that A and B given Vq are uncorrelated:

pðA ^ BjVqÞ ¼ pðAjVqÞpðBjVqÞ: ð14Þ

In its original formulation the principle is stated only for a common cause

event type C, which is included in our formulation as the special case where

Vq can take only two values: Vq1 ¼ C, Vq2 ¼ :C (‘not C’). The principle has

been formulated for general common cause variables by Hofer-Szabó and

3 For the sake of simplicity, we assume that this partition is discrete and finite. As will become

clear in the following, the derivation of Bell’s inequality can also be done without this restriction.
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Rédei ([2004]) and Placek ([2000]). Besides the screening-off condition,

Reichenbach ([1956]) and Hofer-Szabó and Rédei ([2004]) stipulate further

restrictions on the common cause variable, which are, however, irrelevant for

our purposes.

Now, as can be seen from Equations (3)–(6), the event type La
i is in general

correlated with event type Rb
j . It is

pðLa
i jLi ^ RjÞ ¼ pðRb

j jLi ^ RjÞ ¼
1

2
, ð15Þ

and therefore

pðLa
i ^ Rb

j jLi ^ RjÞ 6¼ pðLa
i jLi ^ RjÞpðRb

j jLi ^ RjÞ

except for wij ¼
p

2
mod p: ð16Þ

Supposing that La
i is not causally relevant for Rb

j and vice versa (which is

reinforced by the fact that the setup of the experiment can be chosen so that

the instantiations of La
i and Rb

j in each run of the experiment are space-

like separated), PCC requires a common cause variable which fulfills

Equation (10). There are several different correlations; for example, Lþ
1 is

correlated with Rþ
2 , and Lþ

2 is correlated with Rþ
3 . For each of these correla-

tions PCC enforces the consequence that a common cause variable exists. As

stressed in Hofer-Szabó, Rédei, and Szabó ([1999]) nothing in PCC dictates

that the common cause variables of the different correlations have to be the

same. However, in all the derivations of Bell’s inequality known to us this

identification is made nevertheless. It is further shown in Hofer-Szabó, Rédei,

and Szabó ([1999]) and Hofer-Szabó and Rédei ([2004]) that for any set of

correlations it is mathematically possible to construct common cause vari-

ables. The authors concluded in Hofer-Szabó, Rédei, and Szabó ([1999]) that

the apparent contradiction between this possibility and the claim that the

EPRB correlations do not allow for a common cause variable (van

Fraassen [1989]; Butterfield [1989]) is resolved by pointing out that in

the derivation of Bell’s inequality a common common cause variable for all

measurements is assumed:

The crucial assumption in the [. . .] derivation of the [Clauser–Horne]

inequality is that [the two-valued common cause variable] is a [two-

valued common cause variable] for all four correlated pairs, i.e. that

[Vq] is a common common cause [variable], shared by different correla-

tions. Without this assumption Bell’s inequality cannot be derived. But

there does not seem to be any obvious reason why common causes should

also be common common causes, whether of quantum or of any other sort

of correlations. (Italics in the original)

Showing the mathematical possibility of constructing common cause vari-

ables for any set of correlations and in particular for the correlations found in
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the EPRB experiment is not sufficient for proving the existence of a physically

‘natural’ hidden-variable model for that experiment, however. Besides being

common cause variables [thus fulfilling Equation (10)], parameter independ-

ence should hold, too [Equations (11) and (12)]. Also, they should not be

correlated with the measurement choices. As shown by Szabó ([1998]), it is

possible to construct a model which fulfils these requirements for each of the

common cause variables separately. However, the conjunctions and other

logical combinations of the event types that the common cause variables

have certain values correlate in that model with the measurement operations.

Whether a model can be constructed without these correlations was posed as

an open question by Szabó. This question is answered negatively by the

derivation of Bell’s inequality that we present in the remainder of this article.

4 Bell’s inequality from separate common causes

4.1 A weak screening-off principle

Consider an EPRB experiment where the same direction i (i 2 {1,2,3}) is

chosen in both wings. That is, in each run the event type Li ^ Ri is instanti-

ated. With this special setting quantum mechanics predicts [see Equations (3)–

(8), with wij ¼ 0] that the measurement outcomes in each wing are random but

that the outcomes in one wing are perfectly correlated with the outcomes in

the other wing: if and only if the spin of the left particle is up, then the spin of

the right particle is down, and vice versa. We refer to this assumption as

perfect correlation, or PCORR for short.

Assumption 1 (PCORR)

pii R
�
i jLþ

i

� �
¼ 1 and pii L

þ
i jR�

i

� �
¼ 1: ð17Þ

We use here the definition

pij . . .ð Þ(p . . . jLi ^ Rj

� �
: ð18Þ

Large spatial separation of coinciding events of type La
i and Rb

j suggests

that the respective instances are indeed distinct events. This excludes an

explanation of the correlations by event identity, as is the case, for example,

with a tossed coin for the perfect correlation of the event types ‘heads up’ and

‘tails down’. Such a perfect correlation is explained in that every instance of

‘heads up’ is also an instance of ‘tails down’, and vice versa. Since the sep-

aration is even space-like, no La
i or Rb

j should be causally relevant for the

other. We refer to these two assumptions as separability, SEP for short, and

locality 1 (LOC1).
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Assumption 2 (SEP) The coinciding instances of La
i and Rb

j are distinct events.

Assumption 3 (LOC1) No La
i or Rb

j is causally relevant for the other.

Rather, there should be a common cause variable; that is, we assume PCC.

Assumption 4 (PCC) If two event types A and B are correlated and the correla-

tion cannot be explained by direct causation nor by event identity, then there

exists a common cause variable V, with values q 2 I ¼ {q1, q2, q3, . . . , qk} such

that
P

qp(Vq) ¼ 1 and p(A ^ B |Vq) ¼ p(A |Vq)p(B |Vq), 8q.

As already mentioned, we omit the other Reichenbachian conditions

(Reichenbach [1956]; Hofer-Szabó and Rédei [2004]) since they are not

necessary for our derivation.

This principle, together with the assumptions PCORR, SEP, and LOC1,

implies that there is for each of the EPRB correlations a (possibly different)

common cause variable Vþ�
ij with q 2 Iþ�

ij . The sub- and superscripts in Vþ�
ij

with q 2 Iþ�
ij refer to Vþ�

ij being a common cause variable of Lþ
i and R�

j .

Result 1

pii L
þ
i ^ R�

i jVþ�
ii q

� �
¼ pii L

þ
i jVþ�

ii q
� �

pii R
�
i jVþ�

ii q
� �

: ð19Þ

Note that common cause variables can be different for different

correlations.

4.2 Perfect correlation and ‘determinism’

We now show that from the fact that a perfect correlation is screened off by

some variable it follows that without loss of generality the common cause

variable can be assumed to be two-valued and that the having of one of the

two values of the variables is necessary and sufficient for the instantiation of

the two perfectly correlated event types, cf. Suppes and Zanotti ([1976]).

Let A and B be perfectly correlated,

p A jBð Þ ¼ p B jAð Þ ¼ 1,

and screened-off from each other by a common cause variable,

p A ^ B jVqð Þ ¼ p A jVqð Þp B jVqð Þ:

We can split the set I of all values V completely into two disjoint subsets,

namely into the subset Iþ of those values of V for which p(A ^ Vq) is not zero

and into the subset I� of those for which it is zero:

Iþ ¼ fq 2 I : p A ^ Vqð Þ 6¼ 0g,

I� ¼ fq 2 I : p A ^ Vqð Þ ¼ 0g,

I ¼ I� [ Iþ, I� \ Iþ ¼ ;:
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From this definition of I� it follows already that

p A jVqð Þ ¼ 0, 8q 2 I�, ð20Þ

that is, that Vq with q 2 Iþ is necessary for A. Moreover, for all q 2 Iþ we

have by screening-off and perfect correlation

p A jVqð Þ ¼ p A jB ^ Vqð Þ ¼ 1: ð21Þ

That the variable V has a value in Iþ is a necessary and sufficient condition

for A. The following calculation shows that Vq with q 2 Iþ is also necessary

and sufficient for B.

From perfect correlation it follows that

p B jA ^ Vqð Þ ¼ 1, 8q 2 Iþ:

That Vq screens off B from A yields

p B jA ^ Vqð Þ ¼ p B jVqð Þ:

Together with the previous equation this implies that Vq is sufficient for B

for all q 2 Iþ:

p B jVqð Þ ¼ 1, 8q 2 Iþ: ð22Þ

If q2 I� we have by definition p(A ^ Vq) ¼ 0, which implies

p A ^ B ^ Vqð Þ ¼ 0:

By perfect correlation we therefore also have p(B ^ Vq) ¼ 0, which in turn

implies that

p B jVqð Þ ¼ 0, 8q 2 I�, ð23Þ

which means that Vq with q 2 Iþ is also necessary for B.

This calculation shows that in the case of a perfect correlation the set of

values of the common cause variable decomposes into two relevant sets. This

means that whenever there is an (arbitrarily valued) common cause variable

for a perfect correlation, there is also a two-valued common cause variable,

namely, the disjunction of all event types Vq for which q2 Iþ or q 2 I�,

respectively.

C ¼ _q2IþVq,

:C ¼ _q2I�Vq:

We refer to C as a common cause event type. In the case of a perfect cor-

relation no generality is achieved by allowing for a more than two-valued

common cause variable; if there is a common cause variable for a perfect
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correlation, there is also a common cause event type. Moreover, the common

cause event type is a necessary and sufficient condition for the event types

that are screened off by it [Equations (20)–(23)]. Result 1 thus implies that

there is a common cause event type Cþ�
ii such that

pii L
þ
i jCþ�

ii

� �
¼ pii R

�
i jCþ�

ii

� �
¼ 1, ð24Þ

pii L
þ
i j :Cþ�

ii

� �
¼ pii R

�
i j :Cþ�

ii

� �
¼ 0: ð25Þ

The sub- and superscripts of Cþ�
ii refer to Cþ�

ii being the common cause

event type of Lþ
i and R�

i .

The outcome of a spin measurement is always either þ or � and

nothing else. We call this assumption exactly one of exactly two possible

outcomes (EX).

Assumption 5 (EX)

pii L
þ
i

� �
þ pii L

�
i

� �
¼ 1, pii L

þ
i ^ L�

i

� �
¼ 0, ð26Þ

pii R
þ
i

� �
þ pii R

�
i

� �
¼ 1, pii R

þ
i ^ R�

i

� �
¼ 0: ð27Þ

As stressed by Fine ([1982]), among the actual measurements there are always

runs in which no outcome is registered, which is normally attributed to the

limited efficiency of the detectors and not taken to the statistics. If one

assumes, instead, that part of these no-outcome runs are caused by the

hidden variable, then it is possible to construct empirically adequate models

for the EPRB experiments (Szabó [2000]; Szabó and Fine [2002]). With

Assumption 5, we explicitly exclude such models.

With Assumption 5, while Cþ�
ii is necessary and sufficient for Lþ

i and R�
i ,

its complement, :Cþ�
ii , is necessary and sufficient for the opposite outcomes,

namely, L�
i and Rþ

i :

pii L
�
i jCþ�

ii

� �
¼ pii R

þ
i jCþ�

ii

� �
¼ 0, ð28Þ

pii L
�
i j :Cþ�

ii

� �
¼ pii R

þ
i j :Cþ�

ii

� �
¼ 1: ð29Þ

4.3 A minimal theory for spins

In Section 4.2 it was found that Cþ�
ii is sufficient for Lþ

i given parallel settings

(Li ^ Ri) [see Equation (24)]. That is, the conjunction Cþ�
ii ^ Li ^ Ri is suffi-

cient for Lþ
i . But because of space-like separation of events of type Lþ

i and Ri

that are instantiated in the same run, the latter types should not be causally

relevant for the former. The measurement choice in one wing should be caus-

ally irrelevant for the outcomes (and the choices) in the other wing. Therefore
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we should discard Ri from the sufficient conjunction. The part Cþ�
ii ^ Li alone

is sufficient for Lþ
i . A similar reasoning can be applied to Rþ

j , Rj, and :Cþ�
jj

[cf. Equation (29)]. This is our assumption locality 2 (LOC2).

Assumption 6 (LOC2) If Li ^ Ri ^ X is sufficient for Lþ
i , then Li ^ X alone is

sufficient for Lþ
i , and similarly for Rþ

j , that is, if Lj ^ Rj ^ Y is sufficient for

Rþ
j , then Rj ^ Y alone is sufficient for Rþ

j .

Moreover, the remaining part Cþ�
ii ^ Li is minimally sufficient, in the sense

that none of its parts is sufficient on its own.4 If, for example, Cþ�
11 is instan-

tiated but we do not choose to measure L1, then Lþ
1 will not be instantiated.

That is to say, we cannot discard yet another conjunct of Li ^ Cþ�
ii as we

discarded Ri from Cþ�
ii ^ Li ^ Ri.

Let us turn to necessary conditions for Lþ
i . To begin with, Li is necessary: if

there is no Stern–Gerlach magnet properly set up (Li) the particle is not

deflected either up- or downwards; similarly for L�
i , Rþ

j , and R�
j . Roughly

speaking, no outcome without measurement (NOWM).

Assumption 7 (NOWM)

p Lþ
i ^ :Li

� �
¼ 0, p L�

i ^ :Li

� �
¼ 0, ð30Þ

pðRþ
j ^ :RjÞ ¼ 0, pðR�

j ^ :RjÞ ¼ 0: ð31Þ

Second, we saw in Section 4.2 that if parallel settings are chosen and

:Cþ�
ii is instantiated an event of type Lþ

i never occurs. In other words,

:Cþ�
ii ^ Li ^ Ri implies :Lþ

i :

:Cþ�
ii ^ Li ^ Ri !:Lþ

i : ð32Þ

Again we propose a locality condition based on the idea that the measure-

ment choice in one wing should be causally irrelevant for the outcomes (and

the choices) in the other wing:5 if :Cþ�
ii ^ Li ^ Ri is sufficient for :Lþ

i , then

:Cþ�
ii ^ Li alone should be sufficient for :Lþ

i . A similar reasoning can be

applied to Rþ
j , Rj, and Cþ�

jj [cf. Equation (28)].

Assumption 8 (LOC3) If Li ^ Ri ^ X is sufficient for :Lþ
i , then Li ^ X alone is

sufficient for :Lþ
i , and similarly for :Rþ

j , that is, if Lj ^ Rj ^ Y is sufficient for

:Rþ
j , then Rj ^ Y alone is sufficient for :Rþ

j .

4 Minimal sufficient conditions as defined by Graßhoff and May ([2001]) and Baumgartner and

Graßhoff ([2004]).
5 The following version of LOC3 is slightly different from that in an earlier version of the article.

We thank Gabor Hofer-Szabó, Miklós Rédei, and Iñaki San Pedro for their comments.
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By LOC3 it follows from Equation (32) that

:Cþ�
ii ^ Li !:Lþ

i : ð33Þ

This is equivalent to

Lþ
i ^ Li !Cþ�

ii , ð34Þ

and also to

Lþ
i ^ Li !Cþ�

ii ^ Li: ð35Þ

According to Equation (30), Li is necessary for Lþ
i . That means Lþ

i !Li, but

also Lþ
i !Lþ

i ^ Li. We have found [Equation (35)] that Lþ
i ^ Li !Cþ�

ii ^ Li.

Altogether, this entails Lþ
i !Li ^ Cþ�

ii , that is, that Li ^ Cþ�
ii is necessary for

Lþ
i . Moreover, it is a minimally necessary condition in the sense of Graßhoff

and May ([2001]) since it does not contain any disjuncts. All in all, Cþ�
ii ^ Li

is a minimally necessary and minimally sufficient condition for Lþ
i . In a sim-

ilar vein we find that Rj ^ :Cþ�
jj is minimally necessary and minimally suffi-

cient for Rþ
j . We have thus derived in particular the four minimal theories in

the sense of Graßhoff and May ([2001]), as illustrated in Figure 2.

In a formal notation the four minimal theories read as the following four

equations, where $ is the usual biconditional, which means that the left-hand

side implies the right-hand side and vice versa.6 This intermediate result is

referred to as minimal theories (MTH).

Result 2 (MTH)

L1 ^ Cþ�
11

� �
$ Lþ

1 , ð2aÞ

L2 ^ Cþ�
22

� �
$ Lþ

2 , ð2bÞ

R2 ^ :Cþ�
22

� �
$ Rþ

2 , ð2cÞ

R3 ^ :Cþ�
33

� �
$ Rþ

3 : ð2dÞ

From the logical relations (2a), (2b), (2c) and (2d) the following probabil-

ities can be derived:

p Lþ
1 ^ Rþ

2

� �
¼ p L1 ^ Cþ�

11 ^ R2 ^ :Cþ�
22

� �
,

p Lþ
2 ^ Rþ

3

� �
¼ p L2 ^ Cþ�

22 ^ R3 ^ :Cþ�
33

� �
,

p Lþ
1 ^ Rþ

3

� �
¼ p L1 ^ Cþ�

11 ^ R3 ^ :Cþ�
33

� �
:

6 For details see Graßhoff and May ([2001]) and Baumgartner and Graßhoff ([2004]). Note in

particular that a correct formal notation of a minimal theory uses what both call a double

conditional.
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By NOWM [Equations (30) and (31)] p Lþ
1 ^ Rþ

2

� �
is the same as p Lþ

1 ^ Rþ
2 ^

�

L1 ^ R2Þ and so on, and the above equations read

p Lþ
1 ^ Rþ

2 ^ L1 ^ R2

� �
¼ p L1 ^ Cþ�

11 ^ R2 ^ :Cþ�
22

� �
, ð36Þ

p Lþ
2 ^ Rþ

3 ^ L2 ^ R3

� �
¼ p L2 ^ Cþ�

22 ^ R3 ^ :Cþ�
33

� �
, ð37Þ

p Lþ
1 ^ Rþ

3 ^ L1 ^ R3

� �
¼ p L1 ^ Cþ�

11 ^ R3 ^ :Cþ�
33

� �
: ð38Þ

4.4 No conspiracy

The events of type Cþ�
ii are not supposed to be influenced by the measuring

operations Li and Rj. One reason for this assumption is that the measurement

operations can be chosen arbitrarily before the particles enter the magnetic

field of the Stern–Gerlach magnets and that an event of type Cþ�
ii is assumed

to happen before the particles arrive at the magnets. Therefore a causal influ-

ence of the measurement operations on events of type Cþ�
ii would be tanta-

mount to backward causation. Also an inverse statement is supposed to hold:

the event types Cþ�
ii are assumed not to be causally relevant for the measure-

ment operations. This is meant to rule out some kind of ‘cosmic conspiracy’

that whenever an event of type Cþ�
ii is instantiated, the experimenter would

be ‘forced’ to use certain measurement operations. This causal independence

between Cþ�
ii and the measurement operations is assumed to imply the cor-

responding statistical independence. The same is assumed to hold also for

(a) (b)

(c) (d)

Figure 2. Minimal theories for outcomes of spin measurements according to

result 2 (MTH).
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conjunctions of common cause event types. We refer to this condition as no

conspiracy (NO-CONS).

Assumption 9 (NO-CONS)

pðCþ�
ii ^ :Cþ�

jj jLi ^ RjÞ ¼ pðCþ�
ii ^ :Cþ�

jj Þ: ð39Þ

By this condition of statistical independence the three probabilities con-

sidered above can be transformed. That is, we have, for instance

p Lþ
1 ^ Rþ

2 jL1 ^ R2

� �
(

p Lþ
1 ^ Rþ

2 ^ L1 ^ R2

� �

p L1 ^ R2ð Þ

ðiÞ
¼

p L1 ^ Cþ�
11 ^ R2 ^ :Cþ�

22

� �

p L1 ^ R2ð Þ
( p Cþ�

11 ^ :Cþ�
22 jL1 ^ R2

� �

ðiiÞ
¼ p Cþ�

11 ^ :Cþ�
22

� �

ðiiiÞ
¼ p Cþ�

11 ^ :Cþ�
22 ^ Cþ�

33

� �

þ p Cþ�
11 ^ :Cþ�

22 ^ :Cþ�
33

� �
:

The dotted equations are true by definition of conditional probability.

In step (i), Equation (36) was used. Step (ii) is valid by ‘no conspiracy’

[Equation (39)] and (iii) by a theorem of probability calculus, according to

which p(A) ¼ p(A ^ B) þ p(A ^ :B) for any A and B. Transforming the other

two expressions in a similar way, we arrive at

p Lþ
1 ^ Rþ

2 jL1 ^ R2

� �
¼ p Cþ�

11 ^ :Cþ�
22 ^ Cþ�

33

� �

þ p Cþ�
11 ^ :Cþ�

22 ^ :Cþ�
33

� �
, ð40Þ

p Lþ
2 ^ Rþ

3 jL2 ^ R3

� �
¼ p Cþ�

11 ^ Cþ�
22 ^ :Cþ�

33

� �

þ p :Cþ�
11 ^ Cþ�

22 ^ :Cþ�
33

� �
, ð41Þ

p Lþ
1 ^ Rþ

3 jL1 ^ R3

� �
¼ p Cþ�

11 ^ Cþ�
22 ^ :Cþ�

33

� �

þ p Cþ�
11 ^ :Cþ�

22 ^ :Cþ�
33

� �
: ð42Þ

Since both terms on the right-hand side of the last equation appear in the sum

of the right-hand sides of the first two equations, the following version of the

Bell inequality (BELL) follows.7

7 It was first derived in this form by Wigner ([1970]).
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Result 3 (BELL)

p Lþ
1 ^ Rþ

3 jL1 ^ R3

� �
� p Lþ

1 ^ Rþ
2 jL1 ^ R2

� �

þ p Lþ
2 ^ Rþ

3 jL2 ^ R3

� �
: ð43Þ

This inequality has been empirically falsified; see, for example, Aspect,

Dalibard, and Roger ([1982]).

The inequality was derived from the following assumptions:

� perfect correlation (PCORR)

� separability (SEP)

� locality 1 (LOC1)

� principle of common cause (PCC)

� exactly one of exactly two possible outcomes (EX)

� locality 2 (LOC2)

� no outcome without measurement (NOWM)

� locality 3 (LOC3)

� no conspiracy (NO-CONS)

This is a version of Bell’s theorem. It says: if these assumptions are true, the

Bell inequality is true. The derivation of the Bell inequality presented here is

an improvement on the usual Bell-type arguments, such as Bell ([1975]) and

van Fraassen ([1989]), in two respects. First, it does not assume a common

common cause variable for different correlations. Second, contrary to the

usual locality conditions, the ones assumed here do not presuppose a solution

to the problems posed by the relation between causal and statistical

(in)dependence (see e.g., Spirtes, Glymour, and Scheines [1993]).

5 Discussion

Our claim to have presented a minimal assumption derivation of a Bell-type

inequality is relative: our set of assumptions is weaker than any set known to

us from which a Bell-type inequality can be derived and that contains the

assumption of perfect correlation (PCORR). It was one of the achievements

of Clauser and Horne ([1974]) to show that a Bell-type inequality can be

derived also if the correlations of outcomes of parallel spin measurements

are not assumed to be perfect. Our assumption of correlation is stronger

than the one used by Clauser and Horne. However, they assume a common

common cause variable for all correlations, which is a stronger assumption

than our assumption of possibly different common cause variables for each
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correlation (PCC). We have not been able to derive a Bell-type inequality

ruling out perfect correlations and allowing different common cause

variables. If PCORR is indeed a necessary assumption for our derivation

of the Bell inequality, it should be possible to construct a model in which

PCORR does not hold (being violated by an arbitrary small deviation, say).

Since the actually measured correlations are never perfect—a fact that is

usually attributed to experimental imperfections—it is not obvious how

such a model could be refuted.

Our notion of local causality might be challenged as follows. Even

though nothing in PCC dictates that in general the common cause

variables of different correlations have to be the same, there might be strong

grounds for why they are the same in the context of the EPRB

experiment. Indeed, Bell argued for his choice of local causality along the

following lines.8

Assume that La
i and Rb

j are positively correlated. Then

pðLa
i jRb

j ^ Li ^ RjÞ > pðLa
i jLi ^ RjÞ: ð44Þ

Since coinciding instances of La
i and Rb

j are space-like separated, neither is

causally relevant for the other. Rather, the correlation should be explained by

exhibiting some common causes in the overlap of the backward light cones of

the coinciding instances. An instance of, say, La
i raises the probability of an

instantiation of one of the common causally relevant factors, and this raises

the probability of an instantiation of Rb
j . But given the total state of the

overlap of the backward light cones of two coinciding instances, the probab-

ility of, say, Rb
j is assumed to be the same whether La

i is instantiated or not. If

the total state of the overlap of the backward light cones is already given,

nothing more that could be causally relevant for Rb
j can be inferred from an

instance of La
i .

Along this line of reasoning the total state V of the overlap of the backward

light cones9 of La
i and Rb

j is a common cause variable which screens off the

correlation:

pðLa
i ^ Rb

j jLi ^ Rj ^ VqÞ ¼ pðLa
i jLi ^ Rj ^ VqÞ

� pðRb
j jLi ^ Rj ^ VqÞ: ð45Þ

8 For a very good and more detailed discussion of this, see Butterfield ([1989]).
9 One might argue that the total state of the union of the backward light cones is a better candidate

for a common cause variable (Butterfield [1989]). The following discussion carries over also to

this case.
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The common past Vq cannot be altered by choosing one or the other dir-

ection for the spin measurement—‘facta infecta fieri non possunt’ (Placek

[2000], p. 185). Therefore the total state Vq of the common past is indeed a

common common cause variable for all correlated outcomes; see Figure 3.

This reasoning can be questioned along the following lines. It is reasonable

that not all event types that are instantiated in the overlap of the backward

light cones of two coinciding instances of the correlated event types are caus-

ally relevant for these latter event types. Therefore conditionalizing on the

total state is conditionalizing not only on the relevant factors but also on the

irrelevant ones. Moreover, it is conceivable that which event types of the

common past are relevant and which are not differs for different measure-

ments. Claiming that the total state of the common past is a common com-

mon cause variable, one is thus committed to assume that

conditionalizing on all other events . . . in addition to those affecting [the

correlated event types], does not disrupt the stochastic independence

induced by conditionalizing on the affecting events (Butterfield [1989]).

In particular, in the light of Simpson’s paradox (Simpson [1951]) this assump-

tion has been challenged (Cartwright [1979]). Here, we will not assess argu-

ments in favour of or against the possibility that conditionalizing on

irrelevancies yields unexpected statistical dependencies. Our point is that by

weakening the assumption in the way we did, our derivation is conclusive

whatever may be the answer to this question.
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Szabó, L. [2000]: ‘On Fine’s Resolution of the EPR-Bell Problem’, electronic preprint,

<http://arxiv.org/abs/quant-ph/0002030>.
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Abstract

According to Bell’s theorem a large class of hidden-variable models obeying Bell’s notion of local

causality (LC) conflict with the predictions of quantum mechanics. Recently, a Bell-type theorem has

been proven using a weaker notion of LC, yet assuming the existence of perfectly correlated event types.

Here we present a similar Bell-type theorem without this latter assumption. The derived inequality differs

from the Clauser–Horne inequality by some small correction terms, which render it less constraining.

r 2007 Published by Elsevier Ltd.

Keywords: Bell’s theorem; Principle of Common Cause; Perfect correlations
1. Introduction

In this article we continue the work of GraXhoff, Portmann, and Wüthrich (2005) and
prove a Bell-type theorem from a still weaker set of assumptions. In contrast to GraXhoff
et al. (2005), the weakening is reflected in the derived inequality: We get the Clauser–Horne
inequality with small correction terms rendering our inequality less constraining.
In order to set the theoretical stage, we would like to set our project in the context of

other work aiming to minimalise the strength of the assumptions (see Fig. 1). For more
detailed reviews see e.g. Shimony (2005) and Clauser and Shimony (1978).
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PCORR, PCC, LOC, X (GPW, 2003)

PCC, LOC, X

LC, X (Bell, 1971)

DET, LOC, X (CHSH, 1969)

PCORR, DET, LOC, X (Bell, 1964)

Fig. 1. Comparison of the logical strengths of the different sets of assumptions. Each node stands for a set of

assumptions from which a Bell-type inequality was derived. If two nodes are connected by an arrow, the set

further upwards is a logical implication of the set further downwards but not vice versa. DET ¼ Determinism,

LOC ¼ Locality, PCORR ¼ 9 perfectly correlated event types, LC ¼ local causality, PCC ¼ Principle of

Common Cause, X ¼ further assumptions, shared by all derivations.

S. Portmann, A. Wüthrich / Studies in History and Philosophy of Modern Physics 38 (2007) 844–862 845
The experimental context of all these derivations is the EPR-Bohm (EPRB) experiment
(see Section 2). Furthermore, they all assume a locality and a causality condition for
the observable events in terms of ‘‘hidden’’ variables. In its canonical interpretation,
quantum mechanics (QM) violates the locality but not the causality condition. In his
seminal derivation, Bell (1964) assumed local determinism (LOC and DET) and,
additionally, the existence of perfectly correlated event types (PCORR). Then, Clauser,
Horne, Shimony, and Holt (1969) derived the CHSH-inequality—again with LOC and
DET, but without PCORR. Moreover, Bell (1971) showed 2 years later, that the same
inequality can even be derived if one replaces the assumption of local determinism with a
weaker probabilistic notion, which he dubbed ‘‘local causality’’ (LC) (Bell, 1975), and
which was later analysed by Suppes and Zanotti (1976), van Fraassen (1982) and Jarrett
(1984) as a conjunction of a locality and a causality condition. As the long philosophical
discussion demonstrates, it is even difficult to find a necessary condition for probabilistic
causation, not to mention sufficient ones. Already Bell (1975) stressed that other
definitions of LC are conceivable. Belnap and Szabó (1996) and Hofer-Szabó, Rédei, and
Szabó (1999) showed that Reichenbach’s Principle of Common Cause does indeed suggest
another form of causality (PCC), which, together with LOC, includes Bell’s notion only as
a special case. They also pointed out that the existing proofs all assume the stronger notion
and that it is thus not clear whether a Bell-type theorem can still be proven with PCC. We
used PCC as our causality condition in GraXhoff et al. (2005) for a proof of a Bell-type
theorem, but the minimality of the logical strength of the assumptions was only relative
(see Fig. 1), because we also assumed PCORR. Given this assumption, our set of
assumptions was minimal. However, there are reasons to think that PCORR might be false
(see Section 3.2), which would limit the significance of our result. In this article, we derive a
Bell-type inequality without assuming PCORR. Our approach is similarly ‘‘straightfor-
ward’’ as the one of Ryff (1997). His intuition ‘‘that if a theorem is valid whenever we have
perfect correlations, it cannot be totally wrong in the case of almost perfect correlations’’
can be formulated precisely and proven to be correct in our case. A very similar result for
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the special case of two-valued common causes was derived independently by Hofer-Szabó
(2007).
This article is structured as follows. We describe the EPRB experiment and introduce

our notation in Section 2. In the main part, Section 3, we derive a weak Clauser–Horne
inequality. In Section 4, we discuss our result and compare it to related work. Specifically,
we discuss the significance of the small correction terms in our inequality.
2. The EPRB experiment

Consider the so-called EPRB experiment (Bohm, 1951; Einstein, Podolsky, & Rosen,
1935). Two spin-1

2
particles in the singlet state

jCi ¼ 1ffiffi
2
p ðj "#i � j #"iÞ (1)

are separated such that one particle moves to the measurement apparatus of Alice on the
left and the other particle to the measurement apparatus of Bob on the right (see Fig. 2).
The experimenter can arbitrarily choose the direction in which the spin is measured with a
Stern–Gerlach magnet.
The event type (henceforth: event, for short) that Alice’s (Bob’s) measurement apparatus

is set to measure the spin in direction a (b) is symbolised by a (b). Aa (Bb) symbolises the
measurement outcome of Alice (Bob) for a measurement in direction a (b). For each
direction, there are two possible measurement outcomes: spin up (Aa¼ þa, Bb¼ þb) and
spin down (Aa ¼ �a, Bb ¼ �b). We will always interpret these events also as elements of a
Boolean algebra O with a classical probability measure p, constituting a classical
probability space ðO; pÞ. E.g.

pðAaBbjabÞ (2)

denotes the probability that Alice’ measurement outcome is Aa and Bob’s Bb, when
measuring in the directions a (Alice) and b (Bob). We will often use the notation

pa;bð� � �Þ:¼pð� � � jabÞ (3)

with which we can write (2) as

pa;bðAaBbÞ. (4)
Aa = +a

a b

screen magnets magnets screen

Bb = −b

source

z

x
y

Fig. 2. Setup of the EPR-Bohm experiment.
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These probabilities are predicted by QM as

pa;bðþaþbÞ ¼
1
2
sin2

ja;b

2
, ð5Þ

pa;bð�a�bÞ ¼
1
2
sin2

ja;b

2
, ð6Þ

pa;bðþa�bÞ ¼
1
2
cos2

ja;b

2
, ð7Þ

pa;bð�aþbÞ ¼
1
2
cos2

ja;b

2
, ð8Þ

where ja;b denotes the angle between the two measurement directions a and b. Also, the
outcomes on each side are predicted separately to be completely random:

pa;bðAaÞ ¼
1
2, ð9Þ

pa;bðBbÞ ¼
1
2
. ð10Þ

3. Proof of a Bell-type theorem

We will first introduce our assumptions (Sections 3.1 and 3.2), from which the Bell-type
inequality is then shown to follow. In the literature on Bell-type theorems, there is a huge
amount of work devoted to the discussion of the assumptions. We do not intend to
contribute to this discussion here.

3.1. Locality and causality

The correlation between ‘‘heads up’’ and ‘‘tails down’’ when tossing a coin is explained
by the identity of the instances of the respective events: Every instance of ‘‘heads up’’ is
also an instance of ‘‘tails down’’, and vice versa. Large spatial separation of coinciding
instances of Aa and Bb suggests that this is not the case in the EPRB setup. This is our first
assumption.

Assumption 1. The coinciding instances of the events Aa and Bb are distinct.

Given this assumption, we can express

Assumption 2. No Aa or Bb is causally relevant for the other.

This assumption is supported by the fact that EPRB experiments have been performed
where in each run of the experiment the instance of Aa is space-like separated from the
instance of Bb, see e.g. Aspect, Dalibard, and Roger (1982). If it were violated and if a
cause temporally precedes its effects, the direction of causation would depend on the
chosen inertial frame.1

Assumption 3 (Principle of Common Cause, PCC). If two events A and B with distinct
coinciding instances are correlated and neither A is causally relevant for B nor vice versa,
1Note however that this is per se not a violation of Lorentz invariance and that whether or not this stands in

contradiction to the special theory of relativity is an intricate matter. For a discussion, see for example Maudlin

(1994) and Weinstein (2006).
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then there exists a partition C ¼ fCigi2I of O, a common cause, such that

pðABjCiÞ ¼ pðAjCiÞpðBjCiÞ; 8i 2 IðI countableÞ.

The common cause can alternatively be thought of as a variable (the ‘‘hidden’’ variable)
taking on the elements of the partition as values. Thus, when we say ‘‘the value of the
common cause’’, we refer to an element of the partition. In the original formulation,
Reichenbach used a partition with two elements, which is here generalised to a partition
with countably many elements.2

As can be seen from Eqs. (5)–(10), in general, the event Aa is correlated with event Bb:

pa;bðAaBbÞapa;bðAaÞpa;bðBbÞ; except for ja;b ¼
p
2
modp. (11)

With Assumptions 1 and 2, PCC demands the existence of a common cause CabAB ¼

fCabAB
i gi2IabAB which screens off the correlation:

pa;bðAaBbjC
abAB
i Þ ¼ pa;bðAajC

abAB
i Þpa;bðBbjC

abAB
i Þ; 8i 2 IabAB. (12)

As in GraXhoff et al. (2005) there is more than one common cause; in the present case a
common cause CabAB for each quadruple of measurement directions and outcomes
ða; b;Aa;BbÞ. That is different from other derivations, where a single common cause fCigi2I

is stipulated for all correlated events:

pa;bðAaBbjCiÞ ¼ pa;bðAajCiÞpa;bðBbjCiÞ; 8i 2 I . (13)

That a common common cause (obeying (13)) was assumed in Bell-type theorems was
first pointed out and criticised by Belnap and Szabó (1996) (for a deterministic common
cause) and by Rédei (1997) (for a probabilistic common cause).

Assumption 4 (LOC).

pðAajabCabAB
i Þ ¼ pðAajaCabAB

i Þ, ð14Þ

pðBbjabCabAB
i Þ ¼ pðBbjbCabAB

i Þ; 8i 2 IabAB. ð15Þ

As in traditional derivations, this assumption is meant to prevent the possibility of
superluminal causation.

3.2. Common causes for the maximal correlations

In their derivation GraXhoff et al. (2005) exploit that the screening-off condition entails
that in the case of perfect correlations common causes determine their effects. The slightest
deviation from

pa¼bðþaj�bÞ ¼ pa¼bðþbj�aÞ ¼ 1 (16)

leads to a breakdown of that type of derivation. Of course, Eq. (16) is true according to
QM and any apparent violation in actual experiments may be attributed to experimental
shortcomings, for instance that, in practice, the measurement devices are never set up
perfectly parallel.
2Reichenbach (1956) and Hofer-Szabó and Rédei (2004) stipulate further conditions, for the two-valued and the

general case, respectively. For our derivation, we do not need these assumptions, though. As emphasised in Hofer-

Szabó, Rédei, and Szabó (2002), there are not only quantum but quite ordinary correlations that fail to have a

two-valued common common cause.
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Nevertheless, we would like to do without this assumption. Our motivation for this is
twofold. First, there are theoretical grounds on which to expect a violation of the quantum
mechanical prediction of perfect correlations. Some of the different approaches to
quantum gravity, that is, suggest that tiny violations of Lorentz group invariance are to be
expected.3 Seen as an implication of rotation invariance, (16) would not be warranted any
more. The second motivation has to do with the prominent claim that Bell-type theorems
rule out the existence of empirically adequate local hidden-variable models on empirical
grounds alone. However, if besides the assumptions that define the model as a local
hidden-variable model, the only constraint was empirical adequacy, PCORR should not be
assumed, because small violations of it are consistent with empirical data.4

These considerations motivate a weakening of (16) such that we just take the maximal
correlations available, without assuming that they are perfect. We do this as follows. For
each pair of measurement directions ða; bÞ, we parametrise the conditional probabilities
pa;bðþaj�bÞ and pa;bðþbj�aÞ as

pa;bðþaj�bÞ ¼ 1� �a;b,

pa;bðþbj�aÞ ¼ 1� �b;a with �a;b; �b;a 2 ½0; 1�. ð17Þ

We will call the set of all measurement directions of Alice (of Bob) DA (DB). For each
measurement direction a 2 DA (b 2 DB), we pick out the measurement direction _a 2 DB

( _b 2 DA) for which pa;bðþaj�bÞ (pa;bðþbj�aÞ) takes on its maximal value, or, equivalently,
�a;b (�b;a) takes on its minimal value.5 If the same minimal value is taken on for more than
one direction, we make an arbitrary choice. We denote this minimal value with �a (�b)

6:

�a:minbf�a;bg,

�b:minaf�b;ag. ð18Þ

Thus, we have

pa; _aðþaj� _aÞ ¼ 1� �a,

p _b;bðþbj� _bÞ ¼ 1� �b. ð19Þ

Because of Assumptions 1–3, we have (in the notation of formula (12)) a common cause
fCa _aþ�

i gi2Ia _aþ� (fC
_bb�þ
i g

i2I
_bb�þ ) for the events þa and � _a (þb and � _b). Henceforth, we will

use the short hand fCa
i gi2Ia (fCb

i gi2Ib ) for fCa _aþ�
i gi2Ia _aþ� (fC

_bb�þ
i g

i2I
_bb�þ ).With this notation,

we get

pa; _aðþa� _ajC
a
i Þ ¼ pa; _aðþajC

a
i Þpa; _að� _ajC

a
i Þ; 8i 2 Ia,

p _b;bð� _bþbjC
b
i Þ ¼ p _b;bð� _bjC

b
i Þp _b;bðþbjC

b
i Þ; 8i 2 Ib. ð20Þ

The postulate that the common causes be not causally relevant for the setting of the
measurement apparatuses or vice versa and the assumption that there is not again a
common cause for these factors motivate the statistical independence of the measurement
3See e.g. Mattingly (2005) for references.
4In the context of the Kochen–Specker theorem, a similar loophole was exploited to construct a non-contextual

empirically adequate model by Clifton and Kent (2000).
5If the number of measurement directions (i.e. the cardinality of DA and DB) is not finite, it is possible, that

there is no such minimal value but only an infimum. The proof can be amended also for this case, but we will

refrain from doing this here.
6Note that we do not assume that the minimal value is taken on for parallel measurement directions.
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settings and any combination of common causes. In order to derive a Bell-type inequality,
however, we only need the following independences:

Assumption 5.

pðaCa
i Þ ¼ pðaÞpðCa

i Þ, ð21Þ

pðbCb
i Þ ¼ pðbÞpðCb

i Þ, ð22Þ

pðabCa
i Þ ¼ pðabÞpðCa

i Þ, ð23Þ

pðabCb
i Þ ¼ pðabÞpðCb

i Þ, ð24Þ

pðabCa
i Cb

j Þ ¼ pðabÞpðCa
i Cb

j Þ; 8i; j 2 Ia; Ib. ð25Þ
3.3. Constraints for pa;bðþaþbÞ, pðþajaÞ and pðþbjbÞ

To obtain a Bell-type inequality we need an upper and a lower bound for

pa;bðþaþbÞ; pðþajaÞ and pðþbjbÞ. (26)

We will need the following proposition.

Proposition 1. Let two events A and B with pðAÞ ¼ pðBÞ ¼ 0:5 be almost perfectly correlated

(pðAjBÞ ¼ 1� �) and assume a common cause C ¼ fCigi2I , such that

pðABjCiÞ ¼ pðAjCiÞpðBjCiÞ; 8i 2 I . (27)

Then
X

i2I1

pðCiÞ �
ffiffi
�
p

ppðAÞo
X

i2I1

pðCiÞ þ 4
ffiffi
�
p
� 2�, (28)

where

I1: fi 2 I : pðAjCiÞX1�
ffiffi
�
p
g. (29)

We prove Proposition 1 in Appendix A.
With the definition

C:¼_i2I1Ci, (30)

Eq. (28) reads

pðCÞ �
ffiffi
�
p

ppðAÞopðCÞ þ 4
ffiffi
�
p
� 2�, (31)

or, equivalently,

pðAÞ � 4
ffiffi
�
p
þ 2�opðCÞppðAÞ þ

ffiffi
�
p

. (32)

We define

Ia
1:¼fi 2 Ia: pa; _aðþajC

a
i Þ ¼
ð�Þ

pðþajaCa
i ÞX1�

ffiffiffiffi
�a

p
g,

Ca:¼_i2Ia
1
Ca

i ,

Ib
1:¼fi 2 Ib: p _b;bðþbjbCb

i Þ ¼
ð�Þ

pðþbjbCb
i ÞX1�

ffiffiffiffi
�b

p
g,

Cb:¼_i2Ib
1
Cb

i . ð33Þ

In ð�Þ, we use LOC.
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With the substitutions

pð� � �Þ ! pa; _að� � �Þ; pð� � �Þ ! p _b;bð� � �Þ,

A!þa; A!þb,

B!� _a; B!� _b,

C! Ca; C! Cb,

�! �a; �! �b, ð34Þ

we get

pa; _aðþaÞ � 4
ffiffiffiffi
�a

p
þ 2�aopa; _aðC

aÞppa; _aðþaÞ þ
ffiffiffiffi
�a

p
,

p _b;bðþbÞ � 4
ffiffiffiffi
�b

p
þ 2�bop _b;bðC

bÞpp _b;bðþbÞ þ
ffiffiffiffi
�b

p
. ð35Þ

By Assumption 5 we have

pa; _aðC
aÞ ¼ pðCaÞ ¼ pðCajaÞ, (36)

and pa; _aðþaÞ can be transformed, using Assumptions 4 and 5, as follows:

pa; _aðþaÞ ¼
X

i

pðþaCa
i ja _aÞ ¼

X

i

pðþajC
a
i a _aÞpðCa

i ja _aÞ

¼
X

i

pðþajC
a
i aÞpðCa

i jaÞ ¼
X

i

pðþaCa
i jaÞ ¼ pðþajaÞ. ð37Þ

Using the definition

�:¼max
a;b
f�a; �bg, (38)

we thus get

pðþajaÞ � DþopðCaÞppðþajaÞ þ D�, (39)

and similarly

pðþbjbÞ � DþopðCbÞppðþbjbÞ þ D� (40)

with

Dþ ¼ 4
ffiffi
�
p
� 2�,

D� ¼
ffiffi
�
p

. ð41Þ

Using again Assumption 5, the following bounds for pðþaþbjabÞ can be derived (this is
shown in Appendix B):

pa;bðþaþbÞ � Dþa;bopðCaCbÞppa;bðþaþbÞ þ D�a;b (42)

with

Dþa;b ¼
ðpðaÞ þ pðbÞÞð5

ffiffi
�
p
� 2�Þ

pðabÞ
,

D�a;b ¼
ðpðaÞ þ pðbÞÞ

ffiffi
�
p

pðabÞ
. ð43Þ
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3.4. A weak Clauser– Horne inequality

In the next step, we make use of a constraint, which holds for the probabilities of
arbitrary events. For events A and B to be elements of a classical probability space, it is not
enough that

0ppðAÞp1,

0ppðBÞp1,

0ppðABÞp1, ð44Þ

and

pðABÞppðAÞ,

pðABÞppðBÞ. ð45Þ

To find further constraints we first note that

pðABÞ þ pðAB̄Þ þ pðĀBÞ þ pðĀB̄Þ ¼ 1, (46)

where ‘‘Ā’’ means ‘‘not A’’. We also have

pðAÞ ¼ pðABÞ þ pðAB̄Þ; and

pðBÞ ¼ pðABÞ þ pðĀBÞ, ð47Þ

and hence

pðAÞ þ pðBÞ � pðABÞ ¼ pðABÞ þ pðAB̄Þ þ pðĀBÞ, (48)

which implies with Eq. (46)

0ppðAÞ þ pðBÞ � pðABÞp1. (49)

For more than two events there are more constraints in the form of such inequalities.7 For
four events A, A0, B and B0, one constraint reads

�1ppðABÞ þ pðAB0Þ þ pðA0B0Þ � pðA0BÞ � pðAÞ � pðB0Þp0. (50)

This is the Clauser–Horne inequality8 (Clauser & Horne, 1974), which we prove in
Appendix C. This inequality is an a priori constraint for arbitrary events. Hence, for the
measurement directions 1; 2 2 DA and 3; 4 2 DB, we also have

�1ppðC1C3Þ þ pðC1C4Þ þ pðC2C4Þ � pðC2C3Þ � pðC1Þ � pðC4Þp0. (51)

Together with inequality (42)

pa;bðþaþbÞ � Dþa;bopðCaCbÞppa;bðþaþbÞ þ D�a;b
7For a detailed discussion and the beautiful connection to the geometry of convex polytopes, see e.g. Pitowsky

(1989).
8What Clauser and Horne (1974) have actually derived is inequality (52) without the correction terms (the D’s).

In (52), there are conditional probabilities involved. Nevertheless, we adopt common terminology and refer to

both inequalities with the same name, since it will always be clear from the context which is meant.
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S. Portmann, A. Wüthrich / Studies in History and Philosophy of Modern Physics 38 (2007) 844–862 853
and inequalities (39) and (40)

pðþajaÞ � DþopðCaÞppðþajaÞ þ D�,

pðþbjbÞ � DþopðCbÞppðþbjbÞ þ D�

one gets

� 1� D�1;3 � D�1;4 � D�2;4 � Dþ2;3 � 2Dþ

op1;3ðþ1þ3Þ þ p1;4ðþ1þ4Þ þ p2;4ðþ2þ4Þ

� p2;3ðþ2þ3Þ � pðþ1j1Þ � pðþ4j4Þ

oDþ1;3 þ Dþ1;4 þ Dþ2;4 þ D�2;3 þ 2D� ð52Þ

with

D�a;b ¼
ðpðaÞ þ pðbÞÞ

ffiffi
�
p

pðabÞ
,

Dþa;b ¼
ðpðaÞ þ pðbÞÞð5

ffiffi
�
p
� 2�Þ

pðabÞ
,

D� ¼
ffiffi
�
p

,

Dþ ¼ 4
ffiffi
�
p
� 2�. ð53Þ

Note that inequality (52) reduces to the Clauser–Horne inequality for � ¼ 0.

3.5. Contradiction

The predicted values of p1;3ðþ1;þ3Þ, p1;4ðþ1;þ4Þ, p2;4ðþ2;þ4Þ and p2;3ðþ2;þ3Þ by QM are
such that the maximal9 violation for the lower bound of (52) obtains (among others) for
the angles j1;3 ¼ j1;4 ¼ j2;4 ¼ p=4 and j2;3 ¼ 3p=4:

� 1� D�1;3 � D�1;4 � D�2;4 � Dþ2;3 � Dþ � Dþ

op1;3ðþ1þ3Þ þ p1;4ðþ1þ4Þ þ p2;4ðþ2;þ4Þ

� p2;3ðþ2þ3Þ � pðþ1j1Þ � pðþ4j4Þ ¼ �

ffiffiffi
2
p
þ 1

2
. ð54Þ

The maximal violation for the upper bound obtains (among others) for the angles
j1;3 ¼ j2;4 ¼ 3p=4, j1;4 ¼ 5p=4 and j2;3 ¼ p=4:

ffiffiffi
2
p
� 1

2
¼ p1;3ðþ1þ3Þ þ p1;4ðþ1þ4Þ þ p2;4ðþ2þ4Þ

� p2;3ðþ2þ3Þ � pðþ1j1Þ � pðþ4j4Þ

oDþ1;3 þ Dþ1;4 þ Dþ2;4 þ D�2;3 þ D� þ D�. ð55Þ

With pðabÞ ¼ 1
4
and pðaÞ ¼ pðbÞ ¼ 1

2
, one has

D�a;b ¼ 4
ffiffi
�
p

and Dþa;b ¼ 20
ffiffi
�
p
� 8�. (56)
9These violations are also maximal in that no other quantum mechanical two-particle state for two spin-1
2
-

particles yields a larger violation (see Cabello, 2002; Tsirelson (Cirel’son), 1980).
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With the chosen angles and measurement probabilities one gets
ffiffiffi
2
p
� 1

2
o40

ffiffi
�
p
� 12� (57)

for the lower bound. This inequality is violated for

�p�lmax; �lmax ¼ 2:689 � 10�5. (58)

The inequality for the upper bound reads
ffiffiffi
2
p
� 1

2
o66

ffiffi
�
p
� 24�, (59)

which is violated for

�p�umax; �umax ¼ 9:869 � 10�6. (60)

Thus the quantum mechanical predictions contradict the predictions of a hidden-
variable model obeying our assumptions for

�p�lmax ¼ 2:689 � 10�5. (61)

4. Discussion

Even though the four sets of assumptions in Bell (1964), Clauser et al. (1969), Bell (1971)
and GraXhoff et al. (2005) differ (see Fig. 1), they all imply the same constraints on the
correlations as expressed in the Clauser–Horne inequality.10

One of the questions left open by GraXhoff et al. (2005) is what constraints are implied
without assuming the existence of perfectly correlated events. Since with a slightest
deviation from perfect correlations the proof by GraXhoff et al. (2005) breaks down, it
gives no hint as to whether the same Bell-type constraints follow nor whether a
contradiction to QM is entailed at all. In the present paper we have given a partial answer
to that question.
The inequality we get at the end of our derivation is stronger than the quantum

mechanical predictions (for �p�lmax), but weaker than the Clauser–Horne inequality (for
�40). Thus, the weakening of the assumptions is also reflected in a resulting weakening of
the constraints. Note however that we did not prove that this weakening is really an
implication of our assumptions. What we have shown is only that the conditional
probabilities at least have to obey the constraint (52).11 To prove the stronger proposition,
one could try to construct a separate common cause model obeying all our assumptions
that violates the Clauser–Horne inequality without correction terms, but does not violate
the weak Clauser–Horne inequality.
�lmax is so small that a deviation of that amount from perfect correlations cannot be ruled

out experimentally at present. This means that we cannot rule out the existence of an
empirically adequate hidden-variable model obeying all our assumptions. On the other
10Although the derived inequalities have a different form in Bell (1964), Bell (1971) and GraXhoff et al. (2005),

the respective assumptions are sufficient to derive also the Clauser–Horne inequality.
11This proviso is also necessary, because some steps can be optimised in our derivation. For example, one can

choose the borders of the partitions in (63) and (78) differently, such that one would get tighter constraints, that is

the correction terms to the Clauser–Horne inequality (the D’s) would become smaller.
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hand, from a theoretical point of view, a deviation from perfect correlation of order �lmax is
rather large. Modulo some theoretical assumptions, any non-vanishing � can be interpreted
as a violation of rotation invariance (see Section 3.2), which moreover induces a violation
of Lorentz invariance.12 Triggered by theoretical work in various approaches to quantum
gravity, which either imply violations of Lorentz invariance or render such a violation
natural, there has been a tremendous experimental effort for finding signatures of such
violations during the last 10 years or so (for a recent review see e.g. Mattingly, 2005). The
constraints coming from negative results of such experiments are rather strong. In view of
these findings, one would expect � to be smaller than �lmax and the inequality (52) to be
violated.

To conclude we would like to compare our inequality to other prominent constraints.13

Even though Bell’s theorem excludes models which obey LC, the predictions of QM for
pðAaBbjabÞ still obey the no-signalling constraint14

X

Bb

pðAaBbjabÞ ¼
X

Bb

pðAaBbjab0Þ,

X

Aa

pðAaBbjabÞ ¼
X

Aa0

pðAa0Bbja
0bÞ, ð62Þ

which states that the probability of the measurement outcome on one side does not depend
on the measurement direction on the other side (given the quantum mechanical state of the
system). Moreover, there are some correlations obeying no-signalling which are not
permitted by QM. The bounds, which are allowed by QM, were first derived by Tsirelson
(Cirel’son), 1980. Notoriously, still more constraining are the Bell inequalities. The
situation is drawn schematically in Fig. 3. The outmost border represents the least
constraining bound coming from the no-signalling condition (62). Next is the Tsirelson-
bound, which is again weaker than the bound coming from the Clauser–Horne inequality
(LC). The bound coming from inequality (52) lies between the Tsirelson-bound and the
12Whether or not a violation under rotation invariance implies also a violation of Lorentz boost invariance is

model dependent (see Mattingly, 2005).
13For an overview, see e.g. Gisin (2005).
14See e.g. Redhead (1987, pp. 113–117) and references therein.
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bound coming from the Clauser–Horne inequality, depending on the value of �. For �a0
there are quantum mechanical states which do violate the Clauser–Horne inequality but
not (52). This reveals the following a priori possibility. As Gisin (1991) showed, the
correlations coming from pure entangled states always violate the Clauser–Horne
inequality. For �a0, Gisin’s argument is not sufficient to conclude that all entangled
states violate inequality (52). Hence, it is an open question, whether or not there exist
models obeying all our assumptions, for the correlations of some entangled pure states.
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Appendix A. Proof of Proposition 1

We will partition I into the following three subsets:

I1:¼fi 2 I : pðAjCiÞX1�
ffiffi
�
p
g,

I2:¼fi 2 I :
ffiffi
�
p

opðAjCiÞo1�
ffiffi
�
p
g,

I3:¼fi 2 I : pðAjCiÞp
ffiffi
�
p
g. ð63Þ

pðAÞ can be decomposed in three terms:

pðAÞ ¼
X

i2I1

pðAjCiÞpðCiÞ þ
X

i2I2

pðAjCiÞpðCiÞ þ
X

i2I3

pðAjCiÞpðCiÞ. (64)

With the definitions (63) the following inequalities hold:

pðAÞX
X

i2I1

pðAjCiÞpðCiÞXð1�
ffiffi
�
p
Þ
X

i2I1

pðCiÞX
X

i2I1

pðCiÞ �
ffiffi
�
p

,

pðAÞp
X

i2I1

pðCiÞ þ
X

i2I2

pðAjCiÞpðCiÞ þ
ffiffi
�
p

. ð65Þ

Hence, to complete the proof we have to show that
X

i2I2

pðAjCiÞpðCiÞo3
ffiffi
�
p
� 2�. (66)

To start with we note that

�

2
¼ pðAÞ
|ffl{zffl}

1
2

� pðABÞ
|fflffl{zfflffl}
1��
2

¼
X

i2I

½pðAjCiÞ � pðABjCiÞ�pðCiÞ

¼
ð�Þ
X

i2I

½pðAjCiÞ � pðAjCiÞpðBjCiÞ� pðCiÞ

¼
X

i2I

pðAjCiÞ½1� pðBjCiÞ� pðCiÞ, ð67Þ
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where we used screening-off (27) to get equality ð�Þ. Since everything is symmetric in A and
B, the same holds if one exchanges A and B for each other. We thus have

X

i2I

pðAjCiÞ½1� pðBjCiÞ� pðCiÞ ¼
�

2
, ð68Þ

X

i2I

pðBjCiÞ½1� pðAjCiÞ� pðCiÞ ¼
�

2
. ð69Þ

Since all terms in the sums on the left-hand side of Eqs. (68) and (69) are positive, the
following inequalities hold for all subsets I� of the value space I:

0p
X

i2I�

pðAjCiÞ½1� pðBjCiÞ� pðCiÞp
�

2
; 8I� � I , ð70Þ

0p
X

i2I�

pðBjCiÞ½1� pðAjCiÞ� pðCiÞp
�

2
; 8I� � I . ð71Þ

Subtracting (70) from (71), one gets

X

i2I�

½pðAjCiÞ � pðBjCiÞ�pðCiÞ

�����

�����
p
�

2
; 8I� � I . (72)

With the definitions

IAXB
2 :¼fi 2 I2 : pðAjCiÞXpðBjCiÞg, ð73Þ

IAoB
2 :¼fi 2 I2 : pðAjCiÞopðBjCiÞg ð74Þ

and applying (72) for these sets, one gets

X

i2IAXB
2

½pðAjCiÞ � pðBjCiÞ� pðCiÞ

������

������
¼
X

i2IAXB
2

jpðAjCiÞ � pðBjCiÞjpðCiÞp
�

2
, ð75Þ

X

i2IAoB
2

½pðAjCiÞ � pðBjCiÞ� pðCiÞ

������

������
¼
X

i2IAoB
2

jpðAjCiÞ � pðBjCiÞjpðCiÞp
�

2
. ð76Þ

Adding these two inequalities, one gets
X

i2I2

jpðAjCiÞ � pðBjCiÞjpðCiÞp�. (77)

We partition I2 in the following two subsets:

I
X
ffiffi
�
p

2 :¼ i 2 I2: j pðAjCiÞ � pðBjCiÞjX

ffiffi
�
p

2

� �
,

I
o
ffiffi
�
p

2 :¼ i 2 I2: j pðAjCiÞ � pðBjCiÞjo
ffiffi
�
p

2

� �
. ð78Þ

From

X

i2I
X
ffi
�
p

2

jpðAjCiÞ � pðBjCiÞjpðCiÞX

ffiffi
�
p

2

X

i2I
X
ffi
�
p

2

pðCiÞ (79)
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together with (77), we get
X

i2I
X
ffi
�
p

2

pðCiÞp2
ffiffi
�
p

. (80)

Remember that we want to derive an upper bound for
X

i2I2

pðAjCiÞpðCiÞ. (81)

With (80), we already have
X

i2I2

pðAjCiÞpðCiÞ ¼
X

i2I
X
ffi
�
p

2

pðAjCiÞpðCiÞ þ
X

i2I
o
ffi
�
p

2

pðAjCiÞpðCiÞ

oð1�
ffiffi
�
p
Þ2

ffiffi
�
p
þ
X

i2I
o
ffi
�
p

2

pðAjCiÞpðCiÞ. ð82Þ

We will use again inequality (70), this time for the set I
o
ffiffi
�
p

2 :
X

i2I
o
ffi
�
p

2

pðAjCiÞ½1� pðBjCiÞ�pðCiÞp
�

2
. (83)

Because we are looking at the subset I
o
ffiffi
�
p

2 , it is

X

i2I
o
ffi
�
p

2

pðAjCiÞ½1� pðBjCiÞ�pðCiÞ4
X

i2I
o
ffi
�
p

2

pðAjCiÞ 1� pðAjCiÞ �

ffiffi
�
p

2

� �
pðCiÞ. (84)

With (83), one gets

X

i2I
o
ffi
�
p

2

pðAjCiÞ 1� pðAjCiÞ �

ffiffi
�
p

2

� �
pðCiÞo

�

2
. (85)

Now, since I
o
ffiffi
�
p

2 is a subset of I2, pðAjCiÞ takes on values in the interval ½
ffiffi
�
p
; 1�

ffiffi
�
p
�.

One can check that each summand is certainly greater than for pðAjCiÞ ¼ 1�
ffiffi
�
p

. We thus
have

X

i2I
o
ffi
�
p

2

pðAjCiÞ 1� pðAjCiÞ �

ffiffi
�
p

2

� �
pðCiÞ4ð1�

ffiffi
�
p
Þ

ffiffi
�
p

2

X

i2I
o
ffi
�
p

2

pðCiÞ. (86)

We get the constraint

X

i2I
o
ffi
�
p

2

pðCiÞo
ffiffi
�
p

ð1�
ffiffi
�
p
Þ
. (87)

With (82) one gets
X

i2I2

pðAjCiÞpðCiÞoð1�
ffiffi
�
p
Þ2

ffiffi
�
p
þ

ffiffi
�
p
¼ 3

ffiffi
�
p
� 2�, (88)

which is what we wanted to show. We thus arrive at the conclusion of Proposition 1:
X

i2I1

pðCiÞ �
ffiffi
�
p

ppðAÞo
X

i2I1

pðCiÞ þ 4
ffiffi
�
p
� 2�: & (89)
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Appendix B. Bounds for pðþaþbjabÞ

With (39) and Assumption 5, we get

pðþajaÞ ¼ pðþaCajaÞ þ pðþaCajaÞopðCajaÞ þ 4
ffiffi
�
p
� 2�

¼ pðþaCajaÞ þ pðþaCajaÞ þ 4
ffiffi
�
p
� 2�, ð90Þ

and hence

pðþaaCaÞopðþaaCaÞ þ pðaÞð4
ffiffi
�
p
� 2�Þ. (91)

Furthermore, we have

pðþaCajaÞ ¼
ð�Þ
X

i2Ia
1

pðþajaCa
i ÞpðC

a
i Þ

¼
X

i2Ia
1

ð1� pðþajaCa
i ÞÞpðC

a
i Þ

p
ffiffi
�
p X

i2Ia
1

pðCa
i Þp

ffiffi
�
p

, ð92Þ

where we used Assumption 5 to get equality ð�Þ. We can write (92) as

pðþaaCaÞppðaÞ
ffiffi
�
p

, (93)

such that we get from (91)

pðþaaCaX ÞopðaÞð5
ffiffi
�
p
� 2�Þ, (94)

because for any X and any Y, pðXY ÞppðY Þ. Next, from

pðþaaCaX Þ ¼ pðaCaX Þ � pðþaaCaX Þ (95)

together with (93) and because pðþaaCaX ÞppðþaaCaÞ we get

pðþaaCaX ÞXpðaCaX Þ � pðaÞ
ffiffi
�
p

. (96)

Starting from the inequalities (40), we get inequalities analogue to (94) and (96), that is
we get

pðþaaCaX ÞopðaÞð5
ffiffi
�
p
� 2�Þ, ð97Þ

pðþbbCbX ÞopðbÞð5
ffiffi
�
p
� 2�Þ, ð98Þ

pðþaaCaX ÞXpðaCaX Þ � pðaÞ
ffiffi
�
p

, ð99Þ

pðþbbCbX ÞXpðbCbX Þ � pðbÞ
ffiffi
�
p

. ð100Þ

Now, we can derive an upper bound for pðþaþbabÞ, using (97) and (98):

pðþaþbabÞ ¼ pðþaþbabCa
Þ þ pðþaþbabCaÞ

opðþaþbabCa
Þ þ pðaÞð5

ffiffi
�
p
� 2�Þ

opðþaþbabCaCbÞ þ ðpðaÞ þ pðbÞÞð5
ffiffi
�
p
� 2�Þ

ppðabCaCbÞ þ ðpðaÞ þ pðbÞÞð5
ffiffi
�
p
� 2�Þ. ð101Þ
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Using also Assumption 5, we finally obtain

pðþaþbjabÞ �
pðþaþbabÞ

pðabÞ

o
pðabCaCbÞ þ ðpðaÞ þ pðbÞÞð5

ffiffi
�
p
� 2�Þ

pðabÞ

¼ pðCaCbjabÞ þ ðpðaÞ þ pðbÞÞ
5
ffiffi
�
p
� 2�

pðabÞ

¼ pðCaCbÞ þ ðpðaÞ þ pðbÞÞ
5
ffiffi
�
p
� 2�

pðabÞ
. ð102Þ

Next, we derive a lower bound.

pðþaþbabÞXpðþaþbabCaCbÞ

XpðþbabCaCbÞ � pðaÞ
ffiffi
�
p

XpðabCaCbÞ � ðpðaÞ þ pðbÞÞ
ffiffi
�
p

, ð103Þ

pðþaþbjabÞ �
pðþaþbabÞ

pðabÞ

XpðCaCbÞ �
ðpðaÞ þ pðbÞÞ

ffiffi
�
p

pðabÞ
. ð104Þ

(102) and (104) imply

pðþaþbjabÞ � Dþa;bopðCaCbÞppðþaþbjabÞ þ D�a;b (105)

with

D�a;b ¼
ðpðaÞ þ pðbÞÞ

ffiffi
�
p

pðabÞ
,

Dþa;b ¼
ðpðaÞ þ pðbÞÞð5

ffiffi
�
p
� 2�Þ

pðabÞ
. ð106Þ
Appendix C. Proof of the Clauser–Horne inequality

In this appendix we prove inequality (50). We consider four arbitrary events A, A0, B,
and B0 together with their complements. The sum over all 16 possibilities equals 1:

X

a;a0 ;b;b0
pða; a0; b; b0Þ ¼ 1; where a 2 fA; Āg; etc. (107)

We also have

pðABÞ ¼ pðAA0BB0Þ þ pðAA0BB̄0Þ þ pðAĀ0BB0Þ þ pðAĀ0BB̄0Þ,

pðAB0Þ ¼ pðAA0BB0Þ þ pðAĀ0BB0Þ þ pðAA0B̄B0Þ þ pðAĀ0B̄B0Þ,

pðA0B0Þ ¼ pðAA0BB0Þ þ pðAA0B̄B0Þ þ pðĀA0BB0Þ þ pðĀA0B̄B0Þ,
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pðA0BÞ ¼ pðAA0BB0Þ þ pðAA0BB̄0Þ þ pðĀA0BB0Þ þ pðĀA0BB̄0Þ,

pðAÞ ¼ pðAA0BB0Þ þ pðAA0BB̄0Þ þ pðAĀ0BB0Þ þ pðAĀ0BB̄0Þ

þ pðAA0B̄B0Þ þ pðAA0B̄B̄0Þ þ pðAĀ0B̄B0Þ þ pðAĀ0B̄B̄0Þ,

pðB0Þ ¼ pðAA0BB0Þ þ pðAĀ0BB0Þ þ pðAA0B̄B0Þ þ pðAĀ0B̄B0Þ

þ pðĀA0BB0Þ þ pðĀĀ0BB0Þ þ pðĀA0B̄B0Þ þ pðĀĀ0B̄B0Þ. ð108Þ

Thus,

pðABÞ þ pðAB0Þ þ pðA0B0Þ � pðA0BÞ � pðAÞ � pðB0Þ

¼ �½pðAA0BB̄0Þ þ pðAA0B̄B̄0Þ þ pðAĀ0B̄B0Þ þ pðAĀ0B̄B̄0Þ

þ pðĀA0BB0Þ þ pðĀA0BB̄0Þ þ pðĀĀ0BB0Þ þ pðĀĀ0B̄B0Þ�. ð109Þ

Because each term appears only once on the right-hand side of Eq. (109), Eq. (107) implies
the Clauser–Horne inequality:

�1ppðABÞ þ pðAB0Þ þ pðA0B0Þ � pðA0BÞ � pðAÞ � pðB0Þp0. (110)
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