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ABSTRACT
Electromagnetically induced transparency (EIT) is a quantum coherence effect by
which a strong laser is used to cancel absorption for a second, weaker laser propagating
in the same medium. Within the transparency window, dispersion is large, permitting
the observation of very small group velocities and other effects. We generalize EIT
to a five level atom in which two driven ground state doublets, denoted {|bi, |bi}
and {|ci, |c0 i}, interact with an excited state, |ai. We call systems with this level
configuration “dressed interacting ground states (DIGS) systems.
We study the DIGS configuration under two sets of initial conditions. In
the first, we consider a closed system that is initially in the ground state |bi. We
find that the EIT spectrum is modified to include two new features located within
the transparency window, whose widths and locations can be tuned by the external
fields. In the vicinity of these features, we find small windows of very large dispersion
and suppressed absorption, permitting group velocities up to two orders of magnitude
smaller than an identically configured EIT system without the additional couplings.
In the second case, we permit population to accrue in the second ground state
doublet by introducing incoherent pumping terms. When the population of |c0 i exceeds the population of |bi, the absorption resonances already described become amplification resonances. For larger populations in |c0 i, the dispersion between these
amplification lines changes sign, leading to a prediction of superluminal and negative
group velocities. Varying the pumping rate can smoothly change the group velocity
in the system from sub- to superluminal. In all cases, we derive analytic solutions.

iv
Our results for the pumped atom are of particular relevance because they describe as
a limiting case a system that has received wide attention in the literature, but has
only been studied numerically.
We also consider a manifestation of the DIGS level configuration in a double
well Bose-Einstein condensate. Here, coherent tunneling between the wells replaces
the electromagnetic couplings between ground states. In this case, the new features
could be used for precision measurements of atomic tunneling, thermometry, and
non-local control of light propagation.

Author: James Owen Weatherall
Advisor: Christopher Search
Date: May 15, 2009
Department: Interdisciplinary Science (Physics and Engineering Physics and
Mathematical Sciences)
Degree: Doctor of Philosophy

v

To Cailin

vi
Acknowledgements
First and foremost, I would like to thank my adviser, Chris Search, for his tireless
help and encouragement. Now, more than when I began, I understand his generosity
in agreeing to advise a student with my eclectic background, who would soon move so
far away. Few graduate students are lucky enough to find an adviser so committed to
helping them succeed. I would also like to thank my adviser in mathematics, Charlie
Suffel, who immediately saw the benefits of an interdisciplinary degree, and whose
vision helped create and shape this project from the start. Thank you, too, to Knut
Stamnes and Kurt Becker for agreeing to serve on my committee, and to my faculty
at UC Irvine—especially David Malament, Pen Maddy, and Jeff Barrett—for their
support and their patience as I finished this degree.
Above all, I would like to thank my family, especially my parents, for inspiring and cultivating my love of science. Without their support—both moral and
financial—bicoastal graduate work would have been unthinkable. I am deeply honored to join an alumni body that includes two such illustrious members. And finally,
thank you to my brilliant and beautiful fiancée for her encouragement along the way,
and for making sure the world kept turning while I wrote this dissertation. She
deserves at least as much credit for its completion as I do.

vii

Table of Contents

Abstract

iii

List of Figures

x

1 Introduction

1

1.1

Controlling group velocity . . . . . . . . . . . . . . . . . . . . . . . .

1

1.2

Scope of dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . .

6

1.2.1

Linear response of a five level DIGS atom . . . . . . . . . . .

8

1.2.2

Realization of the five level system in a double well Bose-Einstein

1.3

I

condensate . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

9

Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

10

Background

13

2 A semiclassical theory of light and matter
2.1

2.2

Preliminary matters

. . . . . . . . . . . . . . . . . . . . . . . . . . .

14
15

2.1.1

The minimal coupling Hamiltonian in the dipole approximation 15

2.1.2

Maxwell’s equations in a dielectric medium . . . . . . . . . . .

19

The linear electric susceptibility of a dielectric medium . . . . . . . .

22

2.2.1

Definition of the linear electric susceptibility . . . . . . . . . .

23

2.2.2

The slowly varying envelope approximation . . . . . . . . . . .

28

viii
2.2.3

Optical properties from the linear susceptibility . . . . . . . .

2.2.4

The physical interpretation of anomalous dispersion and large
or negative group velocity . . . . . . . . . . . . . . . . . . . .

3 Linear dark state physics in three and four level atoms
3.1

3.2

3.3

30

36
41

Electromagnetically induced transparency . . . . . . . . . . . . . . .

42

3.1.1

The EIT Hamiltonian

. . . . . . . . . . . . . . . . . . . . . .

43

3.1.2

Linear susceptibility and group velocity control . . . . . . . .

50

3.1.3

Analysis in terms of dressed states and dark states . . . . . .

60

3.1.4

Experimental realizations of EIT, with a focus on the control
of group velocity . . . . . . . . . . . . . . . . . . . . . . . . .

66

Other three-level phenomena . . . . . . . . . . . . . . . . . . . . . . .

69

3.2.1

Coherent Population Trapping . . . . . . . . . . . . . . . . . .

69

3.2.2

Stimulated Raman Passage

. . . . . . . . . . . . . . . . . . .

70

3.2.3

Amplification without inversion . . . . . . . . . . . . . . . . .

72

Double dark resonances . . . . . . . . . . . . . . . . . . . . . . . . . .

76

3.3.1

The double dark resonance model . . . . . . . . . . . . . . . .

76

3.3.2

Predicted optical properties of double dark resonances . . . .

80

3.3.3

Experimental realizations of double dark resonances . . . . . .

91

4 Weakly interacting Bose-Einstein condensates and Josephson junc-

II

tions

93

4.1

The method of pseudopotentials . . . . . . . . . . . . . . . . . . . . .

94

4.2

Gross-Pittaevskii equations . . . . . . . . . . . . . . . . . . . . . . . . 100

4.3

Josephson junctions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

The Linear Response of Dressed Interacting Ground

ix

State Systems

107

5 Model of the five level DIGS atom

108

5.1

The DIGS Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.2

A semi-dressed basis . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.3

Decay in the semi-dressed basis . . . . . . . . . . . . . . . . . . . . . 116

5.4

Possible experimental configurations

. . . . . . . . . . . . . . . . . . 119

6 Control of normal dispersion and group velocity via DIGS induced
absorption resonances

120

6.1

The DIGS model without pumping: a first solution . . . . . . . . . . 120

6.2

Optical properties of the five level system without pumping . . . . . . 124

6.3

Experimental considerations . . . . . . . . . . . . . . . . . . . . . . . 137

7 Realization of DIGS configuration via the Josephson effect in a double well BEC

139

7.1

The double well BEC as a DIGS system . . . . . . . . . . . . . . . . 140

7.2

A solution for the linear response of the right well . . . . . . . . . . . 144

7.3

Optical properties of the right well in the degenerate energy case . . . 150

7.4

Experimental considerations . . . . . . . . . . . . . . . . . . . . . . . 158

7.A The full Gross-Pitaevskii equations in the semi-dressed basis . . . . . 161
7.B General solutions for ρ̃ab and ρ̃aa . . . . . . . . . . . . . . . . . . . . . 162
8 Anomalous dispersion and inversionless gain in a DIGS system
8.1

8.2

164

Solutions to the master equation . . . . . . . . . . . . . . . . . . . . . 165
8.1.1

Open pumping configuration . . . . . . . . . . . . . . . . . . . 165

8.1.2

Closed pumping configuration . . . . . . . . . . . . . . . . . . 170

Linear response of the pumped DIGS systems . . . . . . . . . . . . . 176

x

8.3

8.2.1

Im(χ): Gain lines . . . . . . . . . . . . . . . . . . . . . . . . . 177

8.2.2

Re(χ): Anomalous dispersion . . . . . . . . . . . . . . . . . . 186

Doppler Broadening . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

8.A Full solution for general laser and rf field detunings . . . . . . . . . . 203
9 Summary and Conclusion

205

Vita

223

xi

List of Figures

3.1

The EIT atom. An excited state |ai is coupled to two lower energy
states |bi and |ci by applied laser fields. Ωµ is the Rabi frequency of
a strong control beam coupling |ai and |ci. We study the propagation
of a weak probe beam with Rabi frequency Ωp ¿ Ωµ near resonance
with the |ai ↔ |bi transition.

3.2

44

Here we plot the real (solid line, blue) and imaginary (dashed line,
red) parts of the EIT susceptibility. The parameters are Ωµ = 2γab
and γbc = .001γab . We see the characteristic pattern of a transparency
window at zero detuning, with large dispersion. Recall that with our
definitions of the detuning, a negative slope for the real part of the
susceptibility corresponds to normal dispersion.

3.3

55

The real (solid lines) and imaginary (dashed lines) parts of the EIT
susceptibility as we vary γcb . The blue lines correspond to γcb = .01γab ;
the red lines to γcb = .1γab ; and the brown lines to γcb = γab . As γcb
increases, we see that the transparency window is washed out. This
occurs because the coherence between |bi and |ci is responsible for the
EIT phenomenon. Here we have Ωµ = 2γab in all plots.
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3.4

The imaginary part of the EIT susceptibility as we vary Ωµ , with
γcb = 10−4 γab (we neglect the real part here, as the graph becomes
too cluttered). The blue line correspond to Ωµ = 2γab ; the red line to
Ωµ = γab ; and the brown line to Ωµ = γab /2. Note that as Ωµ decreases,
the window becomes smaller, but does not vanish. This is because the
absorption at ∆p is actively canceled at this point by the coherence
between |bi and |ci.

3.5

57

Again, the real and imaginary parts of the EIT susceptibility as we
vary Ωµ , but this time with γcb = γab /10. The legend is the same as
in the previous figure: the blue lines correspond to Ωµ = 2γab ; the
red lines to Ωµ = γab ; and the brown lines to Ωµ = γab /2. The result
is a standard Autler-Townes doublet (see section 3.1.3), without the
additional cancelation of absorption at zero probe detuning. Now, as
the windows narrows, the peaks merge and the transparency window
vanishes.

3.6

58

The EIT atom under various unitary transformations into dressed
states. (a) The bare, unperturbed basis. (b) The Autler-Townes basis, in which the {|ai, |ci} subspace of the Hamiltonian is diagonalized,
producing two split excited states. (c) The dressed basis in which
the entire Hamiltonian is diagonalized. The center state is the “dark
state,” which cannot decay or absorb photons; no states are coupled
by electric fields. (d) The dark/light state basis. One state, the dark
state, decouples from the excited state, while the light state couples
more strongly.
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3.7

The four level double dark resonance model. The system is the same as
the EIT atom, with the addition of a third ground state, |c0 i, coupled
to |ci by an rf field.

3.8

77

Here we plot the real (solid line, blue) and imaginary (dashed line,
red) parts of the DDR susceptibility. We see that the coupling to the
additional state modifies the EIT spectrum by adding an additional
absorption feature. There are now two transparency windows, with
large normal dispersion in each of them, to either side of this new peak.
Recall that with our definitions of the detuning, a negative slope for the
real part of the susceptibility corresponds to normal dispersion. The
parameters are Ωµ = 2γa and γbc = .001γa . For emphasis and added
visibility, we have taken Ωc = .5γab , which is large if Ωc is coupling two
hyperfine transitions.

3.9

82

The imaginary parts of the DDR susceptibility as we vary ∆c . We see
that the new feature is located at approximately ∆p = −∆c , and that
there are absorption nulls to either side of it, even when it overlaps
with the EIT Autler-Townes peaks. The parameters are Ωµ = 2γa
and γbc = γbc0 = 0. For emphasis and added visibility, we have taken
Ωc = .5γab , which is large if Ωc is coupling two hyperfine transitions.

83

3.10 Here we plot the real (solid line) and imaginary (dashed line) parts
of the DDR susceptibility as we vary γbc0 . The blue lines have γbc0 =
.001γab , the red lines have γbc0 = .01γab , and the brown lines have
γbc0 = .1γab . The parameters are Ωµ = 2γa and γbc = .001γa . For
emphasis and added visibility, we have taken Ωc = .5γab , which is large
if Ωc is coupling two hyperfine transitions.
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3.11 Here we plot the imaginary part of the DDR susceptibility for various
st
values of the (normalized) population ratios, ρ̃st
bb and ρ̃c0 c0 . Moving
st
from top to bottom, we have: ρ̃st
bb = 1 and ρ̃c0 c0 = 0 (solid blue line);
st
st
st
ρ̃st
bb = 2/3 and ρ̃c0 c0 = 1/3 (dashed red line); ρ̃bb = 1/3 and ρ̃c0 c0 = 2/3
st
(dashed brown line); and ρ̃st
bb = 0 and ρ̃c0 c0 = 1 (dotted green line).

We see that as the relative population in |c0 i increases, the height of
st
the peak is suppressed, until ρ̃st
c0 c0 > ρ̃bb , at which point the absorption

line becomes a gain line. The other parameters are Ωµ = 2γa and
γc0 b = γc0 b = .0001γa . Once again we have taken Ωc = .5γab for emphasis. 88
3.12 One proposal for using DDR systems to control group velocity note
that one can use the new resonance to separate two nearby transparency windows with different, controllable group velocities. Here we
show the real and imaginary parts of the susceptibility for one such configuration, where ∆c = −γab . Observe that the dispersion is larger in
the right window than in the left. The other parameters are Ωµ = 2γa
and γc0 b = γc0 b = .0001γa . Once again we have taken Ωc = .5γab for
emphasis.
5.1

90

Our five level model. An excited state |ai is is coupled to two lower energy state doublets, {|bi, |b0 i} and {|ci, |c0 i}. Ωµ is the Rabi frequency
of a strong control beam coupling |ai and |ci; Ωb and Ωc are the Rabi
frequencies of two rf/microwave fields coupling the members of each of
the doublets. We study the propagation of a weak probe beam with
Rabi frequency Ωp ¿ Ωc , Ωb , Ωµ near resonance with the |ai ↔ |bi
transition. The specifics of the decay and pumping schemes will be
treated in chapters 6, 7, and 8.
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xv
6.1

(a) The full spectrum of the susceptibility showing the imaginary part,
Im[χ̃(1) ], (red dashed line) and real part Re[χ̃(1) ], (blue solid line). (b)
A close up on one of the new narrow features. In both figures, Ωb =
Ωc = γab /10 and Ωµ = 2γab , while γC = γC 0 = 0.

6.2

126

Imaginary part of the susceptibility, Im[χ̃(1) ] plotted as a function of
∆p and Ωb . The separation of the new features varies with Ωb , the Rabi
frequency of the rf field coupling the states |bi and |b0 i. Here, we show
the dependence for 0 ≤ Ωb ≤ γab /10, with γC = γC 0 = γab × 10−3 , Ωµ =
2γab , and Ωc = γab /10. Lighter color denotes larger Im[χ̃(1) ]. As we
see, in the limit that Ωb → 0, we recover the single peak characteristic
of DDR systems.

6.3

127

Energy level diagram that indicates transitions induced by the probe
laser between the ground state manifold {|Bi, |B 0 i} and the excited
state manifold {|+c i, |−c i, |0c i}. Transitions to the dark state |0c i are
indicated by dashed lines. The energy of the bare state |bi is also shown
for reference.

6.4

129

Imaginary part of the susceptibility, Im[χ̃(1) ], as a function of ∆p . Here,
Ωµ = 2γab , Ωb = 2.2γab , Ωc = 1.8γab have been chosen so that all six
absorption resonances are simultaneously visible. See text and Fig. 6.3. 130

6.5

Imaginary part of the susceptibility, Im[χ̃(1) ], as a function of ∆p showing a close up of the narrow resonances. Here we show the dependence
of the new features on the dephasing, γC 0 . The broad dashes represent
the case where γC 0 = 0, the short dashed line takes γC 0 = γab × 10−3 ,
and the dotted line represents γC 0 = γab × 10−2 . In all cases, Ωb = Ωc =
γab /10 and Ωµ = 2γab .
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6.6

Reduction of group velocity vg , in a window near ∆p = 0 for very
small rf Rabi frequencies Ωb = Ωc = 0.0001γa , Ωµ = 2γab , and no
decoherence, γC = γC 0 = 0. As in the previous graph, the group
velocity is measured relative to the group velocity for Ωb = Ωc = 0 but
with all other parameters being the same, which we denote as vEIT .

6.7

134

The group velocity, vg , in a window near ∆p = 0 for Ωµ = 2γab and
Ωb = Ωc = 0.01γa and γC = γC 0 = 0.0001γa (Blue long dash line);
Ωb = Ωc = 0.02γa and γC = γC 0 = 0.0001γa (Red short dash line);
and Ωb = Ωc = 0.01γa and γC = γC 0 = 0 (brown dotted line). In each
case, the group velocity is measured relative to the group velocity for
Ωb = Ωc = 0 but with all other parameters being the same, which
we denote as vEIT to mean ‘standard EIT’. We note that the group
velocity can readily be related to the delay time of a light pulse by
τd = `(1/vg − 1/c) where ` is the thickness of the sample.

6.8

The imaginary part of the susceptibility for the same parameters as in
Fig. 6.7.

7.1

135

136

Schematic description of our system: the atoms in the right well are
dressed by a strong control beam (indicated here by its frequency, Ωµ )
near resonance with the |ci ↔ |ai transition. We are interested in the
behavior of a weak probe beam (here, Ωp ) propagating in the right
well, near resonance with the |bi ↔ |ai transition. Atoms in electronic
state |`i are coupled via tunneling through the inter-well barrier to the
corresponding states |`0 i in the left well. The lasers propagate along
the axis perpendicular to the page.
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7.2

The full EIT spectrum of the system near the |ai − |bi resonance. Note
the similarity to Fig. 6.1. The Im(χ̃(1) ) is plotted as a dotted line,
and Re(χ̃(1) ) as a solid line. Note the two additional features, symmetrically located around zero detuning, at ±gb /2, with equal amplitude
for ϕ = 0. In this plot we have taken gb = gc = γab /10 (≈ 500kHz)
to emphasize the modifications to the standard EIT spectrum. Given
more physically realistic parameters, the features would be considerably narrower and closer together. Cf. Figs. 7.3, 7.5, and 7.6. Note
that here and in subsequent figures Ωµ = γa = 2γab .

7.3

152

Close-up of the positive detuning narrow absorption peak corresponding to the presence of the second well. As in the previous figure,
Im(χ̃(1) ) is plotted as a dotted line, and Re(χ̃(1) ) as a solid line. Note
that to either side of the absorption peak, the real part of the linear
susceptibility is rapidly changing, whereas the absorption goes to zero
still more quickly. In this plot, gb = gc = (2γab ) × 10−4 , which we
estimate as a reasonable upper bound for the coupling between wells
(see text). Here ϕ = 0.

7.4

153

Im(χ̃(1) ) for gb = gc = (2γab ) × 10−4 as a function of ϕ. One can
see that the amplitude of each resonance is proportional to the initial
population in |Bi and |B 0 i.

7.5

155

Im(χ̃(1) ), which is proportional to the probe absorption coefficient,
plotted near the positive detuning resonance.

Here ϕ = 0, gb =

(2γab ) × 10−4 is fixed, and gc is varied, to demonstrate how gc moderates the width of the tunneling induced resonances. See Fig. 7.3 for a
cross-section of this plot at gc = 1kHz.
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7.6

Im(χ̃(1) ) but now gb is varied, keeping gc = (2γab ) × 10−4 fixed along
with ϕ = 0. gb moderates the distance between the peaks. As gb goes
to zero, the peaks merge to create a single narrow peak at the origin.

8.1

157

Here we compare analytic and numeric solutions for the imaginary part
of the reduced susceptibility (corresponding to the absorption coefficient) in the open pumping case. The analytic solutions are represented
by wide dashed lines, and the numerics by narrow dashed lines. If it
is difficult to distinguish the two solutions in these and other figures,
it is because the agreement between them is quite good. We show the
full spectrum in the cases where rc0 = 0 (absorption lines; blue) and
rc0 = .007γab (gain lines; green). Other parameters are rb = .0001γab ,
Ωb = Ωc = .1γab , Ωµ = 2γab , and γb = γb0 = γC = γC 0 = 10−4 γab . We
have assumed the dephasings vanish, and so γC = γC 0 = 10−4 γab .

8.2

178

We show a close up of one of the narrow features. The pumping parameters here, going from top to bottom, are rc0 = 0 (blue lines), rc0 =
.002γab (red lines), rc0 = .004γab (brown lines), and rc0 = .007γab (green
lines). Other parameters are the same as in Fig. 8.1 rb = .0001γab ,
Ωb = Ωc = .1γab , Ωµ = 2γab , and γb = γb0 = γC = γC 0 = 10−4 γab . We
have assumed the dephasings vanish, and so γC = γC 0 = 10−4 γab .
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8.3

These are analytic and numeric solutions for the imaginary part of the
susceptibility in the closed pumping case. Again, the analytic solutions
are represented by wide dashed lines, and the numerics by narrow
dashed lines. Moving from the top curve to the bottom, the parameters
are r = 0 (blue lines), r = .005γab (red lines), r = .01γab (brown lines),
and r = .04γab (green lines). In all cases, Ωb = Ωc = .1γab , Ωµ = 2γab ,
and γC = γC 0 = γcc0 = γb0 b = 10−4 γab .

8.4

180

A close up on the features plotted in Fig. 8.3. As there, the analytic
solutions are represented by wide dashed lines, and the numerics by
narrow dashed lines. Moving from the top curve to the bottom, the
parameters are r = 0 (blue lines), r = .005γab (red lines), r = .01γab
(brown lines), and r = .04γab (green lines). Other parameters are
Ωb = Ωc = .1γab , Ωµ = 2γab , and γC = γC 0 = γcc0 = γb0 b = 10−4 γab .

8.5

181

The analytic solutions (solid lines) for the populations in the closed
pumping case, plotted with numerical solutions (dashed lines) to the
full system of equations. The lines with positive slope are the population of |c0 i in each case; the other non-zero lines are the populations of |bi, |b0 i. The dashed lines with population ≈ 0 correspond
to |ai and |ci.

In all cases, Ωb = Ωc = .1γab , Ωµ = 2γab , and

γC = γC 0 = γcc0 = γb0 b = 10−4 γab .
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8.6

Here we compare our analytic and numeric solutions for various pumping rates in the open configuration. We see that increasing pumping
to |c0 i results in a change from normal dispersion (negative slope, on
our sign conventions) to anomalous dispersion (positive slope) in the
region around zero detuning. Once again, the analytic solutions are
represented by wide dashed lines, and the numerics by narrow dashed
lines. The parameters in both cases are the same as in Fig. 8.2. In
particular, we have (from most negative slope to most positive), rc0 = 0
(blue lines), rc0 = .002γab (red lines), rc0 = .004γab (brown lines), and
rc0 = .007γab (green lines).

8.7

187

Now we compare our analytic and numeric solutions for various pumping rates in the closed configuration. We see that increasing the pumping results in a change from normal dispersion (negative slope, on our
sign conventions) to anomalous dispersion (positive slope) in the region
around zero detuning. The analytic solutions are represented by wide
dashed lines, and the numerics by narrow dashed lines. The parameters are the same as in Fig. 8.4. We have r = 0 (blue lines), r = .005γab
(red lines), r = .01γab (brown lines), and r = .04γab (green lines).
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8.8

Here we compare our linear approximation of the real part of the susceptibility, Eq. 8.30, with the general analytic solution, Eq. 8.24 for
various populations. For complete generality, and because the purpose
is to show agreement between the linear approximation and the full
susceptibility, we consider the populations directly, here, rather than
limiting ourselves to one pumping scheme or another. In order from
most negative to most positive slopes, we have PB = 1 and ρ̃c0 c0 = 0
(blue lines); PB = .25 and ρ̃c0 c0 = .5 (red lines); and PB = .1 and
ρ̃c0 c0 = .8 (brown lines). In all plots, γC = γC 0 = γab × 10−4 , Ωµ = 2γab ,
Ωb = Ωc = γab /10.

8.9

190

Here we compare our linear approximation of the real part of the susceptibility, Eq. 8.30, with the general analytic solution, Eq. 8.24, as
dephasing increases. The (blue) dotted line has γC = γC 0 = γab × 10−4 ;
the (red) dashed line has γC = γC 0 = γab × 10−3 ; the (yellow) broaddashed line has γC = γC 0 = γab /100; solid (green) line is the linear
approximation. Note that although the susceptibility is depressed in
the vicinity of the features as the dephasing increases, the dispersion in
the linear regime does not change. In all plots, we take the generalized
populations ρ̃c0 c0 = .8 and Re(PB ) = .1, while other parameters are
Ωµ = 2γab , Ωb = Ωc = γab /10.
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8.10 The ratio τdDIGS /τdDIGS as a function of the closed pumping rate, r/γab .
We see that for r > γab /10, the time delay becomes negative; for
r > 3γab /10, the magnitude of the negative time delay comes within
a factor of 2 of the EIT time delay, permitting much faster light than
previously observed.
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xxii
8.11 Here we have the two photon Doppler effect on the imaginary part of
the susceptibility near the narrow features. We keep the one photon
variance constant (to clarify the effect of the two photon broadening)
at σ∆p = .001γab . The blue dotted line corresponds to σδ = .001γab ,
the red dashed line has σδ = .005γab , the brown dashed line has σδ =
.01γab , and the solid green line (for which the features have vanished
altogether) has σδ = .05γab . For simplicity and generality, we have
used generalized populations rather than particular models for open or
closed pumping, with PB = .1 and ρ̃c0 c0 = .8, and we have allowed the
dephasings γC and γC 0 to vanish. The other parameters are Ωµ = 2γab ,
Ωb = Ωc = γab /10.
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8.12 Here we have the two photon Doppler effect on the real part of the
susceptibility near the narrow features, under the same circumstances
as Fig. 8.11. Again, the blue dotted line corresponds to σδ = .001γab ,
the red dashed line has σδ = .005γab , the brown dashed line has σδ =
.01γab , and the solid green line (for which the features have vanished
altogether) has σδ = .05γab .
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xxiii
8.13 The one photon Doppler effect on the imaginary part of the susceptibility. Again, we keep the keep the other variance constant at
σδ = .001γab . In this case we show a wide array of values for the
variance, as the features are much less sensitive to the one photon
broadening than the two photon broadening—indeed, each line represents variance an order of magnitude larger than the last. In both the
top and bottom plots, the blue dotted line corresponds to σ∆p = .01γab ,
the red dashed line has σδ = .1γab , the brown dashed line has σδ = γab ,
and the solid green line has σδ = 10γab . For simplicity and generality,
we have once again used generalized populations rather than particular models for open or closed pumping, with PB = .1 and ρ̃c0 c0 = .8,
and we have allowed the dephasings γC and γC 0 to vanish. The other
parameters are Ωµ = 2γab , Ωb = Ωc = γab /10.
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8.14 The one photon Doppler effect on Re(χ̃(1) ), with the same parameters
as Fig. 8.13. The blue dotted line corresponds to σ∆p = .01γab , the red
dashed line has σδ = .1γab , the brown dashed line has σδ = γab , and
the solid green line has σδ = 10γab .

200

1
Chapter 1
Introduction

1.1

Controlling group velocity

In February of 1839, Sir William Rowan Hamilton—from whom today’s Hamiltonian
takes its name—presented his research into the dynamics of light before the Royal
Irish Academy, of which he was president. He considered how a disturbance propagates along a possibly infinite lattice of particles, with an attractive force between
neighboring particles. Initial transverse displacements and velocities were specified;
the problem was to discover how the displacements would change over time. He found
that a discrete “communicated vibration” is propagated “with a velocity of progress
... less, by a finite though small amount, than the velocity of passage ... of any
given phase” [38, pg. 270]. According to Brillouin’s classic text on the topic [17,
Fn. 1], Hamilton’s presentation is the first known account of the group velocity of a
transverse wave, as distinct from its phase velocity.1
On our current understanding, the angular frequency ω of a spectral component
of a wave can be expressed as a function of the wave number, k, which is proportional
to one over the wavelength of the light. This function, ω(k), is known as the dispersion
relation for the wave. The dispersion relation is determined by the properties of the
medium through which the wave propagates. We can define a velocity in terms of the
1

The theory of group velocity was later developed in much greater detail by Lord Rayleigh, who is
typically (and duly) noted as responsible for the modern concept. For instance, although Brillouin
[17] acknowledges Hamilton’s contribution, he writes “Many modern ideas on wave propagation
originated in the famous works of Lord Rayleigh... The distinction between phase velocity and
group velocity appears very early in Rayleigh’s papers” [17, pg. 1]. Rayleigh’s treatment appears
mostly in Lord Rayleigh [65] and Lord Rayleigh [66].
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wavenumber in one way by taking,

vφ (k) =

ω(k)
.
k

(1.1)

vφ is called the phase velocity, because it describes the speed of a single phase—a
peak, say, or a trough—as the wave propagates. An envelope shape, meanwhile, such
as a wave packet, travels at a different velocity, given by

vg =

∂ω
.
∂k

(1.2)

vg is the group velocity. We will treat the concepts in more detail in chapter 2.
Given the emphasis that he places on the small but finite delay of a pulse
relative to the phase propagation rate, Hamilton would likely have been amazed and
fascinated to learn that 160 years and one week after he presented his findings, a group
at Harvard would report an experiment in which the group velocity of a pulse of light
traveling through an ultracold gas had been reduced to a mere 17m/s [43]. Some
months later, a second group—also at Harvard—reported similarly dramatic results
(group velocities of about 90m/s), this time in a hot gas [54]. These experiments were
not the first to suggest that group velocity could be dynamically suppressed [93, 116].
Nor were they first to directly observe the slow light [53]. But the Harvard groups’
results were five orders of magnitude more dramatic than anything that had come
before and they prompted a sudden and lasting interest in slow light and related
phenomena.
These experiments and their predecessors were based on a pair of closely related quantum interference effects known as coherent population trapping [9] and
electromagnetically induced transparency [41, 40]. (We will have much to say about
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both of these, particularly EIT, in what follows, so we defer an introduction of the
concepts to the next section.) By 2001, the methods used to slow light had been
extended to stop light altogether [108] and store it in an atomic quantum state [84]
using ideas developed by Fleischhauer et al. [28] [See also 69]. The phase information
of the stopped light was stored in the quantum state of the atomic polarization, from
which it could be extracted by slowly turning on a second laser field. This fully reversible storage process remains one of the most important potential applications of
EIT, as it permits the transmission and storage of quantum information.
Meanwhile, barely a year after the Harvard experiments slowed light to a fast
biking pace, a group working at the NEC Research Institute in Princeton, NJ, sped
it up [109, 60]. In fact, they observed a negative group velocity of -8.5×105 m/s. In
practice, negative group velocities mean that a pulse of light will leave a sample before
it enters it. Again, the NEC group was not the first to report superluminal velocities
in a dielectric medium [22, 103], but as with the Harvard groups, the NEC group was
the first to produce such a dramatic result; moreover, they were the first to observe
a wave packet emerge from the medium without significant reshaping.2 They used
a narrowly spaced gain doublet produced by a pair of Raman processes to produce
the superluminal speeds, applying a method suggested in Steinberg and Chiao [102].
(In fact, as we will show in the final section of chapter 2, the details of the physical setup are irrelevant: the Kramers-Kronig relations guarantee that superluminal
group velocities will be present between any two gain peaks of sufficient height and
narrowness.) Although superluminal light has not found as clear an application as
2

Or so they reported. In fact, as we shall see, this claim is somewhat misleading. The mechanism
responsible for negative group velocities simply is reshaping of the wave packet, so that the leading
edge is transformed into the shape of the peak, while the peak is canceled by a reflective process
inside the medium. However, in previous experiments, the profile that emerged from the medium was
significantly distorted, leading to an ambiguous interpretation. In the Wang et al. [109] experiment,
the profile that emerged was unambiguously a copy of the incident profile, and so in this second
sense, there was no distortion of the wave packet.
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subluminal and stopped light have in quantum information, it is in many ways more
interesting, on conceptual and historical grounds.
The phase velocity of a medium for a given frequency of light is typically expressed in terms of its ratio to the speed of light in the vacuum. This ratio is called
the index of refraction. The group velocity of a medium, meanwhile, is determined
by its dispersion3 , which is a measure of how the index of refraction changes with
frequency. “Normal” dispersion occurs when the index of refraction increases with
increasing frequency. When this occurs in a spectral region of low absorption, as in
EIT, the group velocity of a laser with appropriate frequency is suppressed. Normal
dispersion is so-called because it is typically found to either side of an absorption
resonance, where it can be readily observed. “Anomalous” dispersion refers to the
opposite case, where the rate of change of the index of refraction becomes negative. It
is anomalous dispersion that leads to a theoretical prediction of superluminal velocities. Typically, anomalous dispersion occurs inside an absorption resonance, where
its effects are difficult to measure.
The first reference to anomalous dispersion, according to Lord Rayleigh, is due
to James Clerk Maxwell, who included a question on decreasing index of refraction in
the 1869 Mathematical Tripos Examination at Cambridge [quoted in 66]. Later, when
Rayleigh developed the theory of group velocities, he associated the group velocity
with the velocity of transmission of a signal encoded in a beam of light. By the time
3
There is a common ambiguity in the usage of the word “dispersion.” Most authors define the
dispersion as the frequency domain variation of either index of refraction or, equivalently, the real
part of the linear susceptibility. This usage seems to suggest that the dispersion is the derivative of
the index of refraction. However, one frequently encounters references to the “steep dispersion” (cf.
[54, Par. 1]) or the “slope of the dispersion” as an explanation of what suppresses group velocity, or
alternatively, what distinguishes normal and anomalous dispersion. These latter usages suggest that
the dispersion is the real part of the susceptibility itself. All that is at issue here is the vocabulary,
since there is universal agreement that, whatever else is the case, it is the rate of change of the real
part of the susceptibility that is relevant to group velocity. In the current document, we will adopt
(1)
)
.
the convention that the dispersion is given by D = ∂Re(χ
∂ν
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Albert Einstein presented the special theory of relativity in 1905, it was widely known
that in principle group velocities could exceed the vacuum speed of light, c (although
negative group velocities appear to have been viewed as unphysical, since they were
understood to violate causality); moreover, it was believed that superluminal group
velocities implied superluminal signal propagation. As Louis Brillouin explains, there
appeared to be a real problem. Rayleigh’s treatment of signals “raised difficulties
with the theory of relativity which states that no velocity can be higher than c...
Group velocity, as originally defined, became larger than c or even negative within
an absorption band. Such a contradiction had to be resolved and was extensively
discussed in many meetings about 1910” [17, pg. vii].
The solution, which Arnold Sommerfeld presented as early as 1907 [99] (before
the extensive discussion Brillouin refers to) is that the signal velocity only corresponds
to group velocity in the special case that the dispersion is normal or vanishing; otherwise, a signal travels with the wave front velocity of the light, which is always c,
irrespective of the dispersive properties of the medium. But this account, though
technically satisfactory, went without experimental confirmation. Wang et al. [109]
is the first unambiguous experimental study of the century old problem of the propagation of light in anaomalously dispersive media. It prompted a renewed interest
in the correct definition of the velocity of light. Ultimately, Sommerfeld’s treatment
[100, 101] was borne out by a second experiment, by Stenner et al. [104], which showed
that a kink in an incident wave travels at or below c even in media with superluminal
group velocities4 . We will return to this discussion in more detail in chapter 2.
Suffice it to say that sub- and superluminal media have been of considerable
interest in the AMO literature in the decade since Hau et al. [43] and Wang et al.
4
There is some controversy over this interpretation (see, for instance, Nimtz [79]), since the
dispersion is only every anomalous in a finite frequency band, but a non-analytic point in the time
domain has contributions from arbitrarily high frequencies.
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[109]. More recently, a number of theoretical proposals have been made to smoothly
vary the group velocity of a beam of light from sub- to superluminal [13, 2, 91, 107].
The system under consideration in part II of this dissertation is an example of these.
1.2

Scope of dissertation

The focus of this dissertation is the linear optical response of a class of coherently
prepared five level atomic systems called Dressed Interacting Ground State (DIGS)
systems. In particular, we emphasize the applications of DIGS to the coherent control
of both sub- and superluminal group velocities.
DIGS can be thought of as an extension of electromagnetically induced transparency (EIT) [41], which is a quantum interference effect in which coherence between
atomic states is used to reduce the absorption in a window around an atomic resonance, while simultaneously generating large dispersion and third order nonlinear
susceptibilities within the induced transparency window. The simplest realization of
an EIT system consists of a driven three level (Λ-type) atomic system wherein the
excited state is coupled to one ground state—the auxiliary state—via a strong control beam; meanwhile the system is probed by a weak laser near resonance with the
transition between the excited state and the as-yet uncoupled ground state.
In these simple cases, the characteristic EIT interference effects arise because
the control beam induces a splitting of the excited state into a doublet of “dressed”
states, providing two interfering excitation pathways for the probe beam. The null in
the probe absorption at the normal atomic resonance frequency is a result of destructive quantum interference between these two pathways. The resulting dispersion has
very large slope for frequencies near the center of the transparency window, leading
to extremely slow probe beam group velocities. As mentioned above, slow light prop-
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agation of this sort has been observed in a variety of media, including hot atomic
gases [54] and atomic Bose-Einstein condensates [43].
Several groups have expanded on the basic EIT system to further explore the
optical properties of coherently prepared atoms. One of these extensions, known as
double dark resonance (DDR) or interacting dark state systems [70], can be thought of
as an intermediate between EIT and DIGS. DDR occurs in four level configurations
in which an additional ground state is coupled to the auxiliary state via an rf or
optical field. The resulting doublet constructively interferes with the excited state to
produce a new absorption feature in the EIT spectrum, with properties controllable
by tuning the Rabi frequency of the new coupling field. Of particular relevance to
the current dissertation is that DDR has also been suggested for the coherent control
of group velocity in the UV regime [71]. DDR has now been observed experimentally
several times [21, 117, 114].
To lay the foundation for DIGS, we will review EIT and DDR in detail in chapter 3. However, the treatment here will be circumscribed to maximize its relevance to
the original material in later chapters. We are exclusively concerned with the linear
optical response of DIGS systems, and so our discussion of EIT and DDR will be
limited to their linear effects. In particular, some well-known effects such as efficient
frequency conversion, giant Kerr effects, few photon four wave mixing, and other
phenomena following from the nonlinear response of the EIT system are beyond the
scope of this thesis. Moreover, since we are focused on control of the group velocity of
coherent light, the effects we described are inherently semiclassical: they concern the
interaction of classical light in the cw regime with quantum matter. As a result, the
fully quantum dark state polariton treatment of EIT developed in Fleischhauer and
Lukin [27] and effects following from it will be neglected here. This means that we
will not provide a technical treatment of stopped light or so-called quantum memory.
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We mention it in the previous section only as a motivation for the significant interest
of the class of topics under consideration.
1.2.1

Linear response of a five level DIGS atom

The centerpiece of the original contribution in this dissertation is our treatment of
the linear response of DIGS systems. A DIGS system is a generalization of the DDR
system in which both of the Λ atom ground states are coherently coupled to additional
hyperfine split ground states via rf fields. We will show that the interactions between
these dressed ground states split the DDR absorption peak into two symmetric peaks
located within the transparency window. The widths and locations in frequency space
of these new features can be controlled by independently modulating the intensities
of the two new coupling fields, providing markedly better control over the optical
properties of an atomic sample than possible with previous implementations.
First, in chapter 6, we develop the case where the population is conservative
and assumed to remain in the ground state doublet that interacts with the probe laser.
Here, we show how by controlling the intensity of one of the new coupling fields, one
can generate group velocities almost 100 times slower than otherwise possible in a
given EIT system with fixed control laser intensity. Later, in chapter 8, we modify
the DIGS model by introducing pumping terms. We show that these lead to a pair
of gain lines, with a transparent spectral band exhibiting anomalous dispersion between the lines. The gain described here is generated without appreciable population
accumulating in the excited state, and so the phenomenon we predict can be thought
of as a generalized example of amplification without inversion [57, 78].
Whereas other studies have considered replacing either one or the other ground
state with a driven doublet, ours is the first treatment in which both ground states are
driven. Thus our work represents the initial exploration of the phenomena following
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from the interaction between the ground state doublets, which is what permits the
fine tuning of the resonance locations within the transparency window. The ability
to tune the relative position of the narrow resonances is what allows for the enhanced
dispersion control within the transparency window. We derive analytic statements
of the linear susceptibility of the five level DIGS atom both in the presence and
absence of pumping and show how both the absorption coefficient and dispersion can
be simply derived from these expressions. These analytic results are a central feature
of the dissertation, as previous presentations of related systems (eg. DDR systems in
the presence of pumping) lean heavily on numerical solutions.
1.2.2

Realization of the five level system in a double well Bose-Einstein
condensate

In addition to our general treatment of the linear response of the DIGS system, we
consider a particularly striking manifestation of the DIGS level structure in a doublewell Bose-Einstein condensate (BEC). The component of the BEC in one well of the
double well potential is prepared as a standard EIT system: the electronic excited
state is coupled to one of two stable ground states via a strong control laser, while
a weak probe couples the other ground state to the same excited state. No lasers
propagate in the second well, and there are no additional electric field couplings
between ground states. Instead, we take the barrier between the wells to represent
a weak link through which atoms can tunnel. The global phase coherence of the
condensate wave function can lead to phase coherent tunneling of the condensate
wave function between the wells. This tunneling is the origin of Josephson oscillations
of the population difference between the wells, which have recently been observed in
a double well condensate [3, 33, 63].
In chapter 7, we model this double-well BEC ‘Josephson junction’ as a six level
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system spatially distributed between the two wells. We argue that it is functionally
isomorphic to the five level DIGS atom. In analogy to the general DIGS case, we
show that the tunneling induces two new ultranarrow absorption resonances situated
in the middle of the EIT transparency window, with widths and positions determined
by the tunneling frequencies between the wells. Among other things, the results in
this chapter show that DIGS can be applied as a diagnostic tool for BEC in doublewell and periodic potentials since the linear absorption and index of refraction of the
probe would provide a sensitive measure of the inter-well coupling constants.
1.3

Outline

The remainder of the dissertation will be organized as follows. In part I, consisting
of the next three chapters, we will provide background material necessary for the
original contributions in the dissertation. Chapter 2 will consist of a full treatment of
the semiclassical theory of the interaction of light and atoms. Here, we will start with
on the one hand, the minimal coupling Hamiltonian, and on the other, Maxwell’s
equations in a dielectric medium, and show how these can be used to derive a selfconsistent theory of the optical response of an atomic system. We will then derive an
expression for the linear response of a medium on this theory and show how it can
be used to predict the optical properties of an atomic system. This chapter will end
with a discussion of anomalous dispersion and negative group velocities. Chapter 3
will review EIT and double dark resonances, including a sample of the experimental
literature on these topics. We will also note some of the first order sister phenomena
of EIT. The treatments in this chapter will be based on the semiclassical theory.
Finally, chapter 4 will treat BEC. Since the dissertation is centered on the optical
response of and group velocity control in atomic systems, chapter 4 will be a pragmatic
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and focused treatment of the features of BEC relevant to chapter 7, rather than a
sustained review of BEC more generally.
The four chapters of part II represent the original contributions of the dissertation. In chapter 5, we will present our model of the five level DIGS system. In
particular, we will define a dressed state basis in which the equations of motion for
the relevant terms of the density matrix decouple into two generally soluble systems,
whose solutions can then be recombined to predict the optical properties of the system. We will also show how atomic decay and dephasing can be treated in this basis
in such a way as to suppress nonunitary recoupling while keeping enough nuance to
state the effects of homogeneous broadening on the features we predict.
In chapter 6, we will solve the DIGS system with the assumption that population remains in a single ground state. We will show that in this case, the additional
states and couplings modify the EIT spectrum by producing two narrow absorption
resonances. The widths and locations of these peaks will be tunable by varying the
amplitudes of the rf fields. The focus of this chapter will be on how, in the immediate
vicinity of these features, the group velocity can be suppressed by a factor as large
as 100 relative to an EIT system with otherwise identical parameters. Chapter 7 will
show how the same spectroscopic features can be generated in a BEC.
Chapter 8 will give a solution of the DIGS system in two additional cases,
involving different pumping configurations. The solution in this chapter is more
general than the solution in 6; the latter of these can be taken as a special case of
the former. We find in the more general case that once a threshold on the relative
populations to |bi and |c0 i is met, the absorption lines described in chapters 6 and
7 become gain lines whose height is dependent on the difference of the ground state
populations. In the case that a second, more stringent condition on the population
of |c0 i relative to |bi is also met, the dispersion in the region between these gain lines
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changes sign and we find a tunable region of anomalous dispersion at the center of
the EIT window. As we will show in chapter 2, this change of sign is quite general:
anomalous dispersion can be expected between any pair of suitably high/narrow gain
lines, as a consequence of the analyticity of the linear susceptibility.
Finally, in chapter 9, we will summarize and discuss the results presented in
the body of the dissertation.
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Part I
Background
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Chapter 2
A semiclassical theory of light and matter

The goal of the present chapter is to provide suitable background for part II. Our
treatment of the DIGS system is based on a semiclassical theory in which atoms are
treated quantum mechanically as ideal dipoles. The electromagnetic field is treated
classically. On this picture, the electromagnetic fields are taken as classical vector fields in the atomic Hamiltonian, whereas the expectation value of the dipole
moment(s) averaged over the atomic ensemble is proportional to the macroscopic polarization in Maxwell’s equations. This chapter will begin with a brief review of this
semiclassical theory, and then quickly move on to discuss the specific ideas necessary
for understanding DIGS systems and their application to the control of group velocity. Please note that despite our general starting point, the treatment here will be
narrowly focused. Many fascinating topics will be disregarded altogether.
The remainder of this chapter will be organized as follows. First, in section
2.1, we will sketch the semi-classical theory that will form the starting point for our
analysis, beginning with ideas familiar to a non-specialist physicist, or a master’s level
graduate student. In this section, we will first state the minimal coupling Hamiltonian under the dipole approximation; next we will discuss Maxwell’s equations for
a dielectric medium and show how they relate to the atoms via the classical polarization vector and the expectation value of the quantum mechanical dipole operator.
In section 2.2, we will define the electric susceptibility in terms of the polarization
vector. This section will rely exclusively on classical electromagnetic theory. We
will show how the susceptibility can be used to derive various optical properties of a
medium, including the absorption coefficient, the dispersion, the phase velocity, the
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index of refraction, and the group velocity. Special care will be given in discussing
the physical interpretation of regions of so-called “anomalous” dispersion, in which
the group velocity of an incident wave becomes large or even negative.
2.1

Preliminary matters

The semiclassical foundation of the work we will present in part II begins in two
distinct places: first, with the quantum mechanical theory of ideal dipoles, which we
will use to model an atom in an external electric field; and second, with Maxwell’s
equations for electromagnetic fields in a dielectric medium. Here we will present
these in turn, and then show how they can be fruitfully combined. The material
presented here is standard and well-known. The present treatment follows to some
extent treatments in Scully and Zubairy [95] and Meystre and Sargent [73]. Section
2.1.2 will additionally draw from material in Jackson [47].
2.1.1

The minimal coupling Hamiltonian in the dipole approximation

We begin with the “minimal coupling” Hamiltonian, which describes a particle of
charge q (with the sign convention that q = e for an electron) interacting with an
external electromagnetic field. The field is assumed to have vector potential A and
scalar potential ϕ.1 This Hamiltonian is exclusively for an atom immersed in the
field; in the approximation we will presently make, it does not treat the dynamics of
the field itself, which we will return to in the following section. In position space, the
minimal coupling Hamiltonian can be written,

H =
1

1
(−i~∇ − qA(r̂, t))2 + qϕ(r̂, t),
2m

Recall that A and ϕ are defined such that E = − ∂A
∂t − ∇ϕ and B = ∇ × A.

(2.1)
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where r̂ is the canonical position operator. Eq. 2.1 simplifies somewhat if we choose
to work in the Coulomb gauge, which takes ∇ · A = 0. It follows by Gauss’ law that
the scalar potential is determined wholly by Poisson’s equation, ∇2 ϕ(r, t) = −ρ/²0 ,
where ρ is the total charge in the system. Since we are interested in neutral atoms,
we can take ϕ(r, t) = 0.2
We are interested in how an electron bound in an atom behaves in the presence
of an incident electromagnetic wave. To study this case, we assume that the radius
of the atom, R, is small relative to the spatial variation of the wave, so that kR ¿ 1,
where k is the wave number of the incident field. Picking a coordinate system in which
the nucleus of the atom is located at r0 , we can then take A(r, t) ≈ A(r0 , t).3 Under
this approximation, a simple gauge change is sufficient to show that we can write the
Hamiltonian in a particularly transparent form. Consider the gauge transformation
ψ = −eA(r0 , t) · r/~ (where, to avoid confusion, A(r0 , t) is the vector potential at
r0 in the Coulomb gauge; 0 will be used to indicate the new gauge potentials). The
potential transforms as,
~
A(r, t) → A0 (r, t) = A(r, t) + ∇ψ(r, t) = A(r, t) − A(r0 , t)
e
~
∂ψ
∂A(r0 , t)
ϕ(r, t) → ϕ0 (r, t) = ϕ(r, t) −
(r, t) =
·r
e ∂t
∂t

(2.2a)
(2.2b)

So far, this gauge transformation is perfectly standard; it leaves the gauge invariant
quantities E and B unchanged.
Now we apply the approximation that A(r, t) ≈ A(r0 , t). This gives that
A0 = 0. We can write the E field at the origin in terms of the Coulomb gauge
2

This approximation holds only in the macroscopic case that we are considering. Locally within
the medium, the potential is determined by the Coulomb interaction.
3
This claim is justified for a wave in the Coulomb gauge, though not necessarily in others. Since
U = 0, the electric field is given by E = − ∂A
∂t . If E has (approximately) no spatial dependence,
neither does A.
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∂
potentials as E(r0 , t) = − ∂t
A(r0 , t). Inserting this into the expression for the electric

potential in the new gauge, ϕ0 (r, t) = −E(r0 , t) · r. This allows us to express the
Hamiltonian in the new gauge (now interpreting r as an operator) as,

H =−

~ 2
∇ − qE(r0 , t) · r̂.
2m

(2.3)

Although we arrived at Eq. 2.3 by applying a gauge transformation, we have succeeded in expressing it in gauge invariant terms, and so it describes the influence
of the field on the atom in the dipole approximation irrespective of gauge. Eq. 2.3
will be the Hamiltonian describing the atomic systems we discuss in the bulk of the
remainder of this dissertation.
It is now clear why the assumption that k À r deserves to be called the dipole
approximation. The new term in H , −qE(r0 , t) · r, is the energy of a perfect dipole
with dipole moment ℘ = qr. Replacing r with the position operator yields the dipole
moment operator, ℘ˆ = qr̂. For more on this, Kobe [56] provides an especially clear,
but quite different, treatment of the dipole approximation.
Eq. 2.3 determines the unitary evolution of a single atom whose nucleus is
centered at the origin. But in general, an atomic medium will consist of many such
atoms, each in an unspecified state whose evolution is nonetheless determined by
Eq. 2.3. In order to treat an epistemic ensemble of quantum states, we will describe
physical states as density operators, ρ. ρ is taken to be a weighted sum over projection
P
operators onto possible state vectors, ρ = i Pi |ψi ihψi |, where Pi is the probability
that the system is in state |ψi i. In this formalism, we can avoid talk of individual
states altogether, and instead describe the unitary evolution of the system by the von
Neumann equation,
∂ρ
i
= − [H , ρ].
∂t
~

(2.4)
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Recall that the expectation value of any observable O is given by

< O >= tr(Ôρ).

(2.5)

The density operator ρ gives the probability distribution over the states of a
single atom. But we are interested in the distribution of states of a population of
many such atoms. This case is described by the population operator, ρ. In most
of the systems we consider, the population matrix is a multiple of an operator on
the Hilbert space in question, and so ρ is also an operator. But it is an operator
on the subspace of a single atom, not on the Hilbert space of the entire population.
The idea is that enough information about the system is encoded in the probability
distribution over the state of a single atom to represent the population as a whole.
In general, the population matrix can act in more complicated ways in systems with
significant quantum correlations between atoms. In the non-degenerate cases we
study, we assume that the thermal wavelength of the atoms is small relative to their
average separation, and so no such correlations between atoms are important. In the
BEC case (see chapters 4 and 7), meanwhile, we account for the collective behavior of
the medium by constructing an effective density matrix from the order parameter of
the BEC, in which case the population matrix reduces to the effective density matrix
acting on the one-particle Hilbert space defined by the order parameter.
In the special case of a closed system, which will be our central interest here, ρ
and ρ bare a particularly simple relation: the state distribution of atoms is simply the
number of atoms per unit volume, N , times the probability distribution, ρ. Allowing
for the possibility that the atoms have a spatial distribution profile, σ(r), in addition
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to a distribution of states (and that these distributions are independent), we take

ρ(r, t) = N σ(r)ρ(t).

(2.6)

In the case of an open system, where pumping from external levels occurs, the expression of the population matrix can be expressed more generally as an integral over
time of the pumping rate, λ, as a function of time, times the density matrix of the
atoms at the time they are pumped,
Z

t

ρ(r, t) =

dt0 λ(r, t0 )ρ(r, t, t0 ).

(2.7)

−∞

However, in what follows, we will limit ourselves to the case where atoms are pumped
in a fixed state at a constant rate, and where the populations have reached a steady
state. Then, although the system is not conservative, the average populations are
nonetheless conserved, and we take Eq. 2.6 to again represent the population matrix. Note that this treatment requires us to modify the von Neumann equation for
the density matrix by introducing inhomogeneous, nonunitary terms to model the
pumping.
2.1.2

Maxwell’s equations in a dielectric medium

So far, we have shown that under the assumption that the atom is small relative to
the spatial variation of the electromagnetic field, it can be approximated as a perfect
dipole. We have also shown how, under this approximation, the atomic Hamiltonian
can be derived from the minimal coupling Hamiltonian. But this derivation is only
half the story. It accounts for the effect of the electric field on the atom, but not vice
versa. In Eq. 2.3, the electric field is taken to be real vector valued, and no terms
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relating to the atom’s effects on the field appear. The second half of the theory treats
the dynamics of the electric field, using the classical theory of electromagnetism.
The classical theory begins with Maxwell’s equations in a dielectric medium.
Often referred to as the “macroscopic” Maxwell’s equations, these can be written in
the absence of free charges, as

∇·B=0

(2.8a)

∇·D=0

(2.8b)

∂B
∂t
∂D
∇×H=J+
.
∂t
∇×E=−

(2.8c)
(2.8d)

E and B are the electric and magnetic fields, respectively, and J is the free current
density.
D is known as the “displacement electric field.” It is related to E by,

D = ²0 E + P,

(2.9)

where P is the polarization density of the medium under consideration and ²0 is the
(fixed) permittivity of free space. The polarization, in turn, can be expressed as the
dipole moment per unit volume,

P(r) = N < ℘(r) >,

(2.10)

where N is the number density of atoms and < ℘(r > is the average dipole moment
per atom in a small neighborhood centered at r. In the language of the previous
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section, we will write

N < ℘(r) >= tr(℘ρ(r))
ˆ
= N σ(r)tr(℘ρ),
ˆ

(2.11)

permitting us to define the polarization in terms of the expectation value of the dipole
moment operator of the atomic medium in the mixed state ρ.
The “magnetizing field,” H, meanwhile, describes the contribution to the magnetic field from free currents. It is expressed by,

H=

B
− M,
µ0

(2.12)

where µ0 is the (fixed) permeability of free space, and M is the magnetization of the
medium. For present purposes, we will take M = 0, which amounts to assuming
that there is a negligible contribution to the magnetic field arising from internal, or
bound, currents. In some treatments, such as Meystre and Sargent [73], ²0 and µ0 are
replaced by more general variables, ² and µ respectively. These are taken to include
effects from the host medium in which a sample is embedded. Here we will assume
that the system is not embedded in any other dielectric medium.
We derive the wave equation for the electric field by taking the curl of both
sides of Eq. 2.8c.
∇ × ∇ × E = −∇ ×

∂B
∂t

(2.13)

It is a result of vector calculus that for any vector field f , ∇ × ∇ × f = ∇(∇ · f ) − ∇2 f .
Then, for a transverse wave, ∇ · E = 04 , since the spatial dependence of the wave is
4

This conclusion, though standard, ought to give one pause. By Gauss’ law, it appears to imply
that the total charge density vanishes, as opposed to just the free charge. In fact, it simply means
that on the length scale of an optical wavelength, the medium is on average neutral, which is
consistent with the approximation that we will make in the next section that the electric field “sees”
atoms as perfect dipoles.
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orthogonal to its direction. The left hand side of Eq. 2.13 reduces to −∇2 E.
The right hand side of Eq. 2.13, meanwhile, can be rewritten by (1) noting
that the spatial and temporal derivative operators commute, and (2) noting that
∇ × B = µ0 (J +

∂D
),
∂t

by Eq. 2.8d. Replacing D via Eq. 2.9 and rewriting, we

conclude that
−∇2 E + µ0

∂J
∂P
∂ 2E
+ µ0 ²0 2 = −µ0 2 .
∂t
∂t
∂t

(2.14)

Here, we will neglect effects from free currents, which amounts to taking J to be zero.
√
We define the speed of light in the vacuum, c, as 1/ µ0 ²0 .
Eq. 2.14 is the wave equation for an electric field in a macroscopic medium.
With the assumption that J = 0, Eq. 2.14 can be understood as the standard
electromagnetic wave equation with a source term determined by the polarization of
the medium. The details of this polarization and its dependence on the properties of
the medium are thus paramount to an account of the dynamics of the electromagnetic
field. Note that in this regard, we have now come full circle: the atoms in the
medium are approximated as perfect dipoles, and their dynamics are approximated
by a dipole in an external electric field. The field in the medium, meanwhile, is
driven by the second derivative of the average dipole moment per unit volume of
the atoms composing the medium. We have thus developed a self-consistent account
of the interaction of the atoms and field. This account is the foundation of much
of spectroscopy and nonlinear optics, including the central results of the present
dissertation.
2.2

The linear electric susceptibility of a dielectric medium

We have now laid the groundwork of the semiclassical theory we will use throughout the rest of the dissertation. The next step is to show how this theory can be
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used to relate basic optical properties of the atomic medium to the density matrix
of an individual atom. We have already seen that the polarization of the medium
(and thus the electric field within the medium) is directly related to the population
operator; in the current section, we will show how to find the optical response, given
the polarization. Since the polarization is a spatial vector, it is usually convenient to
express the response in terms of a tensor intermediary known as the complex electric
susceptibility, and written χ.
We will define χ more precisely presently. Next, we will develop the equations
of motion of the electric field amplitude and phase under the slowly varying envelope
approximation. These relations, which will depend on the susceptibility and thus,
ultimately, the population operator, will provide the central tool in studying the
optical properties of the medium. With these equations in hand, we will proceed to
derive relations between the susceptibility and the absorption coefficient, dispersion,
index of refraction, phase velocity, and group velocity of a medium. In the final part
of this section, we will return to the group velocity to remark on a special case of
anomalous dispersion, which will prove important in chapter 8. The treatment here
diverges from Scully and Zubairy [95], Meystre and Sargent [73], and Jackson [47] for
reasons that will be made clear by the end of the next section. For more information,
consider Mills [75] or Flytzanis [29] among others cited in the text.
2.2.1

Definition of the linear electric susceptibility

In general, the relationship between the applied electric field and the polarization
vector is quite complicated. The applied field affects the medium (by inducing dipole
moments), which then affects the field. Moreover, the medium will not respond
instantaneously to a change in the field; in fact, the response of the medium will
in many cases depend sensitively on past states of the field. To express the full

24
polarization, at least in principle, we require an expansion to all orders in the electric
field. At each order, we must consider the history of the evolution of the field in
order to correctly capture the polarization at any given instant. Functions with these
properties can be expressed by a generalization of the Taylor expansion known as the
Volterra series. Continuing to use boldface for vectors, but now using an abstract
index notation to represent general tensors, where the number of indices can be
understood to indicate the rank of the tensor (see, for instance, Penrose and Rindler
[82, ch. 2]), we have
Z

(0)
a

a

Z

t

(1)

R a b (r − r0 , t − t0 )Eb (r0 , t0 )dt0 d3 r0

P (r, t) = P (r, t) +
Z

t

Z

−∞

t

Z Z µ

R

+
−∞

−∞

V

V

(2)
a

bc (r

− r0 , t − t0 ; r − r00 , t − t00 )

V

¢
×Eb (r0 , t0 )Ec (r00 , t00 )dt0 dt00 d3 r0 d3 r00 + O(E3 ).

(2.15)

(n)

The nth-order response function, R, is a rank n + 1 tensor field, so each term of the
series is a vector field. Moreover, since we need both E(r, t) and P(r, t) be real in
order for ∇ · D = ρfree to be true in general, we stipulate that each response function
must be real in the position and time domain.
Much interesting optics depends on the nonlinear terms of Eq. 2.15. However,
this dissertation is limited to the linear response of the DIGS system, and so in what
follows we will truncate this expansion after the first order term. Meanwhile, the
zeroth order term of Eq. 2.15 vanishes in the case we consider. This is because it
corresponds to the permanent dipole moment of the medium. Though many molecular
systems have permanent dipoles, the structure of the Coulomb potential guarantees
that in the absence of any perturbing forces, an atom will be spherically symmetric.
So in the case of interest here, the polarization can be approximated by (dropping
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the index notation, now, as it is clear from context that the linear R is an ordinary
matrix),

Z

t

Z
R (1) (r − r0 , t − t0 )E(r0 , t0 )dt0 d3 r.

P(r, t) =
−∞

(2.16)

V

The approximations made in developing the semiclassical theory in section 2.1
allow us to simplify Eq. 2.16 immediately. We have already assumed, for instance,
that the incident field has negligible spatial variation relative to the size of the atom,
R. That is, for |r| . R, we have taken E(r, t) ≈ E(r0 , t) = E(t). If we suppose
further that the response function, R (1) (r − r0 , t − t0 ), is large only for |r − r0 | < R
(corresponding to the case that only the atoms, and not the space between atoms,
respond to the electric field), then we can take E to be unchanging in space in Eq.
2.16. It follows by the convolution theorem that we can write the Fourier transform
(with regard to the spatial degrees of freedom) of the polarization as
Z
3/2

t

Frk (R (1) )(k, t − t0 )E(t0 )δ 3 (k)dt0 ,

Frk (P)(k, t) = (2π)

(2.17)

−∞

where we have used the fact that
E(t)
Frk (E)(r0 , t) =
(2π)3/2

Z
0

e−ik·r d3 r0 = (2π)3/2 E(t)δ(k).

(2.18)

V

If we now inverse Fourier transform Eq. 2.17, we find that
Z

t

Z
Frk (R (1) )(k, t0 − t)E(t0 )δ(k)e−ik·r d3 kdt0

P(r, t) =
Z

−∞
t

=

k>0

Frk (R (1) )(k = 0, t0 − t)E(t0 )dt0 = P(t)

(2.19)

−∞

Thus, given the assumption that the spatial variation of E vanishes over short distances, we conclude that the spatial variation of P vanishes on atomic scales as well.
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Using the convolution theorem once again, but now with regard to t, we can
write
Ftν (P)(ν) = Ftν (Frk (R (1) ))(k = 0, ν)Ftν (E)(ν) = ²0 χ(1) Ftν (E)(ν).

(2.20)

On the current treatment, Eq. 2.20 is the defining equation of the linear susceptibility,
χ(1) . That is, given our assumptions regarding the spatial variation of the field, we
have,
χ(1) (ν) =

1
F (R (1) )(0, ν).
²0

(2.21)

Since R (1) (r, t) was real, we see that χ(1) (−ν) = (χ(1) )∗ (ν). If we assume moreover
that the medium is isotropic, then the steady-state polarization vector must be parallel to the electric field. This is because the polarization vector is proportional to
the average induced dipole moment, < ℘ >, which, absent any other preferred direction, will co-orient with the external field. It follows that χ(1) (ν) reduces to a scalar
quantity.
If we assume that E(t) = qE(t)e−iωt+ϕ(t) (where q is a unit vector) is quasimonochromatic within the medium (that is, | ∂E
| ¿ ω|E| and | ∂ϕ
| ¿ ω, so the integral
∂t
∂t
√
is dominated by the monochromatic wave terms)5 , then Ftν (E)(ν) ≈ 2πδ(ν − ω)
and P takes a particularly simple and familiar form,
P(t) = ²0 χ(1) (ω)E(t)e−iωt+ϕ(t) = ²0 χ(1) E(t).

(2.22)

Similarly, if E is composed of countably many quasi-monochromatic frequency com5

These assumptions anticipate the slowly varying envelope approximation, which we make in
the next section. We mention them here because they allow us to make contact with “standard”
textbook relation between E and P, in comparison to which the current discussion might seem
strange.
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ponents,
E=

X

qj Ej (t)e−i(ωj t+ϕj (t)) ,

j

then P(t) can be written

P = ²0

X

χ(1) (ωj )qj Ej (t)e−i(ωj t+ϕj (t)) .

(2.23)

j

Before proceeding, we should acknowledge that our treatment of the linear susceptibility is pedantic. But it is necessarily so. Many authors, including Jackson [47],
Meystre and Sargent [73], and Scully and Zubairy [95], simply assert that P = χE.
But insofar as they are working in space and time coordinates without limiting themselves to monochromatic plane waves, this assertion is generally false. Specifically,
it does not hold in the cases of greatest relevance to this dissertation, and to many
other applications in quantum optics. To see why, note that in order to derive this
expression for a general electric field from the full statement of the linear response
(Eq. 2.16), one needs to assume that in position and time coordinates (F (χ), as we
have defined it), χ(r, t) = χδ 3 (r)δ(t). That is, one needs to assume that the atomic
response is instantaneous and local. But this assumption implies that χ(ν) is constant, which in turn shows that the initial assumption is only valid for dispersionless
media. But if one might hope to study, for instance, slow group velocities, one cannot
do without dispersion!
For more on the inadequacy of the standard account (which, however, ends up
being equivalent to the case we study here when one limits oneself to incident quasimonochromatic waves, as do both Meystre and Sargent [73] and Scully and Zubairy
[95] in their development of the relevant phenomena, though not in their definition
of χ), see Sauter [92], Mills [75], and Flytzanis [29]. For an approach more in the
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spirit of Meystre and Sargent [73] and Scully and Zubairy [95], but which nevertheless
states its assumption (and ultimately agrees with Eq. 2.23), see Boyd [14].
2.2.2

The slowly varying envelope approximation

The wave equation for an electric field in a dielectric medium, Eq. 2.14, determines
how the field changes as it propagates through the atomic system. The optical properties of the system, like the absorption coefficient or the index of refraction, are
simply ways of encapsulating features of the evolution of the electric field according
to this wave equation. But it is difficult to extract this information from the general
form of Eq. 2.14. A few reasonable assumptions, however, permit us to rewrite Eq.
2.14 in a more transparent way.
In order to derive the “standard” relation between the polarization and the
electric field, Eq. 2.22, we have already needed to assume that the incident field is
quasi-monochromatic. In this case, we can write,
¡
¢
1
E(z, t) = qE(z, t) ei(kz−ωt−ϕ(z,t)) + e−i(kz−ωt−ϕ(z,t)) .
2

(2.24)

We assume the amplitude changes gradually relative to the wave vector (ie. | ∂E
|¿
∂z
k|E|). Recall that we have already assumed that kR << 1. It is important to
emphasize, here, that we have assumed that a monochromatic plane wave is incident
on the medium, and that within the medium it experiences gradual amplitude and
phase changes. Eq. 2.24 represents the quasi-monochromatic wave that results inside
the medium. In particular, k as defined here is the wave number of a monochromatic
wave of frequency ω in the medium.
We have written Eq. 2.24 to ensure that if we stipulate E is real, then so is E.
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Decomposing E into positive and negative frequency components,
E(z, t) = E+ (z, t) + E− (z, t),

where (E+ (z, t))∗ = E− (z, t), we can limit ourselves to considering positive frequency
solutions to Maxwell’s equation with the assurance that a real solution can be constructed by linearity. To be explicit, we have also assumed that the phase ϕ(z, t) is
slowly changing in both space and time so that | ∂ϕ
| ¿ ω and | ∂ϕ
| ¿ k. It follows
∂t
∂z
from Eq. 2.23 that the polarization can be written,
P(z, t) = ²0 χ(ω)E+ (z, t) + ²0 χ(−ω)E− (z, t) = P+ (z, t) + P− (z, t).

(2.25)

Clearly, we once again have (P+ (z, t))∗ = P− (z, t).
With these assumptions, we can plug the positive frequency parts of Eqs. 2.24
and 2.25 into the wave equation, Eq. 2.14, to find relations between the susceptibility,
the slowly varying electric field amplitude, E(z, t), and the slowly varying phase,
ϕ(z, t). Writing the wave equation as
µ

∂2
1
∂2
− 2 + 2 (1 + χ(1) ) 2
∂z
c
∂t

¶
E(z, t)ei(kz−ωt−ϕ(z,t)) = 0

(2.26)

and then keeping only leading order terms in any of the derivatives, we find that
µ
i

∂E
κ ∂E
+
∂z
kc ∂t

¶

¶
µ µ 2
¶
∂ϕ
κ ∂ϕ
k κ
κ2 E (1)
−
1
+
+
χ .
+E
=
−
2 k2
∂z
kc ∂t
2k

(2.27)

Here, we have defined κ = ω/c, the wave number for a wave with frequency ω traveling
in a vacuum. Eq. 2.27 is the wave equation for a slowly varying envelope field in
a dielectric medium. Any conclusions we will ultimately draw about the optical
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properties of the systems we consider (both EIT and the related systems discussed
in chapter 3 and the DIGS systems discussed in subsequent chapters) will be based
on this equation. Note that it differs from the equations presented in, for instance,
Meystre and Sargent [73] and Scully and Zubairy [95], in that these other authors take
κ ≈ k. However, this approximation is not valid in the systems of greatest interest
for the current dissertation. In particular, if k ≈ κ, then the index of refraction is
approximately unity, which is unsatisfactory for our purposes. Eq. 2.27 is a more
general statement of the wave equation in the slowly varying envelope approximation.
2.2.3

Optical properties from the linear susceptibility

To see how Eq. 2.27 determines the optical properties of a system, it is helpful to
decompose it into its real and imaginary parts. Since ϕ(z, t) and E(z, t) are explicitly
real, the wave equation breaks into two independently varying parts.
µ
¶
¢
∂ϕ
κ ∂ϕ
k
κ2 ¡
(1)
+
=
1 − 2 1 + Re(χ )
∂z
kc ∂t
2
k
2
∂E
κ ∂E
κE
+
=−
Im(χ(1) )
∂z
kc ∂t
2k

(2.28)
(2.29)

Immediately, we can see how the real and imaginary parts of the linear susceptibility
determine the properties of the wave. Im(χ(1) ) moderates the homogeneous evolution
of the field amplitude. Thus we can expect the imaginary part of the susceptibility
to determine spectroscopic features like absorption and gain.
Re(χ(1) ), meanwhile, acts as a source term for the phase of the wave. This
means that it determines matters related to the index of refraction, such as the
phase and group velocities. In particular, if Re(χ(1) ) is dispersive—ie. varies with the
frequency of the wave, as it will in the cases of interest here—we see that the phase will
evolve differently for different frequencies of light, which explains why susceptibility
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control can lead to control of the velocity of light in a medium. In what follows, we
will make these connections more precise.
Dispersion
To say that a dielectric medium is dispersive is simply to say that the phase correction
of a wave propagating through the medium, ϕ(z, t), is frequency dependent. Eq. 2.28
shows that the magnitude of this dependence is wholly determined by the variation
of the real part of the linear susceptibility in frequency space. Thus, we can take the
dispersion of a medium to be given by

∂Re(χ(1) )
.
dω

However, dispersion is usually studied

indirectly, through its influence on more immediately observable parameters such as
the index of refraction and group velocity. Thus, statements that the dispersion is
non-zero, or large or small, in a given frequency band, can be taken as shorthand for
how the magnitude of

∂Re(χ(1) )
dω

affects these other parameters (typically group velocity,

in the current document).6
Index of refraction
Here, we begin with Eq. 2.28, and again work in the steady state limit. Then
and we have
∂ϕ
k
=
∂z
2

µ

¶
¢
κ2 ¡
(1)
1 − 2 1 + Re(χ ) .
k

∂ϕ
∂t

=0

(2.30)

Since χ(1) is taken to be constant, we can write
∂ϕ
zk
ϕ(z) = ϕ(0) + z
= ϕ(0) +
∂z
2
6

See also chapter 1, fn. 3.

µ

¶
¢
κ2 ¡
(1)
1 − 2 1 + Re(χ ) .
k

(2.31)
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Then the total phase of the wave (or at least, the positive frequency component) can
be written
µ
¶
¢
k
κ2 ¡
(1)
kz − ωt − ϕ(0) − z
1 − 2 1 + Re(χ )
2
k
µ
¶
¢
κ2 ¡
1
(1)
= kz
+
1 + Re(χ ) − ωt − ϕ(0).
2 2k 2

(2.32)

Eq. 2.32 represents the total phase of the wave as it propagates in the medium,
including the slow variation introduced by the polarization. The term proportional
to z corresponds, then, to the wave number in the medium, as a function of the
medium’s response to the wave. But we already defined k as the wave number inside
the medium. Thus we have a contradiction unless it is the case that
¢
1
κ2 ¡
+ 2 1 + Re(χ(1) ) = 1,
2 2k
or,

(2.33)

q
1 + Re(χ(1) ).

k=κ

(2.34)

We take the ratio of the wave number in a medium to the wave number in a vacuum
to define the index of refraction, and so we have now found that n can be written as
a function of the linear susceptibility as,
q
n=

1 + Re(χ(1) ).

(2.35)

Phase velocity
We introduced the notion of the phase velocity in chapter 1 as the rate at which the
phase of a given spectral component of a wave travels, and defined it as vφ = ω/k.
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To see why this concept deserves the name, consider once again the total phase of
the quasi-monochromatic plane wave in the cw limit, now with the definition of n in
place. The phase, φ, can be written,
³
ω ´
φ = k z − t − ϕ(0)
k

(2.36)

Consider some fixed value for the phase, φ0 , as determined at some point z0 at t = 0.
That is, φ0 = z0 − ϕ(0). We want to know, at what value of position will the phase
be equal to φ0 after a small time δt has passed? Clearly the phase will now take the
value φ0 at z1 = z0 + ωk δt. If we write the new position as z1 = z0 + δz, we see that
δz
δt

=

ω
.
k

That is, the velocity of any particular value of the phase for a given plane

wave is given by ω/k. This is what we call ω/k the phase velocity.
We can write the phase velocity in terms of the linear susceptibility via the
index of refraction. For a given medium, we have vφ = ω/k = ω/(κn). In a vacuum,
the ratio ω/k is fixed by Maxwell’s equations to c (which is why c deserves to be
called the speed of light). Thus we have,

vφ =

c
c
.
=p
n
1 + Re(χ(1) )

(2.37)

We will take Eq. 2.37 to define the phase velocity in a medium with linear susceptibility χ(1) . Note that depending on the sign of the real part of the susceptibility, the
phase velocity may be larger or smaller than c.
Group velocity
As we have seen, the phase velocity determines the speed at which the phase of a
plane wave propagates in a medium. A general wave, however, is constructed as an
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integral over plane waves, by Fourier analysis. Such waves have an overall shape
composed of the various spectral parts. The group velocity determines how rapidly
this overall shape travels. To see how this works, consider what happens if one takes
two plane waves of the same amplitude, but whose frequency and wave number differ
slightly. We are interested in how these two waves move together—that is, in the
motion of the overall shape of the wave. Supposing the two waves are symmetrically
located around central values, we can express the field as
¡
¢
E(z, t) = qE(z, t) ei((k−δk)z−(ω−δω)t) + ei((k+δk)z−(ω+δω)t)
¶¸¶
µ · µ
δω
i(kz−ωt)
t
= 2qE(z, t)e
cos δk z −
δk

(2.38)

We find that the waves behave as a single plane wave, with its amplitude modulated
by a second wave that determines the overall profile of the field. This new wave has
a second velocity, which we can write as vg =

δω
.
δk

vg is what we take to be the group

velocity.
We are interested in the limit as these variations become infinitesimal, as then
we have a notion of the infinitesimal dependence of the envelope wave on the dispersion. Since k = ωn/c,
∂k
n ω ∂n
n
1 ∂Re(χ(1) )
= +
= +
.
∂ω
c
c ∂ω
c 2nc
∂ω

(2.39)

Inverting this expression gives the group velocity,
vg (Re(χ(1) )(ω)) =

c
n+

ω ∂Re(χ(1) )
2n
∂ω

.

(2.40)
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We see that when

ω ∂Re(χ(1) )
2n
∂ω

> 0, vg < vϕ .7

This case corresponds to normal

dispersion. Meanwhile, when the dispersion is anomalous,
vg > vϕ . For 0 < n +
n<

ω ∂Re(χ(1) )
| ∂ω |
2n

ω ∂Re(χ(1) )
2n
∂ω

ω ∂Re(χ(1) )
2n
∂ω

< 0, and so

< 1, we see that vg > c. In the special case where

and the dispersion is anomalous, vg becomes negative.

Absorption
The index of refraction, phase velocity, and group velocity all depend on the variation
of the phase as it propagates in the medium. The absorption, meanwhile, is a measure
of how the wave’s amplitude changes through the medium. Thus, we start with Eq.
2.29. If we assume that the field E(z, t) has achieved a steady state8 , then we have
∂E
kE
= − 2 Im(χ(1) ).
∂z
2n

(2.41)

Integrating yields,
k

E(z) = E(0)e− 2n2 Im(χ

(1) )z

α

= E(0)e− n2 z

(2.42)

where we have defined the absorption coefficient, α = k2 Im(χ(1) ).
We can derive Beer’s law for the intensity by squaring both sides and limiting
ourselves to the assumption that n ≈ 1. Then,
k

(1) )z

I(z) = E(0)e− 2 Im(χ

= I(0)e−2αz .

(2.43)

In general, however, for n  1 (corresponding, for instance, to Re(χ(1) ) & 1), we
expect a correction to the absorption due to the n2 term in the denominator of
7

In the media we consider, it is always the case that n¿0, and so

∂Re(χ(1) )
∂ω
8

(1)
ω ∂Re(χ )
2n
∂ω

> 0 exactly when

> 0.
Ultimately, our development of EIT, DDR, and DIGS will all assume that the system and field
have reached a steady state, in which all time derivatives vanish, by the time that measurements of
the field are taken.
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the exponential in Eq. 2.42. One needs to be careful, however, as the slowly varying
approximation only holds if

Im(χ(1) )
2n2

¿ 1, as can be seen from comparing Eq. 2.41 with

the condition | ∂E
| ¿ kE used in deriving the wave equation in the first place. Thus,
∂z
this particular derivation of Beer’s law only holds in the limit of small absorption.9 No
equivalent constraint is placed on Re(χ(1) ) directly, however, at least in the cw limit,
as our definition of the n guarantees that
2.2.4

∂φ
∂z

= 0 for any value of the susceptibility.

The physical interpretation of anomalous dispersion and large or
negative group velocity

As we say in chapter 1, the comments at the end of section 2.2.3 have long been understood. That is, under certain conditions, optical media exhibit anomalous dispersion
[66], and that in these cases, the group velocity of a pulse of light with appropriate
frequency can be larger than the speed of light in a vacuum or negative [17], where
negative group velocity implies that a smoothly varying pulse of light will appear to
exit the dispersive medium before it enters [32].
In 2000, Wang, Kuzmich, and Dogariu were first to observe light propagating
with negative group velocities in a region of low absorption and minimal reshaping
in a Rb vapor cell [109, 60]. Their experiment was based on a double-Raman system
proposed by Steinberg and Chiao [102], in which a Λ atom with the excited state
coupled to one ground state by two far-detuned pump beams is probed by a weak
beam near the transition between the excited state and the second ground state. With
appropriate initial conditions, this configuration leads to two narrowly spaced Raman
gain lines in the probe’s spectrum, located where the two-photon process between the
probe and each pump laser are on resonance. Between the gain lines, there is a region
9
Beer’s law itself is a phenomenological relation that seems to hold in a wide variety of circumstances.
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of abnormal dispersion but low absorption.
The particulars of the Wang et al. [109] experiment turn out to be irrelevant to
the current discussion. This is because Steinberg and Chiao [102] show that in fact,
any doublet of sufficiently narrow and high gain lines will have a region of anomalous
dispersion in the region between the gain lines. Given an arbitrary complex function,
written χ(ω) = Re(χ)(ω) + iIm(χ)(ω), that is analytic in the upper half plane, the
Kramers-Kronig relations require that
1
Re(χ)(ω) = P
π

µZ

∞
−∞

¶
Im(χ)(ω) 0
dω ,
ω0 − ω

(2.44)

where P denotes the Cauchy principal value of the integral (if it is ill-defined). In
particular, if χ is such that χ(−ω) = χ∗ (ω), then we can rewrite this expression as
µZ ∞
1
Re(χ)(ω) = P
π
µ Z0 ∞
2
= P
π
0

¶
Z ∞
Im(χ)(ω) 0
Im(χ)(ω) 0
dω +
dω
ω0 − ω
ω0 + ω
0
¶
ω 0 Im(χ)(ω) 0
dω .
ω 02 − ω 2

(2.45)

If we approximate the gain doublet as a pair of delta functions in the imaginary
part of χ(1) (taken, for convenience, as symmetrically located about some zero point,
ω0 ),
Im(χ(1) )(ω) = −δ(ω − ω0 + ∆) − δ(ω − ω0 − ∆),
then
2
Re(χ )(ω) = −
π
(1)

µ

ω0 + ∆
ω0 − ∆
+
2
2
(ω0 − ∆) − ω
(ω0 + ∆)2 − ω 2

(2.46)
¶
.

(2.47)

Differentiating both sides of 2.47 gives
4
∂Re(χ(1) )
=−
∂ω
π

µ

ω(ω0 + ∆)
ω(ω0 − ∆)
+
((ω0 − ∆)2 − ω 2 )2 ((ω0 + ∆)2 − ω 2 )2

¶
.

(2.48)
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By inspection, we see that for ω = ω0 ± ∆, Eq. 2.48 diverges; for −∆ < ω − ω0 < ∆,
Eq. 2.48 is negative. And so, we find that there is anomalous dispersion between
the two gain peaks, in complete generality, so long as the peaks can be adequately
represented as delta functions.
The Wang et al. [109] experiment appeared to settle the question of whether
superluminal and negative group velocities were indeed possible, as predicted. But a
question concerning the interpretation of these results remained. At stake was how
to reconcile superluminal group velocities with relativity theory. Sommerfeld’s classic
account [17, ch. 2] of the signal velocity as traveling at c with the wave front in regions
of anomalous dispersion accomplished this in principle, but the direct observation of
an apparently acausal process was nonetheless striking and counterintuitive. On the
Sommerfeld/Brillouin picture (developed still further by Garrett and McCumber [32]),
the reason a pulse appears to exit the medium before leaving is that different spectral
components of the pulse interfere strongly in the dispersive region and transform the
leading edge of the pulse into an image of the pulse’s peak. The wave structure
of any smooth (ie. infinitely differentiable) incident wave packet is such that the
information in the shape of the pulse is equally well carried by the tails of the wave
packet. Brillouin called the reflection of the pulse in the leading edge of the beam
the precursors of the wave packet; it is the precursors that are amplified, while the
original pulse is suppressed. Thus it is only with regard to the overall profile of the
wave that superluminal velocities appear to occur.
In 2003, the claim that causality is maintained in cases of superluminal group
velocities was finally established experimentally by Stenner et al. [104], who showed
that the detection of a non-analytic point in an incident wave (representing new
information) on the far side of a region of anomalous dispersion took at least as long
as in the vacuum case. This experiment appears to have vindicated Sommerfeld’s
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initial account, and it is now well established that superluminal and negative group
velocities are possible in otherwise transparent and non-interfering media without
violating relativity or causality.
In the decade since these first experiments, systems exhibiting anomalous dispersion have received considerable attention in the literature, among theorists and
experimentalists. Some of these studies followed up on early predictions that stronglydriven two level atoms [115, 106, 86, 112, 89] and degenerate three level atoms [31, 90]
can also exhibit regions of large anomalous dispersion but low absorption (for a comparative study of systems of these sorts and additional references, see Wicht et al.
[113]). Others have involved coupling the excited states of a V atom [13] or the ground
states of a Λ atom [2] and then using the coupling field to coherently control the sign
of the dispersion, while others still have employed a magnetic field to induce a Zeeman
splitting, to similar effect [36, 37]. Many of these subsequent studies have involved
coherent modification of the Raman gain process proposed by Chiao et al. by introducing a second excited state, which is then used to pump populations in the atom
[52, 51, 1, 76, 19].
Before proceeding, we would like to make one additional note. Examining
2.40, we see that when anomalous dispersion is large, one expects small negative
group velocities, in analogy to the normal dispersion case, where one expects small
group velocities for large dispersion. It is natural to interpret this result as implying
that the pulse travels more slowly, since the group velocity is smaller. The opposite
is the case. To see why, it is useful to define the group delay,
µ
τd = `

1
1
−
vg
c

¶

`
= (ng − 1),
c

(2.49)

where ` is the length of the dispersive region and ng = c/vg is the group velocity
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index. For ng À 1, corresponding to very small group velocities, we have cτd /` À 1,
which means that a pulse will experience a long delay (it will take a long time for
the pulse to arrive) relative to a pulse traveling at c. For ng ≈ 1, we expect no delay,
and for 0 < ng < 1, corresponding to “superluminal” group velocities, we expect
the delay to be slightly negative, implying that a pulse will arrive somewhat earlier
than it is expected. But now consider what happens when the group velocity index is
negative, but with large magnitude, ie. ng ¿ −1, as one would expect for very large
anomalous dispersion. Note that this case corresponds to negative group velocities
with small magnitudes, since vg = c/ng . Then one finds cτd /` ¿ −1, which means
that a negative group velocity with small magnitude leads to a very large negative
delay. Thus pulses traveling in a medium with very large anomalous dispersion in
fact arrive much sooner than expected, and “small” (ie. approaching 0, from the left)
negative group velocities produce faster light.
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Chapter 3
Linear dark state physics in three and four level atoms

This chapter will discuss the conceptual precursors of DIGS systems: electromagnetically induced transparency and double dark resonance. First, we will introduce
the EIT Hamiltonian as an extension of the minimal coupling Hamiltonian presented
in section 2.1 and use it to derive the susceptibility of an appropriately prepared
three level atom. We will then use the methods developed in section 2.2 to derive
the distinctive spectroscopic features of an EIT system, including the region of vanishing absorption and high dispersion necessary for very small group velocities. We
will explain these effects via dressed states and then give an overview of significant
experimental results, especially related to group velocity.
The final two sections of this chapter will discuss selected phenomena that are
based on the EIT model or a generalization of it, including coherent population trapping, stimulated Raman passage (STIRAP), and lasing without inversion in section
3.2, and (in more detail) DDR in 3.3. We will end the chapter with a review of the
experimental literature on DDR. Our focus will be on the experimental configurations
that would be most relevant to producing a DIGS system in a laboratory.
The strategy of this chapter will be to offer as detailed and complete an analysis
of EIT as possible, since (a) the other three level phenomena then follow as simple
extensions, and (b) EIT is considerably simpler than DDR or DIGS systems. A full
initial treatment of the simplest case will permit us to focus on the novel and most
interesting features of the more complicated cases we will discuss in section 3.3 and
part II.
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3.1

Electromagnetically induced transparency

As explained in chapter 1, EIT is a phenomenon based on three level atoms in which
the coherence between two ground states can be used to cancel the absorption that
one would expect near an atomic transition. Instead of a single absorption peak, one
finds a transparency window between two peaks. From the perspective of coherent
control of group velocity, the interesting feature of EIT is that in the new transparency
window, the dispersion is large and normal, leading to dramatically suppressed group
velocities.
EIT was first presented in 1990, by Harris et al. [41], as an application of
coherent population trapping (see section 3.2.1). EIT has strong historical roots in
a closely related literature on laser-induced continuum structure (LICS). LICS uses
photoionization to modify the absorption spectrum. There, a strong laser is used
to excite a state above the ionization threshold, embedding the original level in the
continuum and producing a spectral structure at an energy determined by the sum
of the initial level’s energy and the embedding laser’s frequency. A second laser can
then be used to probe this structure, which can be modified to include a transparency
window between absorption peaks. This idea bears a close resemblance to EIT in that
a two photon process with one strong, saturating beam and a second weak probe are
used to control the absorptive properties of an atomic gas. For more on LICS, see
Knight et al. [55] and the exhaustive references therein.
In the next two sections, we will present that EIT system in more detail and
then derive its linear susceptibility. We will show how this susceptibility leads to
a prediction of strongly suppressed group velocities. EIT has a particularly simple
explanation in terms of so-called dressed states, which we will present in section
3.1.3. Finally, we will review the experimental literature on EIT, with a focus on
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experiments in which EIT was used to slow group velocity. The theoretical treatment
here is based wholly on the semiclassical theory of atoms and light presented in chapter
2. For another look at the same material, the treatments in Scully and Zubairy [95]
and Meystre and Sargent [73] are in similar spirits to the present one, though these
are more cursory than the one we provide here. Additional details may be found
in Fleischhauer et al. [26], which is an excellent technical review of EIT and related
phenomena. This latter paper includes a more detailed and systematic look at the
experimental literature than we can provide here, as well as a discussion of a number
of related phenomena that fall outside the scope of the current document.
Before proceeding, we should note that EIT is an essentially semiclassical phenomenon; the quantum mechanical features of the laser are not manifest and so EIT
is excellently described by the theory we have already presented. However, there is an
alternative, fully quantum mechanical account developed by Fleischhauer and Lukin
based on quasiparticles known as dark state polaritons [27]. These are a superposition of the photons and the atomic polarization. For current purposes, however, this
treatment is unnecessary, and so we will limit ourselves to the semiclassical picture.
3.1.1

The EIT Hamiltonian

EIT occurs in three level atomic systems (called Λ atoms, due to the letter’s suggestive
shape) with two ground states, |bi and |ci, and an excited state, |ai. We assume that
other levels are sufficiently far from resonance with the lasers that we can neglect
them altogether, and so we restrict attention to the Hilbert space spanned by the
vectors {|ai, |bi, |ci}. We take these to form a complete orthonormal basis of the
space. A strong control laser with amplitude Eµ and frequency νµ is assumed to be
near resonance with the |ai ↔ |ci transition, while a weak probe with amplitude Ep
propagates near the |ai ↔ |bi transition. By weak, here, we mean that Ep /Eµ ¿ 1.
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Figure 3.1: The EIT atom. An excited state |ai is coupled to two lower energy states
|bi and |ci by applied laser fields. Ωµ is the Rabi frequency of a strong control beam
coupling |ai and |ci. We study the propagation of a weak probe beam with Rabi
frequency Ωp ¿ Ωµ near resonance with the |ai ↔ |bi transition.
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Our study will concern the optical propertis of the medium, as measured by the probe
beam. The transition between the ground state, |bi ↔ |ci is assumed to be dipole
forbidden. See Fig. 3.1 for a diagram.
In the dipole approximation, where we have assumed that |k|R ¿ 1 (k is the
wave vector in the medium, and R is that radius of the atoms), the spatial variation
of the waves is limited to the slowly varying amplitudes. The total electric field can
thus be written,1

E(r, t) = E(r, t)p qp cos νp t + E(r, t)µ qµ cos νµ t.

(3.1)

where the vectors qp and qµ are the polarizations of the probe and control fields,
respectively.
It is helpful to split the dipole approximation Hamiltonian given in Eq. 2.3
into two parts, so that H = H0 + H1 . These are

H0 =

−~2 2
∇ + V (r)
2m

H1 = −℘ˆ · E(r, t).

(3.2a)
(3.2b)

We can write the Hamiltonian in a matrix representation defined by our three basis
states by noting that basis completeness implies |aiha|+|bihb|+|cihc| = 1. The atomic
levels are just eigenstates of the Hamiltonian before the electric field is turned on; we
1

Note that we drop the assumption, here, that the field propagates in the ~z direction because we
want to allow for the possibility that the waves in fact propagate in different directions. This means
that they would not necessarily be homogeneous along the same planes, and so we write the (slowly
varying) amplitude’s spatial dependence at a general position vector, r.
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denote their eigenvalues as ~ωj , where j runs over the three state labels. Then,

H0 = (|aiha| + |bihb| + |cihc|)H0 (|aiha| + |bihb| + |cihc|)
= ~ωa |aiha| + ~ωb |bihb| + ~ωc |cihc|.

(3.3)
(3.4)

We can treat the second term of the Hamiltonian in the same way. First, note
that terms of the form hj|℘|ji
ˆ correspond to permanent dipoles, which are identically
zero for atoms, due to their spherical symmetry. That is, unless the wave function
ψj (r) corresponding to the vector |ji has some asymmetry (as would a permanent
dipole moment), ψj (r) will be an even function. Thus,
Z

∞

hj|℘|ji
ˆ =

Z
3

∞

2

d rer|ψj (r)| =
−∞

Z
3

∞

2

d rer|ψj (r)| −
0

d3 rer|ψj (r)|2 = 0.

(3.5)

0

So eliminating diagonal elements of the dipole moment matrix, in addition to ℘bc and
℘cb , which we have already assumed vanish, we find,

H1 = −℘ˆ · E(r, t) = −E(r, t) · (|aiha| + |bihb| + |cihc|)℘(|aiha|
ˆ
+ |bihb| + |cihc|)
= −E(r, t) · (℘ab |aihb| + ℘ba |biha| + ℘ac |aihc| + ℘ca |ciha|).

(3.6)

Recall that the dipole moments are vector valued, so here we are taking the scalar
product of the dipole moment vectors and the electric field polarizations.
Written explicitly in terms of the electric field, Eq. 3.6 becomes

H1 = −(Ep (r, t)qp cos νp t + Eµ (r, t)qµ cos νµ t) · (℘ab |aihb| + ℘ac |aihc| + h.c.)
¢
1¡
= − Ep (r, t)qp (e−iνp t + eiνp t ) + Eµ (r, t)qµ (e−iνµ t + eiνµ t )
2
· (℘ab |aihb| + ℘ac |aihc| + h.c.)

(3.7)
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We can simplify Eq. 3.7 considerably by applying the rotating wave approximation.
However, it is difficult to see how this works in the current basis. Instead, we move
temporarily to the interaction picture, by applying the unitary transformation U (t) =
eiH0 t/~ . Sparing the reader the details,2 we find that the Hamiltonian under this
transformation, HI , can be written,
¢
1¡
Ep (r, t)qp (e−iνp t + eiνp t ) + Eµ (r, t)qµ (e−iνµ t + eiνµ t )
2
¡
¢
· ℘ab eiωab t |aihb| + ℘ac eiωac t |aihc| + h.c. .
(3.8)

HI = U H1 U † = −

Now we can apply the rotating wave approximating, which amounts to assuming that rapidly varying terms will contribute less than slowly varying ones. The claim
is that over the time scales determined by the slowly oscillating terms, the rapidly
oscillating terms are essentially symmetric and average to zero. If we multiply out
Eq. 3.8, we find,
¡
1¡
Ep (r, t) qp · ℘ab (e−i(νp −ωab )t + ei(νp +ωab )t )|aihb|
2
¢
+qp · ℘ac (e−i(νp −ωac )t + ei(νp +ωac )t )|aihc|
¡
+ Eµ (r, t) qµ · ℘ab (e−i(νµ −ωab )t + ei(νµ t+ωab ) )|aihb|
¢¢
+qµ · ℘ac (e−i(νµ −ωac )t + ei(νµ t+ωac ) ) + h.c.

HI = −

(3.9)

Since we have assumed already that the control field is near (or on) resonance with the
|ai ↔ |ci transition, and likewise the probe field is near resonance with the |ai ↔ |bi
transition, the slowly oscillating terms will be the ones with ±∆p = ±(ωab − νp )
2
In fact, it seems that few authors are interested in writing out how this transformation works
in detail. The calculation involved here is the same as the one performed below, in moving to the
rotating basis. Since it is simpler in the second case, we will fill in the details there and assume that
the connection to the interaction picture is clear.
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or ±∆µ = ±(ωac − νµ ) in the exponents, so long as |ωab − νp | ¿ |ωab − νµ | and
likewise |ωac − νµ | ¿ |ωac − νp |. In the case where |ωab − νp | ∼ |ωab − νµ | and/or
|ωac − νµ | ∼ |ωac − νp |, meanwhile, we can assume of these cross-coupling terms
vanish by assuming that the laser polarization/atomic levels are chosen carefully so
that optical dipole selection rules forbid these undesired transitions. In this case
the terms coupling the probe beam to the |ai ↔ |bi transition and the control to
|ai ↔ |bi transition due to dipole selection rules. We neglect all terms with sums in
the exponents as rapidly varying, leaving,

HI = −

¢
1¡
Ep (r, t)qp · ℘ab |aihb|ei∆p t + Eµ (r, t)qµ · ℘ac |aihc|ei∆µ t + h.c. .
2

(3.10)

Reversing the transformation to move back into the Schrödinger picture, we
find the EIT Hamiltonian.

HEIT =

~
(ωa |aiha|+ωb |bihb|+ωc |cihc|−Ωp e−iνp t e−iφp |aihb|−Ωµ e−iνµ t e−iφµ |aihc|)+h.c..
2
(3.11)

Here we have defined Rabi frequencies Ωp and Ωµ , and phases φp and φµ . We take
the Rabi frequencies to be real, defined by

~Ωp = |℘ab |Ep (r, t) cos θp

~Ωµ = |℘ac |Eµ (r, t) cos θµ

(3.12)

θp and θµ , here, are the angles between the respective dipole moments and wave
polarizations. In the media we consider, these will be coaligned and we can take
θp = θµ = 0. The phases, φp and φµ , are those of the dot products ℘ab · qp and
℘ab · qµ , defined so that ~Ωp e−iφp = ℘ab · qp Ep (and likewise for the control Rabi
frequency). Since we study how the probe beam evolves as it moves through the
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medium, we cannot assume that Ωp is constant in space. Absorption, for instance,
corresponds to a reduction of the probe amplitude along the direction of propagation
of the wave. We can, however, assume that Ωµ is strong enough that it is essentially
unchanged in the medium.
It is often convenient to work in a so-called rotating basis, related to the
Schrodinger picture by the transformation
U 0 (t) = |aiha| + e−iνp t e−iφp |bihb| + e−iνµ t e−iφµ |cihc|.

(3.13)

This basis differs from the interaction picture basis in that there we chose a transformation intended to make the time evolution due to the unperturbed Hamiltonian
manifest in the off-diagonal terms; here, we are seeking to avoid explicit time dependence altogether. Since the Schrödinger equation holds in the new basis as well as
the old,3

i~

∂ ψ̃
∂U 0 (t)ψ
∂U 0 (t)
∂ψ
= i~
= i~(
ψ + U 0 (t) )
∂t
∂t
∂t
∂t
∂U 0 (t) 0†
U + U 0 (t)HEIT U 0† )ψ̃ = H˜EIT ψ̃.
= (i~
∂t

It immediately follows that
~
H˜EIT = (ωa |aiha|+(ωb +νp )|bihb|+(ωc +νµ )|cihc|−Ωp |aihb|−Ωµ |aihc|+h.c.) (3.14)
2
Note that the basis was judiciously chosen to remove the dependence on the complex
phases of the Rabi frequencies, as well. In addition to using Eq. 3.14 for calculating
the properties of the EIT system, we will use it as a model for constructing the
3
This is the promised calculation analogous to the one relating the interaction and Schrödinger
pictures.

50
Hamiltonians for DDR and DIGS systems.
3.1.2

Linear susceptibility and group velocity control

To determine the optical properties of the EIT medium, as measured by the probe
beam, we require an expression for the linear susceptibility as a function of the probe
frequency. Recall the relationship we derived in chapter 2, relating the polarization
vector to the population matrix. There, we showed that (reproducing Eq. 2.10,
rewritten to reflect Eq. 2.11),

(2.100 )

P(r, t) = N σ(r)tr(℘ρ).
ˆ

Expanding the trace, we find that tr(℘ρ)
ˆ = ℘ba ρab + ℘ab ρba + ℘ca ρac + ℘ac ρca . The
non-rotating density matrix elements in this expansion can be rewritten in terms of
the rotating basis terms by applying the inverse transformation, ρ = (U 0 (t))† ρ̃ U 0 (t).
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ρca ρcb ρcc
eiνµ t eiφµ ρ̃ca eiνµ t−iνp t eiφµ −iφp ρ̃cb
ρ̃cc
(3.15)
These allow us to express the polarization as,
¡
P(r, t) = N σ(r) |℘ab |qp ρ̃ab e−iνp t + |℘ab |qp ρ̃ba eiνp t
¢
+|℘ca |qµ ρ̃ac e−iνµ t + |℘ac |qµ ρ̃ca eiνµ t .

(3.16)

Here we have (a) taken the dipole phases from the definition of the Rabi frequencies
and (b) moreover assumed that the dipole moments are aligned with the field polar-
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ization4 to write the dipole moments explicitly as, for example, |℘ab |qp e−φp = ℘ab .
Meanwhile, writing out eq. 2.23 to reflect the current electric field, we also
have that,
²0 ¡ (1)
χ (νp )qp Ep (r, t)e−iνp t + χ(1) (−νp )qp Ep (r, t)eiνp t
2
¢
+χ(1) (νµ )qµ Eµ (r, t)e−iνµ t + χ(1) (−νµ )qµ Ep (r, t)eiνµ t .

P(r, t) =

(3.17)

Comparing frequency components of Eqs. 3.16 and 3.17, we conclude that N σ(r)|℘ab |ρ̃ab =
²0 χ(1) (νp )Ep (r, t)/2, or, solving for the probe beam susceptibility,
χ(1) (νp ) =

2N σ(r)|℘ab |
ρ̃ab .
²0 Ep (r, t)

(3.18)

Thus, in order to find the linear response of the probe beam in the gas of Λ atoms,
we need to solve for the density matrix element ρ̃ab .
The full equations of motion for the density matrix ρ̃ are given by the von
Neumann equation (Eq. 2.4) in the rotating basis, with phenomenological nonunitary
decay and dephasing constants included.5 Decay from each state will be written γi ,
for decay from i; the off-diagonal decoherence terms, meanwhile, will be a sum of the
decay rates and dephasing contributions. These will be written γij = 12 (γi + γj ) + γijph .
We are supposing a closed, conservative system, and so γa decays to |bi and |ci with
branching coefficients αb and αc subject to αb + αc = 1.6 We also require that the
4

In fact, in deriving the definition of the susceptibility, we were forced to make this assumption
in order to justify taking the susceptibility to be a scalar, rather than a matrix. In fact, it will
generally be true, so long as the atoms do not have a permanent dipole moment (they do not).
5
Together, these form a Lindblad equation, although the details of the distinction are not important to the current discussion.
6
In fact, as we will see, this assumption is unnecessary in the perturbative limit where no population ever actually reaches |ai. As long as |bi does not decay, permitting a steady state without
pumping, we will find the same solution for ρ̃ab whether |ai decays internally or externally. However, in later treatments, we will be interested in explicitly closed systems, and so developing the
formalism for EIT in this language is helpful.
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ground states are stable. For completeness, we include the entire system. We find,
beginning with the diagonal elements of the density matrix,
Ωp
Ωµ
∂ ρ̃aa
= −iγa ρ̃aa +
(ρ̃ab − ρ̃ba ) +
(ρ̃ac − ρ̃ca )
∂t
2
2
∂ ρ̃bb
Ωp
i
= iαb γa ρ̃aa −
(ρ̃ab − ρ̃ba )
∂t
2
∂ ρ̃cc
Ωµ
i
= iαc γa ρ̃aa −
(ρ̃ac − ρ̃ca ).
∂t
2

i

(3.19a)
(3.19b)
(3.19c)

Meanwhile, the off-diagonal elements vary as,
∂ ρ̃ab
Ωp
Ωµ
= (∆p − iγab )ρ̃ab −
(ρ̃bb − ρ̃aa ) −
ρ̃cb
∂t
2
2
∂ ρ̃ac
Ωµ
Ωp
i
= (∆µ − iγac )ρ̃ac −
(ρ̃cc − ρ̃aa ) −
ρ̃bc
∂t
2
2
∂ ρ̃cb
Ωµ
Ωp
i
= (∆p − ∆µ − iγcb )ρ̃cb −
ρ̃ab +
ρ̃ca
∂t
2
2
i

(3.19d)
(3.19e)
(3.19f)

We have defined the detunings for the probe, ∆p = ωa − ωb − νp , and the control,
∆µ = ωa − ωc − νµ . The definitions are such that ∆i is decreasing for increasing
νi . We will return to the point presently, as it has consequences for the correct
interpretation of the EIT spectrum. In particular, normal dispersion will correspond
to

∂Re(χ(1) )
∂∆p

(1) )

= − ∂Re(χ
∂νp

< 0.

EIT occurs when the population of the system is initially localized in the
ground state, |bi, yielding ρ̃bb = 1. We have already assumed that the probe beam
is weak relative to the control beam, implying that Ωp ¿ Ωµ . If we assume further
that Ωp ¿ γab , γac , it follows by inspecting Eqs. 3.19 that to first order in Ωp /Ωµ
and Ωp /γab , ρ̃aa = ρ̃cc ≈ 0. As a consequence, population conservation demands
that in the steady state, ρ̃bb ≈ 1. As for the coherence between |ai and |ci, ρ̃ac ∼
Ωµ /γac (ρ̃cc − ρ̃aa ) + Ωp /γac ρ̃bc ≈ 0 since ρbc is nonzero only to first order in Ωp /Ωµ .
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These allow us to simplify the system of equations determining ρ̃ab to
∂ ρ̃ab
Ωp Ωµ
= (∆p − iγab )ρ̃ab −
−
ρ̃cb
∂t
2
2
∂ ρ̃cb
Ωµ
i
= (∆p − ∆µ − iγcb )ρ̃cb −
ρ̃ab
∂t
2

i

(3.20a)
(3.20b)

.
Eqs. 3.19 can be solved by writing them as a matrix equation. We define




ρ̃ab 
X= 
ρ̃cb




− Ω2µ

∆p − iγab

M=

Ωµ
−2
∆p − ∆µ − iγcb





Ωp
− 2 

A=

,

(3.21)

0

then write i ∂X
= M · X + A. Equations of this form have a general solution
∂t
X = −M−1 · A + Ce−iMt .

(3.22)

for some integration constant C. The imaginary part of M is diagonal (and thus
commutes with the real part), and so we can decompose the exponential as,



−γab t

e
exp(−iMt) = 

0

0 
 exp(−iRe(M)t).

(3.23)

−γcb t

e

Thus, in the steady state limit, the exponential is suppressed by the decoherence
terms. We conclude that limt→∞ X = −M−1 · A. This yields steady state solutions
for ρ̃ab and ρ̃bc of
(∆p − ∆µ − iγcb )Ωp
¢
2 (∆p − iγab )(∆p − ∆µ − iγcb ) − Ω2µ /4
Ωp Ωµ
¢.
ρ̃cb = ¡
4 (∆p − iγab )(∆p − ∆µ − iγcb ) − Ω2µ /4

ρ̃ab =

¡

(3.24)
(3.25)
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Here and in what follows, we will replace the full susceptibility, stated in Eq.
3.18, with a reduced susceptibility that does not depend on the detailed physical
parameters of a system. We take,
~γab ²0
2γab
(1)
χ
(∆
)
=
ρ̃ab (∆p ).
p
N σ(r)|℘ab |2
Ωp

(3.26)

γab (∆p − ∆µ − iγcb )
.
(∆p − iγab )(∆p − ∆µ − iγcb ) − (Ωµ /2)2

(3.27)

χ̃(1) (∆p ) =

Then, for EIT,
χ̃(1) =

A plot of the real and imaginary parts of the reduced susceptibility are given in Fig.
3.2. In general, we allow the natural linewidth of the |ai ↔ |bi transition, γab , to
define the scales of the problem, and so the plot is given as ∆p /γab versus the reduced
susceptibility. Eq. 3.26 is simple enough that we can write its real and imaginary
parts explicitly. It is standard to assume that the control beam is on resonance
(∆µ = 0), and so
µ

2
γcb
+ ∆2p − Ω2µ /4
Re(χ̃ )(∆p ) = 4∆p γab
2
2
4(γab
+ ∆2p )(γcb
+ ∆2p ) + 2(γab γcb − ∆2p )Ω2µ + Ω4µ /4
¶
µ
2
γab (γcb
+ ∆2p ) + γcb Ω2µ /4
(1)
.
Im(χ̃ )(∆p ) = 4γab
2
2
4(γab
+ ∆2p )(γcb
+ ∆2p ) + 2(γab γcb − ∆2p )Ω2µ + Ω4µ /4
(1)

¶
(3.28)
(3.29)

A number of conclusions can be drawn from the functional forms of Eqs. 3.28
and 3.29. Beginning with Eq. 3.29, note that for vanishing γcb , Im(χ̃(1) ) exhibits
two absorption resonances, located at ∆p = ±Ωµ /2, with an absorption null between
them. (In general, one finds these peaks for nonzero γcb as well; however, the expression for their location changes slightly.) Meanwhile, at zero detuning Im(χ(1) ) scales
as γcb . Since γcb corresponds to decoherence between the ground states (in fact, it
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-0.4
Figure 3.2: Here we plot the real (solid line, blue) and imaginary (dashed line, red)
parts of the EIT susceptibility. The parameters are Ωµ = 2γab and γbc = .001γab . We
see the characteristic pattern of a transparency window at zero detuning, with large
dispersion. Recall that with our definitions of the detuning, a negative slope for the
real part of the susceptibility corresponds to normal dispersion.
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Figure 3.3: The real (solid lines) and imaginary (dashed lines) parts of the EIT
susceptibility as we vary γcb . The blue lines correspond to γcb = .01γab ; the red lines
to γcb = .1γab ; and the brown lines to γcb = γab . As γcb increases, we see that the
transparency window is washed out. This occurs because the coherence between |bi
and |ci is responsible for the EIT phenomenon. Here we have Ωµ = 2γab in all plots.
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Figure 3.4: The imaginary part of the EIT susceptibility as we vary Ωµ , with γcb =
10−4 γab (we neglect the real part here, as the graph becomes too cluttered). The
blue line correspond to Ωµ = 2γab ; the red line to Ωµ = γab ; and the brown line to
Ωµ = γab /2. Note that as Ωµ decreases, the window becomes smaller, but does not
vanish. This is because the absorption at ∆p is actively canceled at this point by the
coherence between |bi and |ci.
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Figure 3.5: Again, the real and imaginary parts of the EIT susceptibility as we vary
Ωµ , but this time with γcb = γab /10. The legend is the same as in the previous figure:
the blue lines correspond to Ωµ = 2γab ; the red lines to Ωµ = γab ; and the brown lines
to Ωµ = γab /2. The result is a standard Autler-Townes doublet (see section 3.1.3),
without the additional cancelation of absorption at zero probe detuning. Now, as the
windows narrows, the peaks merge and the transparency window vanishes.
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corresponds exclusively to dephasing in the current treatment, as we have assumed
the ground states do not decay), it can be made quite small by working in a cold gas,
or by using a buffer gas to reduce dephasing. And so, by Eq. 2.43, one expects low
absorption at zero detuning. Re(χ(1) ), meanwhile, vanishes at ∆p = 0. It follows from
Eq. 2.35 that the index of refraction is unity at zero detuning. But at the same time,
the dispersion is large and approximately constant. Near zero detuning, Re(χ(1) ) can
be approximated as a line with slope
2
4γab (γcb
− Ω2µ /4)
∂Re(χ̃(1) )
=
.
∂∆p
(γab γcb + Ω2µ /4)2

(3.30)

This slope is negative for small values of γcb relative to Ωµ (implying normal dispersion,
given our sign convention for ∆p ) and scales as γab /Ω2µ . Hence the group velocity,
given by Eq. 2.40, will be increasingly suppressed for smaller values of the control
beam. This method for reducing group velocity is limited, however, as the separation
of the absorption peaks also decreases with decreasing control beam intensity.
Examining Eq. 3.29 shows that in the unphysical limit that γcb = 0, there will
always be a narrow transparency band at ∆p = 0, though its width will decrease for
decreasing Ωµ . The persistence of the window for γbc = 0 is due to the fact that the
coherence between |bi and |ci exactly cancels absorption. (See section 3.1.3 for an
account of how this works.) However, for non-zero γcb , the cancellation is no longer
exact, and thus the window is washed out if Ωµ becomes small relative to γab , or if
γcb becomes large relative to γab . Figs. 3.3, 3.4, and 3.5 show the dependence of the
transparency window on Ωµ and γcb .
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3.1.3

Analysis in terms of dressed states and dark states

Ultimately, EIT and the related phenomena we will describe in sections 3.2 and 3.3, as
well as much of the material in part II, can be explained in terms of so-called “dressed
states.” The idea is that many phenomena that seem surprising when presented in
terms of interactions between lasers and the “bare” (ie. unperturbed) atomic states
have simple interpretations under a change of basis. The dressed states are simply
superpositions of the bare states that correspond to particularly transparent formulations of the Hamiltonian. Typically, dressed states correspond to the eigenvectors of
the full (H0 + H1 ) Hamiltonian, though we will also present examples of informative
dressed state bases (perhaps better called “semi-dressed” bases—a term we will use
in part II) in which the Hamiltonian is not diagonal.
We begin once again with the EIT Hamiltonian in the rotating basis, given by
Eq. 3.14, which can be expressed in matrix form as,



− Ω2p

H˜EIT

− Ω2µ


 ωa


Ωp
.
= ~
−
ω
+
ν
0
b
p

 2


− Ω2µ
0
ωc + νµ

(3.140 )

First, consider the case where Ωp → 0 and the control detuning vanishes7 , corresponding to the case where |bi decouples completely and the |ai ↔ |ci transition is
driven on resonance. H → Hac becomes,






ωa 0   0
H˜ac = ~ 
+
0 ωa
− Ω2µ


− Ω2µ 

 .

(3.31)

0

7
∆µ → 0 is a common assumption that simplifies matters greatly in the current discussion, with
no significant losses.
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√
H˜ac has eigenvectors |∓i = 1/ 2(|ai ± |ci), with eigenvalues (including the energy
offset) ωa ∓ Ωµ /2. So the strong coupling to a ground state, |ci, effectively splits |ai
into a pair of symmetric states, located at offsets of ±Ωµ /2 from the original energy
level. This splitting is closely related to the Autler-Townes effect. [10]
Now if we allow Ωp to become non-zero, the Autler-Townes doublet is the
effective excited state manifold that the probe beam will encounter. Diagonalizing the
{|ai, |ci} subspace of the Hamiltonian gives interactions between |bi and {|+i, |−i}.

Hac

~
→
2

µµ

¶
µ
¶
Ωµ
Ωµ
ωa +
|+ih+| + ωa −
|−ih−| + (ωb + νp )|bihb|
2
2
!
√
√
2Ωp
2Ωp
−
|+ihb| −
|−ihb| + h.c.
(3.32)
2
2

We see that the Hamiltonian couples |bi to |+i and |−i. Thus the Autler-Townes
effect explains why the probe absorption resonances appear at ∆p = ±Ωµ /2 in the EIT
spectrum. Fig. 3.6b shows the level diagram that results from this transformation.
The Autler-Townes effect does not, however, explain why probe absorption
exactly cancels at zero detuning, especially for narrow spacings between the peaks.
Indeed, on the Autler-Townes explanation, one would expect the peaks to merge as
they approach each other; instead, as we have shown, a narrow window remains for
any non-zero Ωµ , provided γcb remains small. This second condition is suggestive
of the reason: the transparency window at ∆p = 0 is essentially dependent on the
coherence between |bi and |ci; since the Autler-Townes explanation ignores the |bi
coupling to the system, it can only account for the splitting of the |ai ↔ |ci peak and
not for effects due to the coherence between the ground states.
To see how this second effect works, consider the entire Hamiltonian, rewritten
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Figure 3.6: The EIT atom under various unitary transformations into dressed states.
(a) The bare, unperturbed basis. (b) The Autler-Townes basis, in which the {|ai, |ci}
subspace of the Hamiltonian is diagonalized, producing two split excited states. (c)
The dressed basis in which the entire Hamiltonian is diagonalized. The center state
is the “dark state,” which cannot decay or absorb photons; no states are coupled by
electric fields. (d) The dark/light state basis. One state, the dark state, decouples
from the excited state, while the light state couples more strongly.
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again with an energy offset.

H˜EIT



 
Ωp
Ωµ
0
0   ∆p − 2 − 2 
ωb + νp


 
 .
 0
 +  − Ωp
= ~
0
0
ω
+
ν
0
b
p


  2

 

− Ω2µ
0
δ
0
0
ωb + νp

(3.33)

Here, we have defined the new detuning δ = ∆p −∆µ = ωc +νc −ωb −νb . As we can see
from Eqs. 3.19f and 3.20b, δ is the detuning from resonance of the coherence between
|bi and |ci. It corresponds to the detuning of the two photon process |bi ↔ |ai ↔ |ci.
If we consider the case where both ∆p = 0 (ie. where the persistent window is located)
and the two photon process is also on resonance (ie. δ → 0), then the eigensystem of
HEIT is8
1
Ωp
Ωµ
~q 2
Ωp + Ω2µ (3.34a)
|+0 i = − √ |ai + √ p
|bi + √ p
|ci E+ =
2
2
2
2
2
2
2 Ωp + Ωµ
2 Ωp + Ωµ
Ωµ
Ωp
|0i = p 2
|bi − 2
|ci
E0 = 0
(3.34b)
2
Ωµ + Ω2p
Ω µ + Ωp
Ωp
1
Ωµ
~q 2
0
√
√
√
Ωp + Ω2µ
|ai +
|− i =
|bi +
|ci
E− = −
p
p
2
2
2 Ω2p + Ω2µ
2 Ω2p + Ω2µ
(3.34c)
The state |0i is a superposition of the two ground state and not the excited state.
This means that an atom in |0i has no probability of absorbing or emitting a photon.
For this reason, it is often called the “dark state”. Moreover, the Hamiltonian is now
diagonalized,
0
H˜EIT
=~
8

q
q
0
0
2
2
Ωp + Ωµ |+ ih+ | − ~ Ω2p + Ω2µ |−0 ih−0 |.

(3.35)

It is possible to write these dressed states in the case where ∆p 6= 0. However, the expression
is much more cumbersome, and the goal here is explanatory. The full dressed states are given in
Fleischhauer et al. [26].
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|0i decouples from the other two states entirely, and so an atom in |0i cannot evolve
into either of the other states. The level diagram for this case is presented in 3.6c.
The important point to draw from the Hamiltonians in Eqs. 3.32 and 3.35 is
that, in the limit that Ωp ¿ Ωµ , |0i ≈ |bi, and |±0 i ≈ |±i. This means that with all
lasers on resonance, if the probe beam is turned on slowly then the state |bi will evolve
into the dark state and decouple from the other states.9 Under these circumstances,
the coherence between |bi and |ci, which develops spontaneously in this configuration,
prevents absorption, explaining the persistent (for various changes in parameters, so
long as Ωp ¿ Ωµ ) transparency window shown in Fig. 3.4. Since |0i is a superposition
of |bi and |ci, it is sensitive to decoherence between these states, and to broadening of
or deviation from the two photon resonance, which explains the results at the end of
the previous section. Note that for large Ωp , |bi would not necessarily evolve into the
dark state directly; instead, it would evolve into a superposition of all three states,
unless Ωp is increased adiabatically. This is because for large Ωp , |+i and |−i have
non-zero projections onto |bi. For more on the relationship between Ωp and the dark
state population, see 3.2.2.
There is one final basis that is of interest. It is related to the dark state basis
given in Eqs. 3.34 by a simple transformation. If one leaves the dark state, |0i, intact,
√
but considers 1/ 2(|+i ± |−i, one finds a level structure with two superpositions of
9

See section 3.2.2 below. Strictly speaking, populating the dark state in this way is an extreme
example of STIRAP-style adiabatic population transfer, though rather than pump electrons from
one ground state into another, one pumps from one ground state into a superposition of two ground
states without actually transferring any population.
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|bi and |ci,

|ai = |ai
Ωµ
Ωp
|bi
−
|ci
2
Ωµ + Ω2p
Ω2µ + Ω2p
Ωµ
Ωp
|bi + 2
|1i = p 2
|ci
2
Ωµ + Ω2p
Ωµ + Ωp

|0i = p

(3.36a)
(3.36b)
(3.36c)

The Hamiltonian in this basis consists only of interaction terms (assuming all detunings vanish, as was necessary in deriving the dark state basis from which this new
basis is a restatement). It is

H

00

p 2
Ωp + Ω2µ
=−
(|aih1| + |1iha|).
2
~

(3.37)

This level diagram is pictured in Fig. 3.6d. In contrast to |0i, |1i is called the “light
state,” as it is responsible for all absorption and emission in this scheme. And just as
in the limit that Ωp ¿ Ωµ we saw that |0i → |bi, in the same limit |1i → |ci. So EIT
occurs because, for a strong control and weak probe, |bi and |ci evolve adiabatically10
into two superpositions, one of which (corresponding to the population of |bi in the
weak probe limit) decouples from the excited state, and the other of which couples
more strongly.
10

In general, it is also possible to populate the dark state by optical pumping. Population from
|ai can decay via spontaneous emission into either of |0i or |1i; however, population in |0i cannot be
re-excited into |ai, leading to a net accumulating in |0i. This process is one of the methods behind
coherent population trapping, as discussed in section 3.2.1. However, when the probe is weak, no
population ever accumulates in |ai, and so spontaneous emission from |ai into |0i is not an effective
population method.
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3.1.4

Experimental realizations of EIT, with a focus on the control of
group velocity

The first experimental realization of EIT was by Boller et al. [12], the same year
that Harris (who is also an author on the experimental paper) coined [41] the term.
Working in a Strontonium heat pipe with a 10cm long vapor zone, they showed that
by turning on the control laser, they could create a narrow transparency window
in the middle of an absorption resonance. They took the |ai = |4d5d1 D2i level as
their excited state, with a control beam on resonance with the transition from the
|ci = |4d5d1 D2 i level. Their ground state, |bi, was the |5s5p1 P1 i level. The ground
state was pumped incoherently via a pulsed dye laser. Since the excited state decays
by autoionization, any excited population was rapidly lost. Their focus was on proof
of concept: they showed that the Sr could be made transparent, but they did not
study the dispersive (or non-linear) properties of the system. In fact, the prediction
that EIT would have interesting dispersive features was not made until 1992, by
Harris et al. [42].
The first tests of the dispersive properties of EIT were not reported until 1995
(based on experiments completed in 1994). First Xiao et al. [116] showed that natural
Rb could be made transparent to a laser probing the |bi = |5S1/2 i ↔ |ai = |5P3/2 i
transition by applying a strong beam near resonance with the transition from |ai to
|ci = |5D5/2 i. This cascade scheme was realized in a 76mm long room temperature
vapor cell, with counterpropagating lasers forming a Doppler-free geometry. In addition to measuring absorption, they used a Mach-Zehnder interferometer to measure
the dispersion directly. Based on their plot of the dispersion, they deduced that the
probe beam had traveled through the vapor cell with a group velocity of about c/13.2,
though they did not measure the group delay directly.
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More impressive results by an order of magnitude were reported the same year
by Kasapi et al. [53], who directly observed a probe pulse delay of 55ns in a 10cm
cell containing

208

Pb. This group delay corresponds to a group velocity of c/165. A

year later, Schmidt et al. [93] used a copropagating wave geometry in a 22mm long
Cs vapor cell. Measuring the dispersion with a Mach-Zehnder interferometer, they
deduced a group velocity for the probe beam of about c/3000, with a maximum value
of c/3400. In 1997, [68] studied the optical effects of a strong probe propagating near
the |bi = |S1/2 , F = 1i → |ai = |P1/2 , F = 2i transition in natural Rb. The control
beam was on resonance with the transition from |ci = |S1/2 , F = 2i to |ai. They
showed properties characteristic of EIT, but since the probe beam was strong, they
did not measure the exclusively linear phenomena we have discussed. We mention
the experiment, however, for two reasons. First, members of this collaboration would
soon report one of the seminal ultraslow light experiments, and second, Lukin et al.
[68] were able to easily resolve dispersive features on the order of a few kHz in their
optically dense medium. Such high resolution spectroscopy is important for the possibility of observing the features we predict in DIGS spectra, especially in chapter 7,
where the widths of the features are proportional to the square of the tunneling rate
between wells of a BEC.
The three ultraslow light experiments that made EIT famous in the popular
press were reported in 1999. First, Hau et al. [43] reported the direct observation
of group delays of a beam of light traveling through a coherently prepared atomic
Na BEC. They measured group velocities on the order of tens of m/s, with a topline
number of 17m/s. Their control beam was linearly polarized, and coupled the |bi =
|2 S1/2 , F = 2, mf = −2i level to their excited state, |ai = |2 P3/2 , F = 2, mf = −2i.
The ground state for the probe beam was |ci = |2 S1/2 , F = 1, mf = −1i. They were
able to achieve such dramatic results because both homogeneous and inhomogeneous
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broadening effects were negligible in the BEC, permitting a transparency window
whose width was much less than the natural linewidth. (See, for instance, Fig. 3.4.)
Soon after the Hau experiment, Kash et al. [54] reported group velocities nearly
as small (90m/s) in a hot (≈ 360K) gas of

87

Rb. They used the same level config-

uration as Lukin et al. [68]; this time, they used a weak probe field (laser power of
5% of the control field) and measured the group delay directly, by observing the time
domain retardation of the amplitude modulation within the cell. They suppressed
homogeneous broadening with an inert buffer gas of Ne, and used copropagating
lasers to cancel the two photon Doppler effect. The third ultraslow light paper of
1999, Budker et al. [18], reported the slowest light of all: 8m/s, based on a direct
measurement of group delay. However, they did not use EIT directly to achieve their
result, and so it is of less relevance to the current dissertation.
Subsequent experiments have focused on applications of the EIT methods,
which by the end of 1999 were well understood and could be manipulated effectively
by many groups. The details of these subsequent studies are beyond the scope of this
dissertation. The experiments already described, however, are sufficient for drawing
some morals. One, alkali vapors—whether Bose-Einstein condensed, as in the Hau
experiment, or not, as in the Lukin experiments—provide a natural home for EIT
spectroscopy, which is convenient as they are readily available and easily used. We
will argue in chapter 5 that the DIGS system can be implemented in

87

Rb and

23

Na.

Moreover, that EIT can be successfully implemented in an alkali vapor BEC is the
basis for chapter 7, in which we argue that EIT in one well of a double well alkali vapor
BEC will be an effective DIGS system, on account of the Josephson couplings to the
neighboring well. Finally, that ultraslow light can be observed in both ultracold atoms
(where decoherence is naturally small, and Doppler broadening irrelevant because the
atoms have such low energy) and hot gases (where two photon Doppler broadening can
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be eliminated by using copropagating lasers, and decoherence can be minimized with
a buffer gas) shows the versatility and breadth of the phenomena we consider here—
even the phenomena, like ultraslow light, that are strongly sensitive to relaxation
effects.
3.2

Other three-level phenomena

The Λ atom plays host to dozens of linear and nonlinear optical and atomic phenomena. Given the detailed treatment of EIT, and particularly of the dressed bases
in section 3.1.3, several of these phenomena can be described simply. We will treat
Coherent Population Trapping (CPT), Stimulated Raman Passage (STIRAP), and
Amplification without Inversion (AWI). Aside from their intrinsic interest, these three
phenomena are used to explain the details of DIGS system behavior, and so it is helpful to present them now in relation to the discussion of EIT. Except where otherwise
noted, the treatments here follow Meystre and Sargent [73], Scully and Zubairy [95],
and the relevant review articles cited.
3.2.1

Coherent Population Trapping

CPT was discovered largely accidentally by Alzetta et al. [4], and then later explained
theoretically by Arimondo and Orriols [9]. In theory, the mechanism behind CPT is
identical to that behind EIT; and yet, phenomenologically, they are quite different.
EIT applies to optically thick samples where the coherence of the medium is used to
essentially alter an incident laser’s properties. CPT, meanwhile, is a spectroscopic
tool for trapping population in a state that cannot then be excited. It is useful, for
instance, in velocity-selective laser cooling [73, pg. 246]. Here, one thinks of optically
thin samples, where a laser is used to essentially alter the population distribution
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of quantum states of the material. But in a sense, they amount to the same thing.
Taking the Hamiltonian H 00 presented in Eq. 3.36 as a starting point, CPT occurs
when population is transferred to |0i, with arbitrary probe and control Rabi frequencies. EIT, it turns out, is an efficient method of populating the CPT dark state [95,
pg. 229], as EIT permits direct evolution into the dark state, while traditional CPT
requires some sort of coherent preparation. Another common method is to optically
pump atoms into the dark state: one excites atoms from the light state into the excited state, from which they will spontaneously decay into the dark state (and the
light state).
3.2.2

Stimulated Raman Passage

STIRAP (sometimes also called Coherent Population Transfer to emphasis the connection with CPT, above), first suggested by Kuklinski et al. [59], again starts with
the dark state in Eq. 3.36. Now, however, one allows the Rabi frequencies to vary.
(Although we continue to use the Ωp and Ωµ notation, one should not think of these
lasers as probe or control any longer, as they can have arbitrary relative intensities.)
The state becomes,
Ωµ (t)|bi − Ωp (t)|ci
|0(t)i = p
.
Ωp (t)2 + Ωµ (t)2

(3.38)

Assume that the system begins in state |bi. Ordinary pumping from |bi to |ci would
involve first exciting the atoms from |bi to |ai by applying an external field. Once
population inversion occurs, one would tune a second beam to the |ai ↔ |ci transition,
to stimulate emission into |ci. The end result would be population in |ci. However,
optical pumping of this sort can be time-consuming and inefficient. [26]
STIRAP, meanwhile, accomplishes the same goal via what is often called a
“counter-intuitive pump sequence.” Rather than initially excite the |ai ↔ |bi transi-
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tion, one begins with a strong beam coupling |ai and |ci, with no beam coupling |ai
and |bi. Under these circumstances, the dark state is simply

|0(0)i = |bi.

Then one adiabatically increases the Rabi frequency of a laser coupling |ai and |bi,
so that after a short time,
Ωµ (0)|bi − δΩp |ci
|0(²)i = p
.
(δΩp )2 + Ωµ (0)2
That is, the dark state evolves into a superposition of |bi and |ci. If one does this
slowly enough, all of the population in |bi is shifted into the dark state [26].
Next one gradually decreases Ωµ , while meanwhile one continues to increase Ωp .
As the ratio of the Rabi frequencies shifts, so too does the weight of the population in
|0i. Notably, however, no population is transferred to the excited state, from which
it could dissipate. By the end of the process, one has Ωp large, while Ωµ → 0. Then,

|0(∞)i = |ci,

and the population has been transferred to |ci. Of course, this method need not be
used for complete population transfer; indeed, as mentioned above, it is particularly
helpful for populating the dark state in EIT experiments. For more on STIRAP, and
particularly on how to make the conditions of adiabaticity precise, see Fleischhauer
et al. [26, III.D] and Bergmann et al. [11].
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3.2.3

Amplification without inversion

More than twenty years after AWI was first presented independently by Harris [39]
and Kocharovskaya and Khanin [58] (and then rapidly developed by Scully et al. [94]
and Imamoglu and Harris [46]), the term is now descriptive of any system in which
amplification occurs without population inversion between the ground and excited
states. A survey of these methods, and their experimental history, can be found in
Mompart and Corbalaán [78]. The version of AWI we present here, based on the Λ
atom, differs only in its details from “textbook” AWI, as presented, for instance, in
Scully and Zubairy [95]. We do not mean to suggest that the system we describe is
the only one exhibiting AWI, nor that it is representative. We mean only to say that
this configuration is one in which AWI can occur in the context of EIT-type Λ atoms.
We begin once again with the Λ atom, whose equations of motion are given
by Eqs. 3.19. We suppose that a laser of frequency ν is incident on the atom, where
we take ν to be such that the incident beam may interact with both of the dipoleallowed atomic transitions in the Hamiltonian, but that it is too far off resonance, or
inappropriately polarized, to interact with any other levels. To simplify matters, we
imagine that the field interacts with a single atom, so that the spatial dependence of
its slowly varying amplitude can be neglected altogether; we are interested, then, in
how the field amplitude changes in time. The time dependence is adapted from Eq.
2.29,
∂E
νE
= − Im(χ(1) ).
∂t
2

(3.39)

Working through the discussion in sections 3.1.1 and 3.1.2 with the assumptions
we have given here concerning the incident laser and its interactions with the atom
(and sparing the reader the details), we find that the linear susceptibility in this case
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can be expressed as,
χ(1) (ν) =

2
(|℘ab |ρ̃ab + |℘ac |ρ̃ac ) ,
²0 E

(3.40)

where now the rotated basis is such that,
ρ̃ab = ρab eiνt eiφp

ρ̃ac = ρac eiνt eiφµ .

The central assumptions behind AWI (at least as originally conceived) is that
the coherence between the ground states, ρ̃cb = ρ̃∗bc , is non-zero, and that the populations of all three states are likewise allowed to be non-zero. In general, this means
that the atomic levels must be coherently pumped from external levels so that the
coherence attains a fixed, tunable steady state. We will see the conditions on this
steady state with regard to the populations of the ground states presently. For now,
we suppose simply that ρ̃aa , ρ̃bb , ρ̃cc , and ρ̃cb have achieved non-zero steady state
populations by some sort of strong pumping of these states, though we will not worry
here about the details. We will simply represent them as steady-state inhomogeneous
terms in the remaining equations of motion, for ρ̃ab and ρ̃ac (and their conjugates).
These last equations of motion can then be written,
∂ ρ̃ab
Ωp st
Ωµ st
= (∆p − iγab )ρ̃ab −
(ρ̃bb − ρ̃st
ρ̃
aa ) −
∂t
2
2 cb
∂ ρ̃ac
Ωµ st
Ωp st
i
= (∆µ − iγac )ρ̃ac −
(ρ̃cc − ρ̃st
ρ̃ .
aa ) −
∂t
2
2 bc
i

(3.41)
(3.42)

We are looking for a steady state solution, which in this case will correspond to the
particularly simple solutions (which we can find by direct integration, and then taking
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the infinite time limit),
st
st
Ωp (ρ̃st
bb − ρ̃aa ) + Ωµ ρ̃cb
2(∆p − iγab )
st
st
Ωµ (ρ̃st
cc − ρ̃aa ) + Ωp ρ̃bc
=
.
2(∆µ − iγac )

ρ̃ab =

(3.43)

ρ̃ac

(3.44)

With these steady state solutions in hand, we can return to the equation of
motion for the electric field. We can now write,
∂E
ν
= (Aaa − Abb − Acc + X)
∂t
²0

(3.45)

where
µ

Ωp γab |℘ab |
Ωµ γac |℘ac |
Aaa =
+
2
2
2 )
2(∆p + γab ) 2(∆2µ + γac
Ωp γab |℘ab | st
ρ̃
Abb =
2
2(∆2p + γab
) bb
Ωµ γac |℘ac | st
ρ̃
Acc =
2 ) cc
2(∆2µ + γac
and

¶
ρ̃st
aa

(3.46a)
(3.46b)
(3.46c)

·

¸
Ωµ (∆p + iγab )|℘ab | st Ωp (∆µ + iγac )|℘ac | st
X = −Im
ρ̃cb +
ρ̃bc .
2
2 )
2(∆2p + γab
2(∆2µ + γac
)

(3.46d)

First, consider what happens when X = 0. Then we have recovered a (first
order) theory of the laser. The amplitude of the field can be written as a function of
the difference between the excited state and each of the ground states,
ν
∂E
=
∂t
²0

µ

¶
Ωµ γac |℘ac |
Ωp γab |℘ab | st
st
st
(ρ̃ − ρ̃cc ) .
(ρ̃ − ρ̃bb ) +
2
2 ) aa
) aa
2(∆2p + γab
2(∆2µ + γac

(3.47)

st
st
When population inversion occurs and ρ̃st
aa > ρ̃bb , ρ̃cc , then the right hand side of Eq.
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3.47 is positive, and one expects a net gain in the field amplitude, due to stimulated
emission. In the opposite case, the field decreases with time, corresponding to stimulated absorption. For positive X, however, the rate of change of the field can be
positive even when there is not full inversion: the contribution from the coherence
acts to cancel the absorption terms, Abb and Acc . In particular, AWI explores cases
where X ≈ Abb + Acc , in which case,
∂E
ν
≈ Aaa .
∂t
²0

(3.48)

As long as ρ̃st
aa 6= 0, we expect gain. The details of the conditions on the various
parameters in the problem necessary to make the coherence exactly cancel the contributions from the populations will depend sensitively on, for instance, the scheme by
which the atoms and coherence are pumped and the relationship between the dipole
moments of the atom.
AWI can once again be explained in terms of the dark state, |0i, described
above. Recall that population in this state is effectively trapped, as in CPT. This
means that it is decoupled from the driving laser and cannot be excited into |ai.
If the atom is primarily in |0i, then, the incident beam will not be absorbed, due
to the coherence between |bi and |ci. |ai, however, can still decay to |bi and |ci
(actually, it decays to the superposition of |bi and |ci corresponding to the bright
state), which means that one still finds stimulated emission, now in the absence of
absorption. So X > 0 is a reflection of the parts of |bi and |ci that are in the coherent
superposition corresponding to |0i, where the coherence cancels the absorption. When
X ≈ Abb + Abb , the coherence between the states is such that the entire ground state
population is in the dark state, and we see that absorption cancels exactly, leaving
only stimulated emission for even small values of ρ̃aa , as in Eq. 3.48.
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3.3

Double dark resonances

The theory of DDR was first presented in a seminal paper by Lukin et al. [70] as a
tool for tuning the optical response of a medium within an EIT transparency window.
Soon afterwards, several groups reported observations of the predicted resonances.
[117, 19] More recently, Mahmoudi et al. [71] have proposed using DDR for group
velocity control, including enhancement of normal dispersion within the EIT transparency window and generation of anomalous dispersion and gain. In section 3.3.1,
we will first present the DDR model, and state its equations of motion; in section
3.3.2, we state an expression for the linear susceptibility. Here we will remark on the
spectral features of DDR, including their predicted consequences for the control of
group velocity. Finally, in section 3.3.3, we will describe the experimental literature
on DDR.
3.3.1

The double dark resonance model

DDR systems modify the EIT level structure by coupling an additional level to |ci.
We will call this new level |c0 i. (See Fig. 3.7.) Lukin, et al. remark that the additional level could “be induced, for example, by a microwave field driving a magnetic
dipole transition, by a static field, or by a nonadiabatic coupling mechanism in timedependent laser fields” [70, Par. 3]. Since DIGS systems will ultimately make use
of the first of these—magnetic dipole transitions driven by a microwave field—we
will consider the case of a DDR system in which the additional state is on the same
groundstate manifold as |ci, with the transition driven by an rf/microwave field. In
these cases, the electric dipole between the states vanishes. The leading order term
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Figure 3.7: The four level double dark resonance model. The system is the same as
the EIT atom, with the addition of a third ground state, |c0 i, coupled to |ci by an rf
field.
in the Hamiltonian is then given by

HM = −µ · B,

(3.49)

where B is a driving magnetic field. µ, meanwhile, is the magnetic dipole, given
by µ = −µB (L + gs S) where µB =

e~
2me

is the Bohr magneton, gs ≈ 2.00232 is the

spin correction from QED, and L and S are the orbital and spin angular momenta,
respectively.
It turns out that whether the Hamiltonian coupling arises from magnetic or
electric dipole transitions will be of little practical importance in our calculations.11
11

Of course, it is of significant importance experimentally; moreover, it puts a limit on the relative
size of the Rabi frequency Ωc , and it picks out which atomic levels might be used to faithfully realize
the system. However, these considerations do not enter into the derivation of the linear susceptibility
from the density matrix equations.
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As we shall see, the details of the transition are inessential, so long as it is welldescribed by a Rabi frequency coupling. Just as in the case where the interaction
terms were electric dipoles, we can expand the Hamiltonian by assuming basis completeness of the truncated set of atomic levels we consider. Relative to the calculation
in section 3.1, assuming now the additional state |c0 i with a driving field Be−iνc t , we
have an additional term in H1 after the rotating wave approximation,
H1 ∼ −(µcc0 · B(r, t)e−νc t |ci|c0 i + h.c.)

(3.50)

where µcc0 = hc|µ|c0 i is the magnetic dipole matrix element for the |ci ↔ |c0 i transition.
We can then define by analogy to Eq. 3.12, Ωc = |µcc0 | cos θc , where we assume
µcc0 has a complex phase of e−φc , and θc in this context is the angle between µ and
B. Then we simply write the Hamiltonian in terms of this new Rabi frequency, and
we can solve the system without worrying about the details of what fields drive the
transitions, which is particularly useful as it means the solutions derived in this way
are quite general.12 So, we will say for concreteness that the additional level is on the
same ground state manifold as |bi and |ci, and that the transition is magnetic dipole
driven, but recognize that other transitions would yield the same Hamiltonian, and
thus the same results. See especially section 3.3.3, where we describe an experiment
in which the additional level is an excited state.
Thus, supposing that the additional level has unperturbed energy ~ωc0 , we can
always define a real Rabi frequency Ωc0 in such a way that the DDR Hamiltonian (in
12
This generality is especially manifest in chapter 7, where we replace the field coupling altogether,
and instead show that the same Hamiltonian arises from the Josephson coupling between neighboring
wells of a BEC.
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an non-rotating basis) can be written,

HDDR =

~
(ωa |aiha| + ωb |bihb| + ωc |cihc| + ωc0 |c0 ihc0 | − Ωp e−iνp t e−iφp |aihb|
2

− Ωµ e−iνµ t e−iφµ |aihc| − Ωc e−iνc0 t e−iφc0 |c0 ihc| + h.c.).

(3.51)

We have arbitrarily assumed that ωc0 > ωc in writing the interaction term, and
moreover, we have assumed that the transition from |c0 i to |bi is dipole forbidden.
We once again move to a rotating basis, defined now by
U 0 (t) = |aiha| + e−iνp t e−iφp |bihb| + e−iνµ t e−iφµ |cihc|
+ eiνc t−iνµ eiφc −iφc0 |c0 ihc0 |,

(3.52)

to find the rotating Hamiltonian,
~
H˜DDR = (ωa |aiha| + (ωb + νp )|bihb| + (ωc + νµ )|cihc| + (ωc0 + νµ − νc0 )|c0 ihc0 |
2
− Ωp |aihb| − Ωµ |aihc| − Ωc |c0 ihc| + h.c.).

(3.53)

We take Eq. 3.53 to be the DDR Hamiltonian in what follows.
We can again use Eq. 2.4 to write the equations of motion for the density
matrix. The assumptions for decay and decoherence will be the same as in section
3.1. Once again, we will take the ground states to be stable, so that γb ≈ γc ≈ γc0 ≈ 0.
|ai will be assumed to decay at rate γa to |bi, |ci, and |c0 i with branching coefficients
αb , αc , αc0 . The off-diagonal decoherence terms will be defined by γij = 21 (γi +γj )+γijph .
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The equations of motion are then given by,
∂ ρ̃aa
∂t
∂ ρ̃bb
i
∂t
∂ ρ̃cc
i
∂t
∂ ρ̃c0 c0
i
∂t
i

Ωp
Ωµ
(ρ̃ab − ρ̃ba ) +
(ρ̃ac − ρ̃ca )
2
2
Ωp
= iαb γa ρ̃aa −
(ρ̃ab − ρ̃ba )
2
Ωµ
Ωc
= iαc γa ρ̃aa −
(ρ̃ac − ρ̃ca ) − (ρ̃c0 c − ρ̃cc0 )
2
2
Ωc
= iαc0 γa ρ̃aa + (ρ̃c0 c − ρ̃cc0 )
2
= −iγa ρ̃aa +

(3.54a)
(3.54b)
(3.54c)
(3.54d)

Meanwhile, the off-diagonal elements vary as,
∂ ρ̃ab
∂t
∂ ρ̃ac
i
∂t
∂ ρ̃ac0
i
∂t
∂ ρ̃cb
i
∂t
∂ ρ̃c0 b
i
∂t
∂ ρ̃c0 c
i
∂t
i

Ωp
Ωµ
(ρ̃bb − ρ̃aa ) −
ρ̃cb
2
2
Ωµ
Ωp
Ωc
= (∆µ − iγac )ρ̃ac −
(ρ̃cc − ρ̃aa ) −
ρ̃bc + ρ̃ac0
2
2
2
Ωµ
Ωc
Ωp
= (∆µ − ∆c − iγac0 )ρ̃ac0 −
ρ̃bc0 −
ρ̃cc0 + ρ̃ac
2
2
2
Ωµ
Ωp
Ωc
= (∆p − ∆µ − iγcb )ρ̃cb −
ρ̃ab +
ρ̃ca − ρ̃c0 b
2
2
2
Ωc
Ωp
= (∆p + ∆c − ∆µ − iγc0 b )ρ̃c0 b − ρ̃cb +
ρ̃c0 a
2
2
Ωµ
Ωc
= (∆c − iγc0 c )ρ̃c0 c +
ρ̃c0 a − (ρ̃cc − ρ̃c0 c0 )
2
2
= (∆p − iγab )ρ̃ab −

(3.54e)
(3.54f)
(3.54g)
(3.54h)
(3.54i)
(3.54j)

Here we have defined ∆c = ωc0 − ωc − νc .
3.3.2

Predicted optical properties of double dark resonances

Once again, the reduced linear susceptibility for the probe beam can be derived
directly from ρ̃ab , in this case by the same method as in section 3.1. Beginning
with the initial conditions that ρ̃bb = 1 and again the other states do not achieve
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appreciable steady state populations, we find for the reduced linear susceptibility,13
χ̃(1) (∆p ) =

¢
γab ¡
(−iγcb + ∆p − ∆µ )(−iγc0 b + ∆p + ∆c − ∆µ ) − Ω2c /4
Z

(3.55)

where
Z = (−iγab + ∆p )((−iγcb + ∆p − ∆µ )(−iγcb + ∆p + ∆c − ∆µ ) − Ω2c /4)
− (−iγcb + ∆p + ∆c − ∆µ )Ω2µ /4.

(3.56)

Note that in the limit that Ωc → 0, Eq. 3.55 reduces to the expression for the EIT
susceptibility, Eq. 3.27.
Fig. 3.8 displays the real and imaginary parts of the DDR susceptibility. We see
there that the additional coupling to |c0 i splits the EIT spectrum into two neighboring
absorption nulls, with a narrow absorption peak between them. In each of the new
transparency windows, the dispersion is large. Once again, the index of refraction is
approximately unity at the centers of the windows. In the case where the dephasing
terms, γcb and γc0 b , vanish, we can solve for the roots of the imaginary part of the
susceptibility. We find that absorption vanishes for
´
p
1³
2
2
δ = ∆p − ∆µ = − ∆c ± ∆c + Ωc .
2

(3.57)

We can estimate an expression for the new feature if we suppose that ∆c ≈ 0,
and then consider only leading order variations about ∆p = 0. That is, we consider
13

This expression differs somewhat from the corresponding on in Lukin et al. [70]. The present
expression, however, agrees with the plots presented in that paper, which also disagree with their
expression.
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Figure 3.8: Here we plot the real (solid line, blue) and imaginary (dashed line, red)
parts of the DDR susceptibility. We see that the coupling to the additional state
modifies the EIT spectrum by adding an additional absorption feature. There are
now two transparency windows, with large normal dispersion in each of them, to
either side of this new peak. Recall that with our definitions of the detuning, a
negative slope for the real part of the susceptibility corresponds to normal dispersion.
The parameters are Ωµ = 2γa and γbc = .001γa . For emphasis and added visibility,
we have taken Ωc = .5γab , which is large if Ωc is coupling two hyperfine transitions.
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Figure 3.9: The imaginary parts of the DDR susceptibility as we vary ∆c . We see that
the new feature is located at approximately ∆p = −∆c , and that there are absorption
nulls to either side of it, even when it overlaps with the EIT Autler-Townes peaks.
The parameters are Ωµ = 2γa and γbc = γbc0 = 0. For emphasis and added visibility,
we have taken Ωc = .5γab , which is large if Ωc is coupling two hyperfine transitions.
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Figure 3.10: Here we plot the real (solid line) and imaginary (dashed line) parts
of the DDR susceptibility as we vary γbc0 . The blue lines have γbc0 = .001γab , the
red lines have γbc0 = .01γab , and the brown lines have γbc0 = .1γab . The parameters
are Ωµ = 2γa and γbc = .001γa . For emphasis and added visibility, we have taken
Ωc = .5γab , which is large if Ωc is coupling two hyperfine transitions.
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the imaginary part of,
χ̃(1) (∆p ) =

−γab Ω2c /4
,
(iγab )(Ω2c /4) − (−iγcb + ∆p + ∆c − ∆µ )Ω2µ /4

(3.58)

which we find to be,
Ω2 γab
Im(χ̃ )(∆p ) = c 2
Ωµ
(1)

µ

γab (Ω2c /Ω2µ + γbc0 /γab )
2
(Ω2c /Ω2µ + γbc0 /γab )2 + (∆c + ∆p − ∆µ )2
γab

¶
.

(3.59)

Eq. 3.59 describes a Lorentzian located at ∆p − ∆µ = −∆c . In the limit as γbc0 → 0,
this expression reduces to a Lorentzian with full width at half max of 2γab Ω2c /Ω2µ ,
which agrees with what has been obtained by Lukin et al. [70] and Mahmoudi et al.
[71]. Note that the expression is only strictly valid for ∆p ≈ 0, though the dependence
on ∆c is actually quite accurate, as can be seen in Fig. 3.9.
The full width at half max of the new feature is
Γ = 2γab (Ω2c /Ω2µ + γbc0 /γab ),

(3.60)

while its height is given by
Im(χ̃(1) )(∆µ − ∆c ) =

Ω2c γab
.
γab Ω2c + Ω2µ γbc0

(3.61)

Eqs. 3.60 and 3.61 reveal the dependence of the new feature on the decoherence
terms. (See Fig. 3.10 for a depiction of this dependence.) To vanishing order in the
dephasings, the peak will have height Im(χ(1) )(∆µ − ∆c ) = 1 and width γab Ω2c /Ω2µ . It
is broadened by γc0 b (but not γcb , for reasons that will be clear in a moment); likewise,
its height is suppressed by γc0 b . These relations show why the DDR system is best
realized by coupling the EIT atom to an additional ground state, despite Lukin et al.’s
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suggestion that it could be realized in many different unitarily equivalent systems.
If |c0 i had a large spontaneous emission rate, as it would for an excited state, then
γc 0 b >

γc0
.
2

The large decoherence would broaden the new feature, but it would also

significantly suppress its height. For γc0 b ≈ γcb , the features’ height would be on the
order of Ω2c /Ω2µ , which is small unless we allow Ωc ≈ Ωµ . But in this latter case,
the DDR spectrum reduces to two EIT spectrums, and the qualitatively new features
disappear.
As with EIT, DDR can be best explained via a dressed state analysis. The
{|ai, |ci, |c0 i} subsystem forms a three level atom that, in the absence of decay, is
unitarily equivalent to the EIT Λ atom. Thus, we already know its eigenstates, in
the case where all lasers are on resonance, can be written,
1
Ωc
Ωµ
~q 2
|+c i = − √ |ci + √ p
Ωc + Ω2µ (3.62a)
|c0 i + √ p
|ai E+ =
2
2
2
2
2
2
2 Ωc + Ωµ
2 Ω c + Ωµ
Ωc
Ωµ
|c0 i − p 2
|ai
E0 = 0
(3.62b)
|0c i = p 2
2
Ωµ + Ωc
Ωµ + Ω2c
Ωµ
~q 2
Ωc
1
|c0 i + √ p
|ai
E− = −
Ωc + Ω2µ
|−c i = √ |ci + √ p
2
2
2 Ω2c + Ω2µ
2 Ω2c + Ω2µ
(3.62c)
Since |bi is not included in this subspace, these correspond to the effective excited
state manifold for |bi to interact with. In the limit that Ωc → 0, these reduce to
the Autler-Townes levels described in section 3.1, plus an uncoupled additional state,
|c0 i. For small but non-zero Ωc , however, we find a third level at the bare atomic
resonance, ∆p = 0. Absorption by this new high-energy level explain the third peak.
Note that |0i—the new absorptive level—is a superposition of |ai and |c0 i and not
|ci, which explains why the height and width of the new resonance depend on γc0 b
and not γcb .
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To explain the new absorption nulls, meanwhile, we diagonalize the {|ci, |c0 i}
subspace. We find a pair of states given by,
s

s
p
p
1 − ∆c / Ω2c + ∆2c
1 + ∆c / Ω2c + ∆2c 0
|ci +
|c i
|+c i = −
2
2
p
∆c + Ω2c + ∆2c
E+c =
2
s
s
p
p
1 + ∆c / Ω2c + ∆2c
1 − ∆c / Ω2c + ∆2c 0
|−c i =
|ci +
|c i
2
2
p
∆c − Ω2c + ∆2c
E−c =
.
2

(3.63a)

(3.63b)

Recall that the EIT absorption null occurred when the two photon resonance, ∆p −∆µ
vanished. This corresponded to tuning the |bi ↔ |ai ↔ |ci transition to resonance.
Now, however, we have two split “auxilliary” states, located symmetrically about the
√
∆c ± Ω2c +∆2c
old two photon |bi ↔ |ai ↔ |ci transition, at ∆p − ∆µ =
. So now we
2
should expect absorption to vanish when the transitions |bi|bi ↔ |ai ↔ |+c i and
√
∆c ± Ω2c +∆2c
|bi|bi ↔ |ai ↔ |−c i are on resonance, correspond to ∆p − ∆µ =
, for a
2
resonant control beam. But these are just what we found from examination of the
analytic solution for the susceptibility, Eq. 3.55.
As a final note, consider the case where in the steady state, |c0 i has an appreciable population.14 This might occur as a result of incoherent pumping directly to
|c0 i (and |bi) from an external state, or it might be due to some internal pumping
mechanism by which population is transferred from |bi to |c0 i via |ai (or |ci, by a
14

This case is considered numerically by Lukin et al. [70] and Mahmoudi et al. [71], but no analytic
results are given. The susceptibility cited below is adapted from the analytic solution for the DIGS
system with pumping, presented in chapter 8. It is this case that we refer to when we say that
previous related systems have only been studied numerically. The analytic linear susceptibility of
DDR in the case without pumping (our Eq. 3.55), meanwhile, is given in Lukin et al. [70]. Their
statement of the susceptibility is mistaken, however, as can be seen by comparing plots of the solution
with the numerical plots in their own paper. Since Lukin et al. do not provide equations of motion
or any discussion of how they derive their solution, it is difficult to see where the error arises.
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Figure 3.11: Here we plot the imaginary part of the DDR susceptibility for various
st
values of the (normalized) population ratios, ρ̃st
bb and ρ̃c0 c0 . Moving from top to bottom,
st
st
st
we have: ρ̃st
bb = 1 and ρ̃c0 c0 = 0 (solid blue line); ρ̃bb = 2/3 and ρ̃c0 c0 = 1/3 (dashed red
st
st
st
line); ρ̃st
bb = 1/3 and ρ̃c0 c0 = 2/3 (dashed brown line); and ρ̃bb = 0 and ρ̃c0 c0 = 1 (dotted
0
green line). We see that as the relative population in |c i increases, the height of the
st
peak is suppressed, until ρ̃st
c0 c0 > ρ̃bb , at which point the absorption line becomes a
gain line. The other parameters are Ωµ = 2γa and γc0 b = γc0 b = .0001γa . Once again
we have taken Ωc = .5γab for emphasis.
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STIRAP-type mechanism). For present purposes, as in the discussion above of AWI,
the mechanism is unimportant. We find that the susceptibility can be written in
terms of the steady state populations of |bi and |c0 i as,
χ̃(1) (∆p ) =

¢
γab ¡
2
st
(−iγcb + ∆p − ∆µ )(−iγc0 b + ∆p + ∆c − ∆µ ) − (ρ̃st
bb − ρ̃c0 c0 )Ωc /4
Z
(3.64)

The expression for the new peak, meanwhile, becomes,
Ω2 γab
Im(χ̃ )(∆p ) = c 2
Ωµ
(1)

µ

st
γab (Ω2c /Ω2µ + γbc0 /γab )(ρ̃st
bb − ρ̃c0 c0 )
2
γab
(Ω2c /Ω2µ + γbc0 /γab )2 + (∆c + ∆p − ∆µ )2

¶
.

(3.65)

st
It follows that if ρ̃st
c0 c0 > ρ̃bb , the sign of the new resonance will change, and instead

of an absorption peak, one finds a gain line. See Fig. 3.11 for a plot of the gain for
various population ratios.
In contrast to the AWI presented in section 3.2, there is no need to pump the
coherence here. Moreover, no population is necessary in the excited state. Inversion
between |c0 i and |bi alone is enough to induce gain. This amplification is not a result
of decay from |ai at all. The mechanism for the new gain is easy to see in terms of
the dressed states described above. Recall that the new absorptive state, |0c i, is a
superposition of |ai and |c0 i. In the limit of weak Ωc0 , this state reduces to |0c i ≈ |c0 i
with energy E0c = ωa . Hence population in |c0 i corresponds to population in |0i,
which in turn is an excited state relative to |bi, in the basis where the {|ai, |ci, |c0 i}
subspace is diagonalized. Hence the amplification corresponds stimulated emission
from |0c i. We will consider gain of this sort in the DIGS system in chapter 8.
Two proposals for using the new DDR resonance to exert additional control
over group velocities are worth pointing out. The first, by [Jin et al.], points out
that the feature separates two absorption nulls; the relative widths and locations
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Figure 3.12: One proposal for using DDR systems to control group velocity note
that one can use the new resonance to separate two nearby transparency windows
with different, controllable group velocities. Here we show the real and imaginary
parts of the susceptibility for one such configuration, where ∆c = −γab . Observe that
the dispersion is larger in the right window than in the left. The other parameters
are Ωµ = 2γa and γc0 b = γc0 b = .0001γa . Once again we have taken Ωc = .5γab for
emphasis.
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of these nulls, meanwhile, can be controlled by varying Ωc and ∆c , as can be seen
in Fig. 3.9 and Eq. 3.59. The magnitude of the dispersion at the null, where
transparency is maximized and index of refraction is minimized, will vary with the
width of the transparency window. See, for instance, Fig. 3.12. In these cases, one
can vary ∆c to produce two close windows (by taking Ωc ¿ Ωµ ) with significantly
different group velocities. The second proposal, by Mahmoudi et al. [71], makes use
of the fact that, for ∆c = 0, DDR produces an isolated feature in the middle of an
otherwise transparent region. Hence the dispersive properties typically associated
with an isolated resonance—normal dispersion within a gain peak, with anomalous
dispersion to either side; anomalous dispersion within an absorption resonance, with
normal dispersion to either side—can be observed particularly clearly. We will discuss
considerations like these in conjunction with DIGS systems in chapter 6.
3.3.3

Experimental realizations of double dark resonances

Although there is now a large literature on DDR (the original paper, Lukin et al.
[70] has over 100 citations), there have been relatively few direct observations of
the phenomenon, with recent recent experiments [114, 20] tending to consider more
exotic variations on the theory than are relevant to our purposes. We will focus on
the two early experiments that first established the theory, by Yan et al. [117] and
Chen et al. [21]. Both of these were done in cold (Chen et al. [19] cite T = 250µK)
87

Rb gases in magneto-optical traps (MOTs), though with substantially different level

configurations.
The Yan et al. [117] experiment used an N scheme, with the EIT Λ atom
coupled to an additional excited state. Their base EIT system took as its excited
state the |ai = |2 P1/2 , F = 1i level, with a strong control driving the transition
with |ci = |2 S1/2 , F = 2i. The probe beam was near resonance with the transition
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from |bi = |2 S1/2 , F = 1i transition. Their additional laser coupled the excited state
|c0 i = |2 P3/2 , F = 3i to |ci. They observe a distinct absorption resonance located,
as predicted, at ∆p ≈ ∆c . However, the resonance was severely suppressed, as one
would expect from our analysis of the dependence of the height of the DDR absorption
resonance on γc0 b , Eq. 3.61. Since |c0 i is an excited state in this system, γc0 is on the
order of γa , even in a cold gas with vanishing dephasing.
The second experiment, which appeared almost immediately after the first, is
of more relevance to DIGS systems, as their additional level is an additional ground
state, coupled to |ci by a microwave field. They take their excited state to be |ai =
|2 P3/2 , F = 2, mf = 1i; a σ+ polarized control beam couples |ai to |ci = |2 S1/2 , F =
2, m = 0i while a weak σ− probe couples |ai to |bi = |2 S1/2 , F = 2, m = 2i. Their
additional level, |c0 i = |2 S1/2 , F = 1, m = 0i, is coupled to |ci via a microwave field
driving the magnetic dipole transition. Initially, population is pumped into |bi by a
Zeeman pumping laser, as well as by the MOT laser. With γbc0 ≈ γbc ≈ 4γab /10−3 ,
and with sub-natural-linewidth values for Ωµ (≈ .4γab ) and Ωc (≈ .025γab ), they were
able to clearly observe the new absorption feature by slowly sweeping the probe beam
across the |ai ↔ |bi transition frequency. Note that the ability to resolve the feature
even with γbc0 ≈ Ωc /10 ≈ Ωµ /100 will prove encouraging for the prospects of observing
the DIGS resonances described in part II. Note, too, that taking Ωc ≈ Ωµ /10 suitably
places the new feature within the EIT spectrum, justifying our choices of parameters
in the plots presented thus far.
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Chapter 4
Weakly interacting Bose-Einstein condensates and Josephson junctions

The goal of this chapter will be to provide a minimal overview of the theory of BoseEinstein condensates (BEC) and of the Josephson effect, in which atoms tunnel across
a potential barrier between neighboring condensates. The reason for including this
material is that chapter 7 will argue that a BEC trapped in a double well provides an
application of the DIGS formalism. The details of BEC are beyond the scope of this
dissertation, however, and the material presented here will be less systematic than in
the previous two chapters. A full textbook account of BEC in the weak interaction
limit can be found in Lifshitz and Pitaevskii [64]. Two recent monographs, Pethick
and Smith [83] and Pitaevskii and Stringari [85], are also invaluable references. For
more on BEC in alkali vapors in particular, which will form the experimental backdrop
for the current discussion, see the excellent review by Leggett [62].
The simplest case of condensation involves an ideal (ie. non-interacting) Bose
gas. This problem is solved in many texts on statistical mechanics, such as Pathria
[80], Landau and Lifshitz [61], and Huang [44]. We will not treat it here. Instead,
we limit attention to the more realistic case of a dilute weakly interacting BEC. Importantly, alkali vapor BECs, which are now common in the experimental literature,
are weakly interacting. Our study will take familiarity with second quantization for
granted, and begin with the general second quantized Hamiltonian. Second quantization is treated in detail in many textbooks, including Merzbacher [72, Chs. 21 and
22] and Cohen-Tannoudji et al. [23]. The focus of the discussion here will be on the
equations of motion of the condensate wave function, particularly in the context of
double well potentials. Thus circumscribed, our discussion will draw heavily from the
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treatments in Pitaevskii and Stringari [85], Pethick and Smith [83], and Search [96].
The remainder of this chapter will be organized as follows. In section 4.1, we
will begin with the second quantized Hamiltonian and immediately apply the method
of pseudopotentials to derive an effective Hamiltonian under the assumption of low
energy and low density. We will also discuss the definition of weakly interacting more
precisely. Finally, we will argue that alkali vapor BECs satisfy the conditions for
both assumptions. Section 4.2 will derive the equations of motion for the condensate
wave function—the Gross-Pitaevskii equations—from this effective Hamiltonian, via
a mean field approximation. Finally, section 4.3 will develop this theory in the context
of double well potentials, known as Josephson junctions, including a discussion of the
recent Josephson junction experimental literature.
4.1

The method of pseudopotentials

We start our study of dilute weakly interacting BECs with the second quantized
Hamiltonian, which is appropriate for the study of many-body phenomena.
µ

Z
H =

3

†

¶
−~ 2
∇ + Vext (r) Ψ̂(r)
2m

d rΨ̂ (r)
Z Z
1
+
d3 rd3 r0 Ψ̂† (r)Ψ̂† (r0 )V2 (r, r0 )Ψ̂(r)Ψ̂† (r0 ).
2

(4.1)

Here Vext (r) is an external potential and V2 (r, r0 ) is the two-body interaction potential for particles at r and r0 . Ψ̂(r) is an operator corresponding to the quantized
Schrödinger field. The Schrödinger operators obey the equal time commutation rela-
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tions,
h
i
Ψ̂(r), Ψ̂† (r0 ) = δ(r − r0 )
h
i
0
Ψ̂(r), Ψ̂(r ) = 0.

(4.2a)
(4.2b)

In textbook treatments of the ideal Bose gas, the two-body potential is allowed
to vanish. In general, however, this is a poor approximation, as it entirely neglects
interactions between particles. We can move beyond the ideal case by using the
method of pseudopotentials, which allows us to model a general interparticle potential
with an effective Hamiltonian that is simple enough to manipulate, yet which will lead
to an approximately correct wave function over long distances. As we shall see, the
method of pseudopotentials, as we described it, is only justified for systems at very
low energies, such as ultra-cold atoms. A detailed treatment of the general method
of pseudopotentials is given in Huang [44, Sec. 10.5]. Here, we will quote major steps
in the derivation and focus on the motivation and assumptions involved.
We begin by assuming that the fully realistic two particle interaction potential
has a finite range, dictated by some lengthscale, r0 . It is a well known result of
the quantum theory of scattering that for very low energy particles—ie. particles
whose de Broglie wavelengths are very long compared to r0 —that the scattering
amplitude is spherically symmetric. This occurs because the incident wave is much
larger than the region of interaction, which leads to an averaging effect by which the
spatial dependence of the scatterer is washed out. Scattering in this limit is known
as s-wave scattering because only the spherically symmetric term of the partial wave
expansion contributes to the cross section; phase shifts for all other components of
the incident wave vanish in this limit. For more on the partial wave expansion and
s-wave scattering in the low energy limit, see Merzbacher [72, Ch. 13].
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The upside of this analysis is that for very low energy atoms, the two body
interaction can be approximated by a spherically symmetric “hard sphere” potential,
with a radius given by a, the s-wave scattering length. The condition of low energy
can be made precise by considering the thermal de Broglie wavelength of a gas of
atoms, defined by

s
λT =

2π~2
,
mkB T

(4.3)

where m is the mass of the atoms, T is the temperature of the gas, and kB is Boltzmann’s constant. The thermal de Broglie wavelength is not actually the wavelength
of all of the particles in the gas, but it is on the scale of the average wavelength of
the particles in thermal equilibrium, which means it is suitable for expressing the
condition of low energy. The interparticle potential can then be approximated as a
hard sphere with radius set by the s-wave scattering length if λT À a.
A hard-sphere potential essentially presents a boundary condition for the wave
function of a particle. Inside a sphere of radius a, the wave function of an incident
particle is presumed to vanish; outside, its evolution is determined by the Schrödinger
equation. The method of pseudopotentials seeks to replace this boundary condition
with an effective potential that mimics it. Then, solutions to the Schrödinger equation with this effective potential will asymptotically approach solutions to the realistic
wave function in the long distance limit. The new potential can be understood as
a collection of sources producing scattered waves, located at the center of the hard
sphere we are trying to replace. In the case of an actual hard sphere potential, these
sources can be expanded by a partial wave analysis into a series of contributions corresponding to scattered p-waves, d-waves, etc. [45] In the low energy limit, however, the
same reasoning by which we approximated the scattering potential by a hard-sphere
in the first place allows us to limit attention to the first term of the pseudopotential
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series, corresponding to the source for scattered s-waves.
The exact s-wave pseudopotential can be expressed [44] by,
V2 (r − r0 ) ≈ −

∂
4π~2
δ 3 (r − r0 )
|r − r0 |,
km cot η0
∂|r − r0 |

(4.4)

where k is the wavenumber of the of the incident wave and η0 is the s-wave phase
shift for the potential. In general, we can expand,

−

¡
¢
1
tan ka
=
= a 1 + O((ka)2 ) .
k cot η0
k

(4.5)

In the low energy limit we are considering, ka ≈ a/λT ¿ 1, and so we can truncate
this series at its first term. Moreover, so long as the wavefunctions we consider are
mathematically well-behaved, we can take

∂
|r
∂|r−r0 |

− r0 | = 1. Hence, we find the

effective two body interaction,
V2eff (r − r0 ) ≈

4π~2 a 3
δ (r − r0 ).
m

(4.6)

We will presently take V2eff as the characteristic interaction potential of a weakly
interacting BEC. However, to do so requires an additional assumption. We wrote the
second quantized Hamiltonian, Eq. 4.1 in terms of only a two-body interaction, which
is accurate at the microscopic scale since then the only relevant interactions arise from
electrostatics. However, the method of pseudopotentials is essentially course-grained.
At this level of analysis, it is possible that collisions involving more than two particles
could occur, in which case we might need to consider three or more body effective
potentials, even though the underlying interactions would all be pairwise between
particles. We avoid this problem by assuming that the gas is sufficiently dilute so
that the distance between particles tends to be large relative to the scattering length.
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That is, we take N a3 ¿ 1, where N is the particle density. Under this condition, we
can inserting Eq. 4.6 into Eq. 4.1 to find the effective Hamiltonian that we will use
to model a weakly interacting BEC.
µ

Z
HPP =

3

†

d rΨ̂ (r)

¶
Z
−~ 2
2π~a
∇ + Vext (r) Ψ̂(r) +
d3 rΨ̂† (r)Ψ̂† (r)Ψ̂(r)Ψ̂† (r).
2m
m
(4.7)

In the next section, we will apply mean field theory to derive a macroscopic
equation of motion to describe the condensate. One can understand the condition
of “weakly interacting” in terms of the applicability of this mean field theory, as we
will presently assume that at low temperatures, a majority of the atoms occupy the
condensed state. This assumption only holds if interactions between the particles
do not become too strong as their wavelengths become long and overlap. In 4 He,
for instance, only ∼ 10% of the atoms are in the condensed state, even at T =
0, and so mean field theory is inapplicable. It is helpful to note, however, that
the condition that a large fraction of particles condense is implied by the diluteness
criterion mentioned above. By applying the Bogoliubov method [85], one finds that
the condensate fraction of particles in the ground state to total number of particles
at T = 0 is given by,
8 p
N0 /N = 1 − √
(N a3 ).
3 π

(4.8)

Thus any dilute gas, as determined by the condition that N a3 ¿ 1, is weakly interacting, in the sense that the condensate fraction approaches 1 at low temperatures, and
so the method of pseudopotentials as presented here and the mean field prescription
described in the next section are co-extensive.
Before we proceed, however, note that alkali vapor BECs meet the two conditions cited, and so are well-modeled by the pseudopotential (and the mean field
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approach). In the Hau et al. [43] experiment, for instance, in which ultraslow group
velocities were first reported in a BEC of

87

Rb atoms1 , the density of the condensate

was N = 1012 atoms/cm3 . The scattering length for Rb, meanwhile, is a ≈ 5.31nm
[83, pg. 143]. Thus N a3 ∼ 10−7 ¿ 1. Hau’s experiment used a relatively low density BEC. More characteristic densities are on the order of 1013 − 1015 atoms/cm3
[83, 87, 96]. Meanwhile, other alkali atom s-wave scattering lengths are given by [83,
pgs. 142-143]: for 7 Li, a ≈ 1.95nm2 for

23

Na, a ≈ 1.12nm3 ; for

41

K, a ≈ 4.5nm4 .

Taking the largest of both values, we find N a3 ∼ 6 × 10−4 ¿ 1. Moreover, when
the atoms are in the condensed state, the low energy condition on the de Broglie
wavelength necessary for taking only s-wave contributions to the potential (and pseudopotential) is also satisfied for alkali vapors. Consider the criterion for condensation
in an ideal gas, N λ3T & 2.612. This condition states that the thermal wavelength
must be larger than the average distance between particles, which is what leads to
the essentially quantum mechanical behavior of a BEC. Since long-range quantum
effects are a defining characteristic of a BEC, we can assume that a similar condition
is necessary for condensation in the weakly interacting case. Thus, since N a3 ¿ 1,
we conclude that λT À a. It follows that we can safely take alkali vapor BECs to be
modeled by the pseudopotential Hamiltonian, HP P .
1

The first 87 Rb BEC was observed by Anderson et al. [6].
As with the other scattering lengths cited here, a is the singlet state scattering length. In 23 Na,
41
K, and 87 Rb, the singlet and triplet scattering lengths are on the same order, and so these order
of magnitude calculations can rely only on one of the values. In 7 Li, however, the triplet scattering
length is negative, implying attractive interactions between the bound states. As a result, the gas is
not stable against collapse, and it was predicted that such gases would not form a BEC, at least in
a homogeneous system. [105] However, trapping potentials are not spatially homogeneous. In 1995,
Bradley et al. [15] successfully created a BEC in spin polarized 7 Li in a magnetic trap. In terms of
theoretical treatments, it is important to note that one needs to include the trapping potential in
the Hamiltonian in order to study such systems.
323
Na was first observed to form a BEC by Davis et al. [24]
441
K was first observed to form a BEC in 2001 by Modugno et al. [77], using sympathetic cooling
with 87 Rb.
2
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4.2

Gross-Pittaevskii equations

The time-dependent Gross-Pitaevskii equation can be derived5 from the Hamiltonian
HPP by way of mean field theory. We begin with the Heisenberg equations of motion
for the time dependent Schrödinger field operators, Ψ̂(r, t),

i~

h
i
∂
Ψ̂(r, t) = Ψ̂(r, t), HPP .
∂t

(4.9)

A simple calculation, using the commutation relations for the Scrödinger field, Eqs.
4.2, yields that
∂
i~ Ψ̂(r, t) =
∂t
where U0 =

µ

¶
−~ 2
†
∇ + Vext (r) + U0 Ψ̂ (r, t)Ψ̂(r, t) Ψ̂(r, t),
2m

(4.10)

4π~2 a
.
m

Eq. 4.10 describes the equation of motion for an operator. In general, we
can decompose this operator into a ground state term χ̂0 (r, t) and an orthogonal
component, χ̂0 (r, t), so that Ψ̂ = χ̂0 (r, t) + χ̂0 (r, t). In a BEC, however, the majority
of the atoms will be in the lowest energy state, corresponding to the ground state
component of the field operator. That is, if we take |Φi to be the state of the entire
(condensed) system, then
Ψ̂† (r, t)Ψ̂(r0 , t)|Φi ≈ χ̂†0 (r, t)χ̂0 (r0 , t)|Φi = n0 (t)u∗0 (r)u0 (r0 )|Φi,

(4.11)

where n0 is the number of atoms in the lowest energy (ie. condensed) state, and u0 (r)
5

The derivation we offer here follows Pitaevskii and Stringari [85, pgs. 38-39]. A perhaps more
common derivation of the same equations of motion begins with a variational principle, which is then
extremized by imposing a stationarity condition. This approach is briefly described in Pitaevskii and
Stringari [85, pg. 40] and worked out in detail in Pethick and Smith [83, ch. 7]. We find the current
derivation more enlightening, as it emphasizes the relationship between the microscopic description
in terms of the Schrödinger operators and the re-introduction of a macroscopic classical field.
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is the one particle wave function corresponding to the ground state of the trapping
potential. But since N0 ≈ N À 1, the expectation value of Ψ̂† (r, t)Ψ̂(r0 , t) is much
greater than the commutator of the fields. This conclusion is the justification for
applying the mean field approximation. Since the “quantized” contribution to the
Schrödinger operator is small, we replace the operator by a classical field,

Ψ̂(r, t) → Ψ0 (r, t) =

p
n0 (t)u0 (r).

(4.12)

This definition of Ψ0 is the first step of the Bogoliubov method, which provides a
perturbative expansion of the field about this mean value. In what follows, however,
we effectively assume that T = 0 and the system is wholly condensed. For more on
corrections to this approximation, see for instance Pitaevskii and Stringari [85, ch. 4]
or Pethick and Smith [83, ch. 8].
Ψ0 is often called the order parameter of the condensate, or the condensate
wave function. Leggett [62] points out that there are a variety of ways to interpret this field. One interpretation, suggested by the second name, is to take it as a
(Schrödinger) wave function. This is the view that Leggett endorses. On this view,
the applicability of the mean field approximation shows that under particular circumstances, the second quantized formalism gives rise to the first quantized formalism
(where the entire condensate is treated as a single particle in the ground state) as an
emergent description. Another interpretation, as suggested by the first name, takes
the order parameter to be an explicit indication of the “off-diagonal long-range order”
(see Penrose and Onsager [81], and especially Yang [118]) of the density matrix describing the constituent atoms of the BEC, where off-diagonal long-range order exists
whenever,
lim hr0 |ρ1 |ri 6= 0.

|r0 −r|→∞

(4.13)
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ρ1 , here, is the reduced density matrix one finds by tracing the entire density matrix
over all but a single particle’s degrees of freedom. On this view, the order parameter
can be taken to be such that Ψ†0 (r)Ψ0 (r0 ) = hr0 |ρ1 |ri, as in Yang [118]. But as Leggett
points out, in a situation in which the condensate is in a spatially localized trap, this
strict definition of the order parameter is inapplicable, as the condensate occupies a
finite spatial region. We take both interpretations to be conceptually enlightening.
Without privileging either view, we will refer to Ψ0 as the condensate wave
function in what follows. By replacing Ψ̂ by Ψ0 in Eq. 4.10, we see that this wave
function obeys a nonlinear Schrödinger equation,
∂
i~ Ψ0 (r, t) =
∂t

µ

¶
−~ 2
2
∇ + Vext (r) + U0 |Ψ0 (r, t)| Ψ0 (r, t).
2m

(4.14)

This equation is known as the time-dependent Gross-Pitaevskii equation. Often,
it is helpful to expand the order parameter as Φ0 (rt, t) = e−iµt Φ0 (r), where µ is
the chemical potential µ =

∂E
.
∂N

This expansion leads to the corresponding time-

independent Gross-Pitaevskii equation,
µ
µΨ0 (r) =

4.3

¶
−~ 2
2
∇ + Vext (r) + U0 |Ψ0 (r)| Ψ0 (r).
2m

(4.15)

Josephson junctions

The Josephson effect [49, 7] was first discovered in the context of superconductors,
and then later in superfluid He. It consists of the coherent flow of particles across a
potential barrier—called a Josephson junction—when the value of the chemical potential differs on either side of the barrier. In the context of a BEC, the Josephson effect
corresponds to tunneling effects of the overall condensate wave function between wells
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of a double well trapping potential.6 The Josephson effect is particularly interesting
for two reasons. One is that it is an essentially collective phenomena, originating due
to the long-range coherence of the condensed state. Thus observations of Josephson oscillations serve as an important test of spontaneous symmetry breaking, since
the phase relationship between the two wells produces the oscillations. Secondly, the
conditions of the Josephson effect provide a useful, solvable starting point for other effects that are of experimental relevance. For more on what makes Josephson junction
interesting, see Leggett [62, Sec. VII].
We begin with a symmetric double well potential. If we assume that the two
wells of the potential are located far enough apart, or the barrier is high enough, that
the wave function is exponentially smaller in the region between the wells than it is
in either well (this assumption is known as the tight binding approximation), we can
write an approximate two mode solution to the full Gross Pitaevskii equation as,
Ψ(r, t) = uL (r, nL )e−iµL t/~ + uR (r, nR )e−iµR t/~ ,

(4.16)

where uL,R are normalized time-independent solutions to the Gross Pitaevski equations for the single left (or, right) well with particle number nL,R , and µL,R are the
chemical potentials in each well. We take n0 = nL +nR to be conserved and we assume
R
R
that d3 r|uL (r)|2 ≈ d3 r|uR (r)|2 ), since the two wells are taken to be symmetric.
Under this two mode approximation, the Josephson effect in a BEC can be
characterized classically (see for instance Zapata et al. [120] or Ananikian and Bergeman [5], as well as Pitaevskii and Stringari [85, Sec. 15.4]) in terms of a simple
Hamiltonian formulation. This characterization is not intended to give precise re6

Actually, this is only one kind of Josephson effect that can occur in a BEC. It is also possible to
consider an “internal” Josephson effect, where a BEC can oscillate between two internal spin states
[85, 62].
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sults, but rather to suggest the physics behind the Josephson effect. The canonical
variables are the two parameters ~δn =

~
(na
2

− nb ) and φ =

1
(µb
~

− µa ), and the

(classical) Hamiltonian can be written,

HJ =

EC
(δn)2 − EJ cos φ.
2

(4.17)

To presage what will come presently, we can define EC and EJ as
Z

Z
3

4

EC = U0 d r|uL (r)| ≈ 2U0 d3 r|uR (r)|4
µ
¶
Z
~2 2
3
∗
EJ = − d ruL (r) −
∇ + Vext (r) uR (r).
2m

(4.18)
(4.19)

The Josephson Hamiltonian, HJ , is just the Hamiltonian for a pendulum. The equations of motion for the canonical variables are given by the (classical) Hamilton equations,
∂HJ
EC δn
∂φ
=
=
∂t ∂(~δn)
~
∂(~δn)
∂HJ
=−
= −EJ sin φ.
∂t
∂φ

(4.20)
(4.21)

The second of these, Eq. 4.21, shows that one can expect a population current to
flow between the wells, where

I=

∂na
∂nb
EJ
=−
=−
sin φ.
∂t
∂t
~

(4.22)

It is this current that is most directly associated with the Josephson effect. Note that
this flow is not simply a matter of individual atoms tunneling; rather, it is a coherent
oscillation of the condensate wave function between the wells. It can be understood
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as a direct result of the overall phase coherence of the condensate, as represented by
the condensate wave function.
In the limit of small oscillations, we recover the equations of motion for a
simple harmonic oscillator (for larger oscillations, we find the equations of motion
of a pendulum). We can model the quantized equivalent of this oscillation directly
in the Gross Pitaevskii equations for the condensate wave functions in each well by
introducing a coupling term dictated by

g
2

= EJ . Now, the Gross-Pitaevskii equations

for the condensates in each well can be written,
µ
¶
∂
−~ 2
g
2
i~ ΨL (r, t) =
∇ + Vext (r) + U0 |ΨL (r, t)| ΨL (r, t) − ΨR (r, t)
∂t
2m
2
µ
¶
−~ 2
∂
g
i~ ΨR (r, t) =
∇ + Vext (r) + U0 |ΨR (r, t)|2 ΨR (r, t) − ΨL (r, t).
∂t
2m
2

(4.23)
(4.24)

For more on the Gross Pitaevskii equation in this context, see Ananikian and Bergeman [5].
There have been various experimental realizations of double well potentials
for BEC’s involving some combination of magnetic and/or optical dipole potentials.
The first of these, reported by Andrews et al. [8], used a focused blue-detuned far-off
resonant laser in the center of a harmonic magnetic trap. Later attempts created
double well potentials via two parallel laser beams that generated adjacent optical
dipole traps within the same condensate [98, 97]. In these cases, tunneling between
wells was negligible.
More recently, a double well potential with coherent quantum mechanical
tunneling of the condensate wave function between wells has been demonstrated
[3, 33, 63]. These represented the first realizations of a single Josephson junction
in an atomic BEC and will serve as a guide for the model in chapter 7 since coherent
coupling of the wells is the essential new element. In these experiments [33], the dou-
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ble well was created by superimposing a one dimensional optical lattice on top of the
harmonic optical dipole trap leading to a potential in the x-direction that depends
on the atomic state,
1
V` (x) = mω` x2 + V` cos2
2

µ

πx
d`

¶
(4.25)

where d` is the lattice constant and ` is the electronic state of the atoms. This latter
dependence is because, in general, any magnetic or optical potentials used to trap the
atoms will depend on their electronic state and therefore atoms in different states will
experience slightly different trapping potentials. In chapter 7, we will assume that
the harmonic trapping potential is much weaker in the z direction than in the x or
y directions, leading to elongated cigar shaped potentials for the two wells with the
long axis along the z-direction.
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Part II
The Linear Response of Dressed
Interacting Ground State Systems
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Chapter 5
Model of the five level DIGS atom

In this chapter, we will present the model of the five level DIGS atom that will
form the basis of the remainder of the dissertation. Section 5.1 will describe the
level configuration and state the Hamiltonian and equations of motion that we will
consider. Next, in section 5.2, we will define a basis that will prove useful in the
later chapters. Section 5.3 will discuss our treatment of decoherence in the new basis.
Finally, section 5.4 suggests some atomic systems in which the five level geometry we
discuss could be implemented.
5.1

The DIGS Hamiltonian

We consider a five level atom (see Fig. 5.1) in which two pairs of ground states,
{|bi, |b0 i} and {|ci, |c0 i}, interact with a single excited state, |ai. We assume that
any degeneracy of the states is lifted by an external magnetic field, and that direct
transitions between the ground state manifolds are electric dipole forbidden (ie. |bi 6↔
|c0 i or |bi 6↔ |ci, etc.) In analogy to a standard EIT configuration, a strong laser of
field amplitude Eµ and of fixed frequency ωµ propagates near the |ci ↔ |ai transition,
while a weak probe laser (Ep ¿ Eµ ) of variable frequency ωp propagates near the
|bi ↔ |ai transition. As in the EIT and DDR cases studied in chapter 3, we are once
again interested in the optical properties of the system as measured by the probe.
The couplings between the atomic levels are moderated by their complex Rabi
frequencies, which are defined as in chapter 3. Additionally, two rf/microwave fields1
1

As we discuss at the beginning of section 3.3.1, and as chapter 7 makes manifest, little hangs
on the particular form of the transition. We will generically assume that the additional levels are
ground state, with magnetic dipole transition driven by rf/microwave fields. But we will take as a
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Figure 5.1: Our five level model. An excited state |ai is is coupled to two lower energy
state doublets, {|bi, |b0 i} and {|ci, |c0 i}. Ωµ is the Rabi frequency of a strong control
beam coupling |ai and |ci; Ωb and Ωc are the Rabi frequencies of two rf/microwave
fields coupling the members of each of the doublets. We study the propagation of
a weak probe beam with Rabi frequency Ωp ¿ Ωc , Ωb , Ωµ near resonance with the
|ai ↔ |bi transition. The specifics of the decay and pumping schemes will be treated
in chapters 6, 7, and 8.
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drive magnetic dipole transitions between members of each hyperfine ground state
pair. As in DDR, one, of frequency νc and Rabi frequency Ωc drives the |ci ↔ |c0 i;
now, a second, of frequency νb and Rabi frequency Ωb drives the |bi ↔ |b0 i transition.
From here on we will refer to the new fields as rf fields for the sake of simplicity. Ωb
and Ωc are taken to be real.
We take the vectors for the five atomic levels |ai, |bi, |b0 i, |ci, and |c0 i to form
a basis for the relevant subspace of our Hilbert space. We move directly into a frame
rotating at the frequencies of the fields (see chapter 3 for an account of how this
works) by applying the transformation


1
0
0
0
0




−iφ
−iν
t
0 e p e p ψb

0
0
0





.
−iφ
+iφ
−iν
t+iν
t
U (t) = 0
0
e p be p b
0
0





0
0
0
e−iφµ e−iνµ t
0



−iφµ +iφc −iνµ t+iνc t
0
0
0
0
e
e
(5.1)
The Hamiltonian in the rotating frame is then given by:
~
H˜ = (ωa |aiha| + (ωb + νp )|bihb| + (ωb0 + νp − νb )|b0 ihb0 | + (ωc + νµ )|cihc|
2
+ (ωc0 + νµ − νc )|c0 ihc0 | − Ωµ |aihc| − Ωb |b0 ihb| − Ωc |c0 ihc| −Ωp |aihb|) + h.c.
(5.2)
The equations of motion are given by the von Neumann equation. In subsequent chapters, we will make particular assumptions about the decay from each state.
here, we will write the equations generically, assuming that |ai decays internally at a
DIGS system anything that has a level structure that is unitarily equivalent to the one we describe.
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rate γa and with branching rates αj 2 , and the ground states decay externally at rates
γj for j = b, b0 , c, c0 . We include general off-diagonal decoherence terms here, defined
by γij = 12 (γi + γj ) + γijph . In general, the dephasing term guarantees that these will
not vanish even in the absence of decay from a given state. We find, first for the
diagonal elements,
∂ ρ̃aa
∂t
∂ ρ̃bb
i
∂t
∂ ρ̃b0 b0
i
∂t
∂ ρ̃cc
i
∂t
∂ ρ̃c0 c0
i
∂t
i

Ωµ
Ωp
(ρ̃ca − ρ̃ac ) +
(ρ̃ab − ρ̃ba )
2
2
Ωb
Ωp
= iαb γa ρ̃aa − iγb ρ̃bb + (ρ̃bb0 − ρ̃b0 b ) −
(ρ̃ab − ρ̃ba )
2
2
Ωb
= iαb0 γa ρ̃aa − iγb0 ρ̃b0 b0 − (ρ̃bb0 − ρ̃b0 b )
2
Ωc
Ωµ
= iαc γa ρ̃aa − iγc ρ̃cc − (ρ̃c0 c − ρ̃cc0 ) +
(ρ̃ca − ρ̃ac )
2
2
Ωc
= iαc0 γa ρ̃aa − iγc0 ρ̃c0 c0 + (ρ̃c0 c − ρ̃cc0 )
2
= −iγa ρ̃aa −

(5.3a)
(5.3b)
(5.3c)
(5.3d)
(5.3e)

and then the off-diagonals,
∂ ρ̃ab
∂t
∂ ρ̃ab0
i
∂t
∂ ρ̃ca
i
∂t
∂ ρ̃c0 a
i
∂t
∂ ρ̃cb
i
∂t
i

2

Ωµ
Ωb
Ωp
ρ̃cb + ρ̃ab0 +
(ρ̃aa − ρ̃bb )
2
2
2
Ωp
Ωb
Ωµ
= (∆p − ∆b − iγab0 )ρ̃ab0 −
ρ̃cb0 −
ρ̃bb0 + ρ̃ab
2
2
2
Ωp
Ωµ
Ωc
= (−∆µ − iγca )ρ̃ca +
ρ̃cb −
(ρ̃aa − ρ̃cc ) − ρ̃c0 a
2
2
2
Ωµ
Ωp
Ωc
= (∆c − ∆µ − iγc0 a ))ρ̃c0 a +
ρ̃c0 c +
ρ̃c0 b − ρ̃ca
2
2
2
Ωb
Ωµ
Ωp
= (∆p − ∆µ − iγcb )ρ̃cb + ρ̃cb0 +
ρ̃ca −
ρ̃ab
2
2
2
Ωc
− ρ̃c0 b
2
= (∆p − iγab )ρ̃ab −

(5.3f)
(5.3g)
(5.3h)
(5.3i)

(5.3j)

We will allow all of these to be nonzero for now, though in general we will have to restrict decay
to a subset of the ground states in order to satisfy optical selection rules.
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∂ ρ̃cb0
Ωb
Ωµ
= (∆p − ∆b − ∆µ − iγcb0 )ρ̃cb0 + ρ̃cb −
ρ̃ab0
∂t
2
2
Ωc
− ρ̃c0 b0
2
∂ ρ̃c0 b
Ωb
Ωp
i
= (∆p + ∆c − ∆µ − iγc0 b )ρ̃c0 b + ρ̃c0 b0 +
ρ̃c0 a
∂t
2
2
Ωc
− ρ̃cb
2
0
0
∂ ρ̃c b
Ωb
i
= (∆p − ∆b + ∆c − ∆µ − iγc0 b0 )ρ̃c0 b0 + ρ̃c0 b
∂t
2
Ωc
− ρ̃cb0
2
Ωp
∂ ρ̃bb0
Ωb
i
= (−∆b − iγbb0 )ρ̃bb0 −
ρ̃ab0 + (ρ̃bb − ρ̃b0 b0 )
∂t
2
2
∂ ρ̃c0 c
Ωµ
Ωc
i
= (∆c − iγc0 c )ρ̃c0 c +
ρ̃c0 a − (ρ̃cc − ρ̃c0 c0 )
∂t
2
2
i

(5.3k)

(5.3l)

(5.3m)
(5.3n)
(5.3o)

We have defined detunings ∆p = ωa − ωb − νp , ∆µ = ωa − ωc − νµ , ∆b = ωb0 − ωb − νb ,
and ∆c = ωc0 − ωc − νc .
We can make some general comments about decay and decoherence rates in the
bare state basis that will be helpful in what follows. The total spontaneous emission
rate is given by γa . Except when we suppose that γa decays to external levels in
chapter 8 (we will signal this assumption clearly), we will assume that γa decays with
equal likelihood to |bi, |ci, or |c0 i at the rate γa /3, but because of optical dipole
selection rules, it cannot decay to a fourth state. We take γa ∼ 107 Hz. The ground
state decay rates, meanwhile, are assumed to be smaller, on the order of 103 − 104 Hz.
Collisional dephasing rates can be anywhere from a few tens of kHz down to hundreds
of Hz or less for quantum degenerate atomic gases or with buffer gases [50, 16, 25].
5.2

A semi-dressed basis

Inspection of Eqs. 5.3 reveals that ρ̃ab , which will again determine the optical response
of the probe beam, depends on the solution to six linked differential equations. In
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general such systems cannot be solved. In this case, however, matters are simplified if
we work in a partially dressed basis, in which the subspaces of the Hamiltonian corresponding to the two ground state doublets are diagonalized. {|bi, |b0 i} and {|ci, |c0 i}
determine two dimensional subspaces, and so they will be diagonalized by members
of SO(2), which can be characterized by single angles of rotation. The full diagonalization matrix is thus a member of 1⊗SO(2)⊗SO(2), and can be characterized by two
angles (θb and θc ). It can be written in general as


1
0
0
0
0




0 cos θb sin θb

0
0





D = 0 − sin θb cos θb
0
0 
.




0
0
cos θc sin θc 
0


0
0
0
− sin θc cos θc

(5.4)

The particular rotation that will diagonalize the relevant subspaces corresponds to
r
cos θi =

r

1 + ∆i /Ωeff
i
2

sin θi =

The effective Rabi frequency is defined by,
q
Ωeff
i =

∆2i + Ω2i .

In this basis, the Hamiltonian becomes

1 − ∆i /Ωeff
i
2

.

DH̃D† =


2ωa
−Ωp cos θb
Ωp sin θb
−Ωµ cos θc
Ωµ sin θc




eff
 −Ωp cos θb 2ωb + ∆b + 2νp − Ωb

0
0
0




~
 . (5.5)
eff
Ω
sin
θ
0
2ω
+
∆
+
2ν
+
Ω
0
0
p
b
b
b
p

b
2




0
0
2ωc + ∆c + 2νµ − Ωeff
0
−Ωµ cos θc

c


eff
Ωµ sin θc
0
0
0
2ωc + ∆c + 2νµ + Ωc
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In this partially diagonalized basis, we have ρ̃ab = cos θb ρ̃aB − sin θb ρ̃aB 0 . The
systems of equations for ρ̃aB and ρ̃aB 0 , meanwhile, decouple entirely (in the absence of
decoherence. We will extend our treatment of decoherence to the semi-dressed basis
in the next section). Each depends on a system of three equations. Written, for now,
without decay (which will require some approximations to transfer into this basis), we
find the full equations of motion in the dressed basis, starting with diagonal elements,

∂ ρ̃aa
Ωp
Ωp
=
cos θb (ρ̃aB − ρ̃Ba ) −
sin θb (ρ̃aB 0 − ρ̃B 0 a )
∂t
2
2
Ωµ
Ωµ
+
cos θc (ρ̃aC − ρ̃Ca ) −
sin θc (ρ̃aC 0 − ρ̃C 0 a )
2
2
Ωp
∂ ρ̃BB
= − cos θb (ρ̃aB − ρ̃Ba )
i
∂t
2
Ωp
∂ ρ̃B 0 B 0
=
sin θb (ρ̃aB 0 − ρ̃B 0 a )
i
∂t
2
Ωµ
∂ ρ̃CC
=−
cos θc (ρ̃aC − ρ̃Ca )
i
∂t
2
Ωµ
∂ ρ̃C 0 C 0
=
sin θc (ρ̃aC 0 − ρ̃C 0 a )
i
∂t
2
i

(5.6a)
(5.6b)
(5.6c)
(5.6d)
(5.6e)
(5.6f)

and for the off-diagonal, starting with the equations that will describe ρ̃aB
∂ ρ̃aB
∆b Ωeff
Ωp
Ωp
i
= (∆p −
+ b )ρ̃aB −
(cos θb ρ̃BB − sin θb ρ̃B 0 B ) +
cos θb ρ̃aa
∂t
2
2
2
2
Ωµ
(cos θc ρ̃CB − sin θc ρ̃C 0 B )
(5.6g)
−
2
∂ ρ̃CB
∆b Ωeff
∆c Ωeff
Ωp
Ωµ
i
= (−∆µ + ∆p −
+ b +
− c )ρ̃CB +
cos θb ρ̃Ca −
cos θc ρ̃aB
∂t
2
2
2
2
2
2
(5.6h)
i

∂ ρ̃C 0 B
∆b Ωeff
∆c Ωeff
Ωp
Ωµ
= (−∆µ + ∆p −
+ b +
+ c )ρ̃C 0 B +
cos θb ρ̃C 0 a +
sin θc ρ̃aB
∂t
2
2
2
2
2
2
(5.6i)
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and those for ρ̃aB 0
∂ ρ̃aB 0
∆b Ωeff
Ωp
Ωp
= (∆p −
− b )ρ̃aB −
(cos θb ρ̃BB 0 − sin θb ρ̃B 0 B 0 ) −
sin θb ρ̃aa
∂t
2
2
2
2
Ωµ
−
(cos θc ρ̃CB 0 − sin θc ρ̃C 0 B 0 )
(5.6j)
2
∂ ρ̃CB 0
∆b Ωeff
∆c Ωeff
Ωp
Ωµ
i
= (−∆µ + ∆p −
− b +
− c )ρ̃CB 0 −
sin θb ρ̃Ca −
cos θc ρ̃aB 0
∂t
2
2
2
2
2
2
(5.6k)
i

i

Ωp
∂ ρ̃C 0 B 0
∆b Ωeff
∆c Ωeff
Ωµ
= (−∆µ + ∆p −
− b +
+ c )ρ̃C 0 B 0 −
sin θb ρ̃C 0 a +
sin θc ρ̃aB 0 .
∂t
2
2
2
2
2
2
(5.6l)

For completeness, the rest of the equations of motion in the dressed basis are,
∂ ρ̃Ca
∆c
Ωeff
Ωµ
Ωp
=(
− ∆µ − c )ρ̃Ca −
cos θc ρ̃aa +
(cos θb ρ̃CB − sin θb ρ̃CB 0 )
∂t
2
2
2
2
Ωµ
(cos θc ρ̃CC − sin θc ρ̃C 0 C 0 )
+
(5.6m)
2
∆c
Ωeff
Ωµ
Ωp
∂ ρ̃C 0 a
=(
− ∆µ + c )ρ̃C 0 a +
sin θc ρ̃aa +
(cos θb ρ̃C 0 B − sin θb ρ̃C 0 B 0 )
i
∂t
2
2
2
2
Ωµ
(cos θc ρ̃C 0 C − sin θc ρ̃CC 0 )
(5.6n)
+
2
∂ ρ̃BB 0
Ωp
i
= −Ωeff
(cos θb ρ̃aB 0 + sin θb ρ̃Ba )
(5.6o)
b ρ̃BB 0 −
∂t
2
Ωµ
∂ ρ̃C 0 C
= Ωeff
(sin θc ρ̃aC + cos θc ρ̃C 0 a )
(5.6p)
i
c ρ̃C 0 C +
∂t
2
i

5.3

Decay in the semi-dressed basis

In general, the unitary terms we add to the von Neumann equation in order to model
relaxation are not compatible with the semi-dressed basis. They tend to recouple
and render insoluble the two systems of equations described in the previous section.
However, we can sidestep this problem by making some judicious assumptions. First,
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we assume that γab ≈ γab0 , and that γac ≈ γac0 .3 Both of these assumptions are
ph
ph
reasonable given the numbers we cited in section 5.1, since γab
, γac
, γb , γb0 , γc , γc0 ¿ γa .
ph
ph
ph
We also assume that γb ≈ γb0 , γbc
≈ γbph
0 c , and γbc0 ≈ γb0 c0 so that we can take

γcb ≈ γcb0 = γC and γc0 b ≈ γc0 b0 = γC 0 .
Under these approximations, the contributions from decay and dephasing in
the semi-dressed basis are
iρ̃˙ aB ∼ −iγab ρ̃aB

(5.7a)

iρ̃˙ aB 0 ∼ −iγab ρ̃aB 0

(5.7b)

iρ̃˙ aC ∼ −iγac ρ̃aC

(5.7c)

iρ̃˙ aC 0 ∼ −iγac ρ̃aC 0

(5.7d)

and
iρ̃˙ CB ∼ −i(γC cos2 θc + γC 0 sin2 θc )ρ̃CB − i(γC 0 − γC ) cos θc sin θc ρ̃C 0 B

(5.7e)

iρ̃˙ C 0 B ∼ −i(γC sin2 θc + γC 0 cos2 θc )ρ̃C 0 B − i(γC 0 − γC ) cos θc sin θc ρ̃CB

(5.7f)

iρ̃˙ CB 0 ∼ −i(γC cos2 θc + γC 0 sin2 θc )ρ̃CB 0 − i(γC 0 − γC ) cos θc sin θc ρ̃C 0 B 0

(5.7g)

iρ̃˙ C 0 B 0 ∼ −i(γC sin2 θc + γC 0 cos2 θc )ρ̃C 0 B 0 − i(γC 0 − γC ) cos θc sin θc ρ̃CB 0

(5.7h)

Meanwhile, the {|Bi, |B 0 i} and {|Ci, |C 0 i} subsystems have the same decay
structure. In complete generality, we have (taking J to represent either B or C, and
3

This latter assumption never actually enters into our solutions to the DIGS model given in
subsequent chapters. However, we include it here for completeness, as it permits us to express the
full equations of motion, including decoherence, for the semi-dressed basis.
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j to represent the corresponding b or c),
£
¡
¢
iρ̃˙ JJ ∼ −i cos2 θj γj cos2 θj ρ̃JJ − cos θj sin θj (ρ̃JJ 0 + ρ̃J 0 J ) + sin2 θj ρ̃J 0 J 0

iρ̃˙ JJ 0

iρ̃˙ J 0 J 0

+ sin θj cos θj γjj 0 (cos(2θj )(ρ̃JJ 0 + ρ̃J 0 J ) + sin(2θj )(ρ̃JJ − ρ̃J 0 J 0 ))
¡
¢¤
+ sin2 θj γj 0 sin2 θj ρ̃JJ + sin θj cos θj (ρ̃JJ 0 + ρ̃J 0 J ) + cos2 θj ρ̃J 0 J 0
(5.7i)
·
1
∼ i − γjj 0 ((3 + cos(4θj ))ρ̃JJ 0 + (−1 + cos(4θj ))ρ̃J 0 J + sin(4θj )(ρ̃JJ − ρ̃J 0 J 0 ))
4
´
³
˜ J 0J 0
− cos θj sin θj γj 0 sin2 θj ρ̃JJ + cos θj sin θj (ρ̃JJ 0 + ρ̃J 0 J ) + cos2 θj rho
¡
¢¤
+ cos θj sin θj γb1 cos2 θj ρ̃JJ − cos θj sin θj (ρ̃JJ 0 + ρ̃J 0 J ) + sin2 θj ρ̃J 0 J 0
(5.7j)
£
¡
¢
∼ −i sin2 θj γj cos2 θj ρ̃JJ − cos θj sin θj (ρ̃JJ 0 + ρ̃J 0 J ) + sin2 θj ρ̃J 0 J 0
− sin θj cos θj γjj 0 (cos(2θj )(ρ̃JJ 0 + ρ̃J 0 J ) + sin(2θj )(ρ̃JJ − ρ̃J 0 J 0 ))
¡
¢¤
+ cos2 θj γj 0 sin2 θj ρ̃JJ + sin θj cos θj (ρ̃JJ 0 + ρ̃J 0 J ) + cos2 θj ρ̃J 0 J 0

(5.7k)

In the special case for |bi, where we have assumed that γb ≈ γb0 , these simplify to
´
i³
ph
γb ρ̃BB + sin(2θb )γbb
0 (cos(2θb )(ρ̃BB 0 + ρ̃B 0 B ) + sin(2θb )(ρ̃BB − ρ̃B 0 B 0 ))
2
(5.8a)
³
i
ph
∼ − 4γb ρ̃BB 0 + γbb
0 ((3 + cos(4θb ))ρ̃BB 0 + (−1 + cos(4θb ))ρ̃B 0 B
4

iρ̃˙ BB ∼ −

iρ̃˙ BB 0

iρ̃˙ B 0 B 0

+ sin(4θb )(ρ̃BB − ρ̃B 0 B )))
(5.8b)
³
´
i
ph
0
0
0
0
0
0
∼ − γb ρ̃B B − sin(2θb )γbb0 (cos(2θb )(ρ̃BB + ρ̃B B ) + sin(2θb )(ρ̃BB − ρ̃B B ))
2
(5.8c)

In what follows, we will make use of both the bare and semi-dressed bases in solving
for the linear susceptibility for various initial conditions.
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5.4

Possible experimental configurations

We propose here that the following energy levels of

87

Rb could be used to implement

the five level geometry (the same transitions but with different electronic number
could also be used for

23

Na), |ai = |5P1/2 , F = 2, mf = 2i, |bi = |5S1/2 , F = 1, mf =

1i, |b0 i = |5S1/2 , F = 1, mf = 0i, |ci = |5S1/2 , F = 2, mf = 1i, and |c0 i = |5S1/2 , F =
2, mf = 2i where both the probe and control lasers are σ + polarized. One could also
use the D2 line, with |ai = |5P3/2 , F = 2, mf = 2i and the same ground states as in
the previous example. We note that an additional off-resonant laser could be used to
shift the energy level of |b0 i relative to |bi and |ci via the AC Stark effect so that an
rf field would only resonantly induce spin flips between |bi and |b0 i and not between
|b0 i and |ci.
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Chapter 6
Control of normal dispersion and group velocity via DIGS induced
absorption resonances

In this chapter1 we consider the solution to the DIGS model in the absence of pumping. This case is analogous to standard EIT and DDR, where population is assumed
to remain in the ground state, |bi (here, in the ground state manifold, {|bi, |b0 i}). We
begin with the model presented in chapter 5. In section 6.1, we will discuss the decay
scheme we will consider, as well as initial conditions in the bare and semi-dressed
states. Section 6.2 will form the bulk of the chapter. Here we study the optical
response of the DIGS system, as measured by the weak probe. We will describe the
new features exhibited by DIGS systems and offer an explanation for them in terms
of dressed states. We also analyze the dispersion and group velocity of the probe
laser. Finally in section 6.3, we comment on the possible experimental realization of
a DIGS system in an atomic gas.
6.1

The DIGS model without pumping: a first solution

As we have said, in this chapter we solve the DIGS model analytically in the case of a
closed system without pumping. To be precise, we assume that population from the
excited state |ai decays to the included ground states via spontaneous emission and
that the ground states are stable with respect to decay. Consequently, population
is conserved within our five level basis and therefore we do not include pumping of
the states. Note this restricts our discussion to cold atomic gases where atoms do
1

The central results of this chapter were originally published as Weatherall and Search [110]. The
current discussion draws heavily from that paper, with some minor corrections.

121
not quickly pass through the region of interaction with the lasers, which allows us to
ignore pumping and decay due to atom transits through the interaction region.
We assume that all of the atoms are initially in either |bi or |b0 i and we solve
to linear order in the probe under the assumption Ωp ¿ γab , Ωµ . As in EIT and
DDR under similar initial conditions, many of the terms in the density matrix can
be discarded since they only develop population at order (Ωp /γab )2 or higher in per2
turbation theory. For example, ρaa ∼ Ω2p /γab
≈ 0 while {|ci, |c0 i} manifold only
4
which is also negligible. We can then take
develops population at order Ω2p Ω2µ /γab

ρcc ≈ ρc0 c0 ≈ ρcc0 ≈ ρac ≈ ρac0 ≈ 0, and likewise their complex conjugates. Note,
however, that the assumption of a weak probe and thus of negligible occupation of
|ai, |ci, and |c0 i amounts only to the assumption that Ωp ¿ γab . In particular, it
places no constraints on the strength of the Ωb and Ωc .
We have expressed the initial conditions in terms of the bare state, |bi. To
import them into the semi-dressed basis, we need to consider the |Bi, |B 0 i manifold.
Then, terms ρ̃BB , ρ̃B 0 B 0 , ρ̃BB 0 , and ρ̃B 0 B , which appear in the other equations, act
as source terms, as ρ̃bb does in EIT and DDR. The equations of motion for these
states, given in section 5.2, decouple from the other equations under the assumption
that all terms higher than first order in Ωp are negligible, implying that they can be
solved separately from the other equations. In the special case of an on-resonance
field driving the |bi ↔ |b0 i transition, we have θb = π/4 and Ωeff
b = Ωb ; thus, the

122
relevant parts of Eqs. 5.6 simplify to:
∂ ρ̃BB
∂t
∂ ρ̃B 0 B 0
i
∂t
∂ ρ̃BB 0
i
∂t
∂ ρ̃B 0 B
i
∂t
i

=−

ph
iγbb
0
(ρ̃BB − ρ̃B 0 B 0 )
2

ph
iγbb
0
(ρ̃BB − ρ̃B 0 B 0 )
2
iγ ph0
iγ ph0
=(−Ωb − bb )ρ̃BB 0 + bb ρ̃B 0 B
2
2
ph
ph
iγ 0
iγ 0
=(Ωb − bb )ρ̃B 0 B + bb ρ̃BB 0
2
2

=

Since ∂ ρ̃BB /∂t and ∂ ρ̃B 0 B 0 /∂t depend only on the difference between ρ̃BB and ρ̃B 0 B 0 ,
these equations are solved by equal constants—since we have assumed that initially
all of the atoms are in the {|bi, |b0 i} manifold, we have ρ̃BB = ρ̃B 0 B 0 = 1/2. To solve
for the coherence terms, we write their coupled equation of motion as a matrix:

i





 


ph
iγbb
0

∂ ρ̃BB 0  
−Ωb
I +  ph

 = −
iγbb0
∂t ρ̃ 0
2
BB

2



ph
iγbb
0
ρ̃ 0
2   BB 

 

Ωb



(6.1)

ρ̃B 0 B

Here we have modified Eqs. 5.8 by assuming that |bi and |b0 i are essentially stable, and
thus we have neglected γb and γb0 . The solution for ρ̃BB 0 and ρ̃B 0 B can be written as
linear combinations of the eigenvectors of this matrix, which have the time dependence
p
2
X1 = C1 e(iA−B)t and X2 = C2 e(−iA−B)t with A = 4(Ωb )2 − γbb
0 /2 and B = γbb0 /2.
For t À γbb0 , both of these go to zero, which gives the steady state solutions ρ̃BB 0 =
ρ̃B 0 B = 0.
To solve for ρ̃aB and ρ̃aB 0 , we assume that the {|Bi, |B 0 i} manifold has been
given time to reach the steady state we have described above. Plugging these into
the master equation for ρ̃aB and ρ̃aB 0 , and assuming further that the rf coupling
|ci ↔ |c0 i transition is also on resonance, ∆c = 0, (giving θc = π/4), we find the
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simplified systems:
√
√
µ
¶
Ωb
Ωp 2 Ωµ 2
∂ ρ̃aB
i
= ∆p +
− iγab ρaB −
−
(ρ̃CB − ρ̃C 0 B )
∂t
2
8
4
√
µ
¶
∂ ρ̃CB
Ωc Ωb
i
Ωµ 2
i
= ∆p − ∆µ −
+
− (γC + γC 0 ) ρ̃CB −
ρ̃aB
∂t
2
2
2
4
i
− (γC 0 − γC )ρ̃C 0 B
2
√
¶
µ
Ωµ 2
∂ ρ̃C 0 B
Ωc Ωb
i
i
= ∆p − ∆µ +
+
− (γC + γC 0 ) ρ̃C 0 B +
ρ̃aB
∂t
2
2
2
4
i
− (γC 0 − γC )ρ̃CB
2

(6.2a)

(6.2b)

(6.2c)

and
√
√
µ
¶
∂ ρ̃aB 0
Ωb
Ωp 2 Ωµ 2
i
= ∆p −
− iγab ρ̃aB 0 +
−
(ρ̃CB 0 − ρ̃C 0 B 0 )
∂t
2
8
4
√
µ
¶
Ωc Ωb
i
∂ ρ̃CB 0
Ωµ 2
= ∆p − ∆µ −
−
− (γC + γC 0 ) ρCB 0 −
ρaB 0
i
∂t
2
2
2
4
i
− (γC 0 − γC )ρ̃C 0 B 0
2
√
µ
¶
Ωc Ωb
i
∂ ρ̃C 0 B 0
Ωµ 2
= ∆p − ∆µ +
−
− (γC + γC 0 ) ρ̃C 0 B 0 +
ρ̃aB 0
i
∂t
2
2
2
4
i
− (γC 0 − γC )ρ̃CB 0 ,
2

(6.3a)

(6.3b)

(6.3c)

where ∆p = ωa − ωb − νp and ∆µ = ωa − ωc − νµ are the probe and control beam
detunings, respectively.
Eqs. 6.2 and 6.3 have identical structures; both can be solved analytically by
the same methods we used for EIT and DDR in chapter 3.2 We write the systems as
matrix equations of the form i∂X/∂t = M · X(t) + A and note again that equations
of this form have steady state solutions limt↔∞ X(t) = −M−1 · A. We then extract
2

Of course, this solution is not quite so simple as in those cases; the partially dressed basis is
doing real work, here, in decoupling six equations (which would generally not be solvable, since six
by six matrices cannot be inverted by analytic means) into two sets of three.
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the steady state solutions to ρ̃aB and ρ̃aB 0 from the resulting vectors.3 ρ̃ab can then be
written as ρ̃ab =

√
2
(ρ̃aB
2

− ρ̃aB 0 ). For completeness, we include a full statement of ρ̃ab ,

without assumption regarding ∆b and ∆c , in the general case of non-zero populations
in |bi, |b0 i, and |c0 i in an appendix 8.A. The solution in this case can be found by
setting PB = 1/2 and PC = 0.
6.2

Optical properties of the five level system without pumping

We can extract the reduced linear susceptibility from the solution described in the
previous section. Recall Eq. 3.26,
χ̃(1) (∆p ) =

~γab ²0
2γab
χ(1) (∆p ) =
ρ̃ab (∆p ).
2
N σ(r)|℘ab |
Ωp

(3.26)

Then, we can express the reduced susceptibility for the closed, unpumped DIGS atom,
(1)

χ̃

µ
γab (∆µ − ∆p + iγC 0 − Ωb /2)(∆µ − ∆p + iγC − Ωb /2) − Ω2c /4
=
4
Z−
¶
(∆µ − ∆p + iγC 0 + Ωb /2)(∆µ − ∆p + iγC + Ωb /2) − Ω2c /4
+
Z+

(6.4)

where
Z∓ = (∆p − iγab ± Ωb /2)((∆µ − ∆p + iγC 0 ∓ Ωb /2)(∆µ − ∆p + iγC ∓ Ωb /2) − Ω2c /4)
+ (∆µ − ∆p + iγC 0 ∓ Ωb /2)Ω2µ /4.
3

It is worth noting that here, as in chapters 3, 7, and 8, we do this final step of the calculation
(inverting the matrix) using a mathematics processing suite, such as Mathematica or Matlab.
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It is worth pointing out that in the limit that Ωb , Ωc → 0, we recover the standard
expression for the coherence for EIT in a Λ system,4 as given by Eq. 3.27,
χ̃(1) =

γab (∆p − ∆µ − iγcb )
.
(∆p − iγab )(∆p − ∆µ − iγcb ) − (Ωµ /2)2

(3.27)

Likewise, in the limit that Ωb → 0, we recover the solution for DDR, Eq. 3.55 (under
the assumption that ∆c → 0).
Examples of the real and imaginary parts of the susceptibility are shown in
Fig. 6.1 for ∆µ = 0 while Fig. 6.2 display the spectrum’s dependence on the Rabi
frequency Ωb . We see that the presence of the additional levels manifest themselves as
two narrow resonances located inside of the EIT transparency window. In general for
arbitrary ∆b and ∆c , the new resonances are symmetrically located about ∆p = −∆c
at the locations ∆p = −∆c ± Ωeff
b /2. For Ωµ , γab À Ωb , Ωc , γC , γC 0 , their shape is
approximately Lorentzian, given by (for ∆µ = 0):
γ 2 Ω2
Im[χ̃ ] ≈ ab 2 c
4Ωµ
(1)

µ

Ω2c /Ω2µ + γC 0 /γab
(∆p ∓ Ωb /2)2 + (γab (Ω2c /Ω2µ + γC 0 /γab ))2

¶
(6.5)

in the vicinity ∆p ≈ ±Ωb /2. This expression for the Lorentzian agrees, up to a factor
of two, with the one derived in section 3.3.2, Eq. 3.59 (indeed, it is derived by the
same method); the factor of two arises because the two features here constructively
interfere in the limit that Ωb → 0, and so the feature doubles in height. In the case
of non-zero γC 0 , the widths of the features,
Γ = 2γab (Ω2c /Ω2µ + γC 0 /γab ),
4

(6.6)

Note that one has to be careful when taking this limit and the next one. When Ωb → 0, θb → 0.
This means that one cannot simply take Ωb → 0 in Eq. 6.4; one also has to take care regarding
appropriate pre-factors.
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Figure 6.1: (a) The full spectrum of the susceptibility showing the imaginary part,
Im[χ̃(1) ], (red dashed line) and real part Re[χ̃(1) ], (blue solid line). (b) A close up on
one of the new narrow features. In both figures, Ωb = Ωc = γab /10 and Ωµ = 2γab ,
while γC = γC 0 = 0.
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Figure 6.2: Imaginary part of the susceptibility, Im[χ̃(1) ] plotted as a function of
∆p and Ωb . The separation of the new features varies with Ωb , the Rabi frequency
of the rf field coupling the states |bi and |b0 i. Here, we show the dependence for
0 ≤ Ωb ≤ γab /10, with γC = γC 0 = γab × 10−3 , Ωµ = 2γab , and Ωc = γab /10. Lighter
color denotes larger Im[χ̃(1) ]. As we see, in the limit that Ωb → 0, we recover the
single peak characteristic of DDR systems.
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is the sum of the ‘power broadening’ term 2γab Ω2c /Ω2µ and the dephasing rate for |c0 i
and {|bi, |b0 i}. The height of the features is given by
Im[χ̃(1) (±

Ω2c γab
Ωb
)] =
.
2
4(γab Ω2c + Ω2µ γC 0 )

(6.7)

These new resonances have a simple interpretation in terms of the dressed
states |Bi and |B 0 i, which are coupled via the probe laser to the 3 level system
|c0 i ↔ |ci ↔ |ai. The energies of |Bi and |B 0 i are ~ωB,B 0 = ~ωb ± Ωeff
b /2 so that in
the absence of the control laser, the |bi ↔ |ai absorption line would be split into an
Autler-Townes doublet located at ωa − ωB and ωa − ωB 0 . The |c0 i ↔ |ci ↔ |ai system
is identical to same levels in the DDR case. Again assuming ∆c = 0 and ∆µ = 0, the
eigensystem is once again as in Eq. 3.62,
1
Ωc
Ωµ
~q 2
|+c i = − √ |ci + √ p
Ωc + Ω2µ (6.8a)
|c0 i + √ p
|ai E+ =
2
2
2 Ω2c + Ω2µ
2 Ω2c + Ω2µ
Ωµ
Ωc
|0c i = p 2
|c0 i − p 2
|ai
E0 = 0
(6.8b)
2
Ω µ + Ωc
Ωµ + Ω2c
Ωc
Ωµ
~q 2
1
Ωc + Ω2µ .
|c0 i + √ p
|ai
E− = −
|−c i = √ |ci + √ p
2
2
2 Ω2c + Ω2µ
2 Ω2c + Ω2µ
(6.8c)
See section 3.3.2 for a discussion of these dressed states in the context of DDR.
Transitions from the {|Bi, |B 0 i} manifold to |0c i will exhibit absorption resonances at ωa − ωB,B 0 , which correspond to the new narrow resonances. By contrast,
destructive interference created by the control would lead to nulls in the absorption
at ωa − ωB,B 0 when Ωc = 0. Fig. 6.3 shows a schematic diagram of the energy levels of
the dressed ground state manifold {|Bi, |B 0 i}, which are coupled to all three states of
the excited state manifold {|+c i, |−c i, |0c i} via the probe. All in all there are six tran-
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Figure 6.3: Energy level diagram that indicates transitions induced by the probe
laser between the ground state manifold {|Bi, |B 0 i} and the excited state manifold
{|+c i, |−c i, |0c i}. Transitions to the dark state |0c i are indicated by dashed lines.
The energy of the bare state |bi is also shown for reference.
sitions that should appear as resonances in the absorption spectrum. The transitions
to the two ‘bright’ states |a± i correspond to the main absorption peaks located at
∆p ≈ ±Ωµ /2 for Ωµ À Ωc , Ωb . Notice that each of these resonances actually consist
of a pair of resonances separated by a distance Ωb but only when Ωb > γab can these
pairs be individually resolved as shown in Fig. 6.4.
The independence of |0c i from |ci explains why the line widths of the new
features only depend on the dephasing between states in the {|bi, |b0 i} manifold and
|ai and |c0 i but is independent of γC as one can see from Eq. 6.5. Fig. 6.5 shows
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Figure 6.4: Imaginary part of the susceptibility, Im[χ̃(1) ], as a function of ∆p . Here,
Ωµ = 2γab , Ωb = 2.2γab , Ωc = 1.8γab have been chosen so that all six absorption
resonances are simultaneously visible. See text and Fig. 6.3.
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Figure 6.5: Imaginary part of the susceptibility, Im[χ̃(1) ], as a function of ∆p showing
a close up of the narrow resonances. Here we show the dependence of the new features
on the dephasing, γC 0 . The broad dashes represent the case where γC 0 = 0, the short
dashed line takes γC 0 = γab × 10−3 , and the dotted line represents γC 0 = γab × 10−2 .
In all cases, Ωb = Ωc = γab /10 and Ωµ = 2γab .
how Im[χ̃(1) ] varies with γC 0 . Moreover, that the height of the features decreases
with increasing γC 0 , as in Eq. 6.7, reflects the fact that the dephasing decreases the
probability of transitions to the dark state |0c i.
These new narrow resonances offer the possibility of additional control of the
dispersion, ∂Re[χ(1) ]/∂ωp , and group velocity,

vg (ωp ) =

c
n + (ωp /2n)(∂Re[χ(1) ]/∂ωp )

inside of the normal EIT transparency window because of the large normal dispersion
in the vicinity of the narrow resonances, whose positions and widths are controlled by
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Ωb and Ωc , respectively. By controlling the rf Rabi frequencies, the narrow resonances
can be selectively positioned inside of the normal transparency window in order to
locally control the dispersion over a relatively small frequency range.
To be more specific, we note that in ‘standard EIT’ (note that ‘standard EIT’
refers to the case where Ωb = Ωc = 0 but with all other parameters, including
the control laser, being the same), the observable effects of EIT including a transparency window and slow light occur when |Ωµ |2 À γab γcb but at the same time
∂Re[χ(1) ]/∂ωp ∝ 2γab /|Ωµ |2 for ∆p ≈ 0 [26]. This implies that although lowering Ωµ
will decrease the group velocity, the decreasing of the intensity of the control laser
to |Ωµ |2 < γab γcb will result in a complete loss of the transparency window. See also
section 3.1.2 for more on these features of EIT.
Let us return now to our five level system and focus specifically on the case
where Ωµ , γab À Ωb , Γ so that the narrow resonances are clearly visible in between
the Autler-Townes doublet induced by the control laser. In this case the narrow
resonances have line widths given by Eq. 6.6, which requires that Ωb À Γ in order to
have a clearly defined window around ∆p = 0. The natural line width of the excited
state only contributes through the power broadening term 2(Ωc /Ωµ )2 γab ¿ γab for
Ωc ¿ Ωµ and can easily be made much smaller than the ground state dephasing rates.
As a result the primary limit on the dispersion and absorption in the middle of the
resonances arises from the ground state dephasing alone, requiring Ωb À γC 0 . This
limit is a much weaker condition than for the control laser in standard EIT when
γab À γcb and allows for much narrower transparency windows embedded inside of
the standard EIT window.
In our system, at ∆p = 0 and assuming Ωb , Ωc , γC , γC 0 ¿ Ωµ , γab , the absorp-
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tion and dispersion are, to lowest nonvanishing orders of Ωb and Ωc , given by,
Im[χ̃(1) (0)] = 2γab

(γC Ω2b + γC 0 Ω2c )
Ω2b Ω2µ

(6.9)

γab (Ω2b + Ω2c )
.
Ω2b Ω2µ

(6.10)

and
∂Re[χ̃(1) ]/∂∆p = −2

In the case that Ωc → 0 , ∂Re[χ̃(1) ]/∂∆p ≈ −(2γab /Ω2µ , which is half the value of
standard EIT for vanishing γcb . For Ωb = Ωc , however, we now find the dispersion
is the same as EIT at zero detuning. More significantly, slightly off resonance in the
vicinity of the narrow resonances where the absorption is still negligible, the affect of
these resonances on the dispersion is still very significant.
In Figs. 6.6 and 6.7 we consider the effect of the rf Rabi frequencies on the
group velocity in the vicinity of the narrow features at ∆p ≈ 0 by plotting the
ratio of the group velocity for Ωb , Ωc 6= 0 to the group velocity for standard EIT.
Figure 7 shows the group velocity near ∆p = 0 for zero decoherence and small rf
Rabi frequencies, Ωb = Ωc = 0.0001γab = 1kHz, which leads to an almost 100 fold
reduction in the group velocity in a window of about 100Hz where the absorption
is negligible. Figure 8 shows the reduction of the group velocity and absorption for
larger rf Rabi frequencies and finite ground state decoherence. As one can see, even
in the presence of decoherence, one can achieve a reduction in the group velocity
close to a factor of 10 in a frequency window of ∼ 50kHz for the parameters in Fig.
8, while at the same time having relatively small absorption (for further analysis of
absorption in a realistic experimental setting, see Sec. 6.3). At the same time, the
dispersion is highly nonlinear implying that any pulse propagating near the narrow
resonances could experience significant reshaping.
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Figure 6.6: Reduction of group velocity vg , in a window near ∆p = 0 for very small rf
Rabi frequencies Ωb = Ωc = 0.0001γa , Ωµ = 2γab , and no decoherence, γC = γC 0 = 0.
As in the previous graph, the group velocity is measured relative to the group velocity
for Ωb = Ωc = 0 but with all other parameters being the same, which we denote as
vEIT .
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Figure 6.7: The group velocity, vg , in a window near ∆p = 0 for Ωµ = 2γab and
Ωb = Ωc = 0.01γa and γC = γC 0 = 0.0001γa (Blue long dash line); Ωb = Ωc = 0.02γa
and γC = γC 0 = 0.0001γa (Red short dash line); and Ωb = Ωc = 0.01γa and γC =
γC 0 = 0 (brown dotted line). In each case, the group velocity is measured relative to
the group velocity for Ωb = Ωc = 0 but with all other parameters being the same,
which we denote as vEIT to mean ‘standard EIT’. We note that the group velocity
can readily be related to the delay time of a light pulse by τd = `(1/vg − 1/c) where
` is the thickness of the sample.
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Figure 6.8: The imaginary part of the susceptibility for the same parameters as in
Fig. 6.7.

137
6.3

Experimental considerations

One important aspect that has been ignored in our discussion here is that of Doppler
broadening. We defer this analysis until the final section of chapter 8, as the solution
there is more general and we can treat Doppler broadening for all initial conditions
at once. Note, too, that we propose atomic systems in which the five level geometry
could be realized in section 5.4. Here we focus on a different matter. We have thus far
analyzed absorption in terms of a reduced linear susceptibility, χ̃, as defined in Eq.
3.26; really, we are interested in transmission, which will be sensitive to particular
experimental set-ups.
By substituting the Weisskopf-Wigner spontaneous emission decay rate,

γa =

3
ωab
|℘|2
,
3π²0 ~c3

(6.11)

for γab ≈ γa /2 in Eq. 3.26 and noting that the absorption coefficient is given by
α = kp Im[χ(∆p )], we find the following relation between reduced susceptibility, the
optical density of the medium, and the absorption coefficient:

α=

3c2 N σ(r)
Im[χ̃(∆p )]
2
ωab

(6.12)

We have assumed here that the probe beam is near-resonant. Transmission is then
given by Beer’s law (see section 2.2.3), as T = I1 /I0 = e−2α` , where ` is the length of
the sample. Note that the ratio of transmissions between the system described here
and standard EIT for a given sample length is given by T /TEIT = e(αEIT −α)` . Since
αEIT ≈ 0 on resonance and in the absence of decoherence, T /TEIT ≈ T .
We can now approximate the transmission in various experimental configurations. In the region of maximal group velocity, we have found Im[χ̃] ≈ .02 − .1 (see
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Fig. 6.8b). In an ultracold gas of

87

Rb atoms, probing the transitions described in

chapter 5, we have ωab = 2.41 × 1015 Hz; following Hau et al. [43], we approximate
a constant density of N σ(r) ≈ 1012 /cm3 and an optical length of ` ≈ 3µm. In this
case, we predict a transmission through the sample of 99.7%. Transmission through
a vapor cell, which will tend to have a much longer optical length than an ultracold
gas but only slightly lower density, is worse: in a dense vapor, as used by Kash et al.
[54], with N σ(r) ≈ 1011 /cm3 and an optical length of ` ≈ 1cm, we find a transmission
of 39%.
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Chapter 7
Realization of DIGS configuration via the Josephson effect in a double
well BEC

In chapter 6, we considered the closed DIGS level configuration as realized in an
atomic gas. The levels corresponded to electronic levels of an atom; the couplings,
meanwhile, were external driving fields. This realization is natural in the context of
EIT and DDR, which are typically treated as essentially atomic phenomena. But the
configuration and Hamiltonian we present in chapter 5 are generic, and in principle
other systems could be found which are isomorphic to the DIGS system. In this
chapter1 , we consider one such system, composed of a BEC in a double well potential.
In place of the rf fields driving the ground state transitions, we now have Josephson
tunneling between the two wells. (For more on the Josephson effect, see section 4.3.)
We predict that the optical spectrum for a probe passing through one of the wells
(the one in which the control laser also propagates) will be essentially the same as we
found in chapter 6. It is interesting to note that now, the optical properties of the
system are due to quantum coherence between space-like separated atoms.
The remainder of this chapter will be organized as follows. In section 7.1, we
will describe how the five level model described in chapter 5 can be realized in a three
component BEC trapped in a double well potential. In section 7.2, we will derive
an analytic solution for this model, in parallel to the solution presented in chapter 6
but now including considerations arising from the fact that the current system is a
BEC and that there are six levels, rather than five, to consider. In section 7.16, we
will discuss the system’s linear susceptibility, χ(1) . The treatment here will be limited
1

The material in this chapter was originally published as Weatherall et al. [111]. As in the
previous chapter, the current treatment follows the published version quite closely.
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to emphasizing the small differences between the solution in the present context and
the solution presented in the previous chapter. In section 7.4, we will consider the
prospects for experimental observation of the ultra-narrow features we describe.
7.1

The double well BEC as a DIGS system

The present contribution concerns a gas of N weakly interacting atoms of a BoseEinstein condensate trapped in two neighboring wells of a double well potential. We
consider three internal electronic states of the atoms in a Λ configuration, denoted by
eigenkets |ai, |bi, and |ci where |ai is an electronically excited state, while |bi and |ci
are hyperfine ground states of the atoms. The direct transition between the two lower
levels is assumed to be dipole forbidden while the transition between the highest level
and each of the lower levels are allowed optical dipole transitions. Here we use a

0

to denote the same internal states but in the left well so that for example, |ai is the
electronic excited state in the right well while |a0 i represents the same internal state
of the atom but now that atom is located in the left well (see Fig. 7.1).
In analogy to the standard EIT configuration, we assume one of the two wells
(in this case the right well) is dressed with a strong control beam with electric field
amplitude Eµ and frequency ωµ that is close to resonance with the energy difference
between levels |ai and |ci. Here we are concerned with the propagation through
the right well of a weak probe field, Ep , with frequency ωp near resonance with the
|bi ↔ |ai transition.
The restriction that the lasers interact with only a single well should be achievable provided the spacing between the wells is sufficiently larger than the diffraction
limit. The diffraction limit is essentially given by the wavelength of the probe and
control lasers, which we denote simply as λ. Based on Eq. 4.25, the well spacing
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Figure 7.1: Schematic description of our system: the atoms in the right well are
dressed by a strong control beam (indicated here by its frequency, Ωµ ) near resonance
with the |ci ↔ |ai transition. We are interested in the behavior of a weak probe beam
(here, Ωp ) propagating in the right well, near resonance with the |bi ↔ |ai transition.
Atoms in electronic state |`i are coupled via tunneling through the inter-well barrier
to the corresponding states |`0 i in the left well. The lasers propagate along the axis
perpendicular to the page.
must satisfy d` À λ, which can be achieved with current technology. For example, in
the experiment of Albiez et al. [3] the spacing between the wells is 4.4µm, which is
significantly larger than a typical optical wavelength. Furthermore, Levy et al. [63]
were able to optically resolve a single well to successfully image tunneling effects (ie.
they were able to illuminate a single well with a laser). The probe and control lasers
are assumed to propagate along the z-axis to maximize the optical thickness of the
sample.
As we are working in the zero-temperature limit, we adopt the Hartree approx-
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imation and assume that all of the particles are co-existent in a single fully-condensed
state. We model the wells as weakly coupled harmonic potentials [74] with ground
(L/R)

state wave functions, u`

(r), localized in the left (L) or right (R) wells, which also

depend on the electronic state since they represent the localized ground state near
the minima of the state dependent potential, V` , defined in chapter 4. We suppose
that the condensate is tightly bound in the y direction, and less tightly bound in the
z direction. We assume that the overall condensate wave function, Ψ(r, t) can be
expressed in terms of these basis functions u` (r),

Ψ(r, t) =

√

Ã
N

X

(R)

ψ` (t)u` (r)|`i +

!

X

(L)

ψ`0 (t)u` (r)|`0 i

(7.1)

`0 =a0 ,b0 ,c0

`=a,b,c

As a matter of notation, we introduce the vectors of probability amplitudes for the
right and left wells, respectively, Ψ = (ψa , ψb , ψc )T and likewise Ψ0 = (ψa0 , ψb0 , ψc0 )T .
We work in a rotating frame defined by
Ψ0 → Ψ̃0 = RΨ0 ,

Ψ → Ψ̃ = RΨ;

where




i(ωp +ωµ )t

e

R=



0

0

eiωµ t

0

0

0 

0 
.

eiωp t

(7.2)
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In this basis, the Gross-Pitaevskii equations for the six probability amplitudes are:
∂ ψ̃a
∂t
∂ ψ̃b
i
∂t
∂ ψ̃c
i
∂t
∂ ψ̃a0
i
∂t
∂ ψ̃b0
i
∂t
∂ ψ̃c0
i
∂t
i

³
´
Ωp −iφab
Ωµ −iφac
ga
= ωa − ωp − ωµ + Ψ̃† Ua Ψ̃ ψ̃a −
e
ψ̃b −
e
ψ̃c − ψ̃a0
2
2
2
³
´
Ωp iφab
gb
= ωb − ωµ + Ψ̃† Ub Ψ̃ ψ̃b −
e ψ̃a − ψ̃b0
2
2
³
´
Ωµ iφac
gc
= ωc − ωp + Ψ̃† Uc Ψ̃ ψ̃c −
e ψ̃a − ψ̃c0
2
2
³
´
ga
†
= ωa − ωµ − ωp + Ψ̃0 Ua Ψ̃0 ψ̃a0 − ψ̃a
2
³
´
gb
†
= ωb − ωµ + Ψ̃0 Ub Ψ̃0 ψ̃b0 − ψ̃b
2
³
´
gc
†
= ωc − ωp + Ψ̃0 Uc Ψ̃0 ψ̃c0 − ψ̃c .
2

(7.3a)
(7.3b)
(7.3c)
(7.3d)
(7.3e)
(7.3f)

We have assumed that these amplitudes are normalized to 1:
X

|ψ̃` (t)|2 +

`=a,b,c

X

|ψ̃` (t)|2 = 1

`=a0 ,b0 ,c0

In Eqs. 7.3, we have incorporated the ground state energies of atoms in the
wells,

Z
(k)

(k)

d3 r[u` (r)]∗ [−~2 ∇2 /2m + V` (r)]u` (r),
into the definition of the atomic energy levels, ω` . The laser driven couplings between
levels are moderated by their complex Rabi frequencies, as defined by Eq. 3.12,

~Ωp = |℘ab |Ep (r, t) cos θp

~Ωµ = |℘ac |Eµ (r, t) cos θµ .

(3.12)

Once again, θp and θµ are the angles between the respective dipole moments and wave
polarizations. We take θp = θµ = 0. The phases, φp and φµ , are those of the dot
products ℘ab · qp and ℘ab · qµ , defined so that ~Ωp e−iφp = ℘ab · qp Ep (and likewise for
the control Rabi frequency).
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In principle, each of the atomic levels is subject to a different coupling constant
for the tunneling between wells. We denote these couplings by
Z
~g` /2 = −

(L)

(R)

d3 r[u` (r)]∗ [−~2 ∇2 /2m + V` (r)]u` (r).

Compare these to the Josephson energy in section 4.3, Eq. 4.19. The two-body
interactions are denoted by a rank 3 tensor, Uijk , defined by:




0
Uia 0


,
Ui = 
0
U
0
ib




0
0 Uic

(7.4)

where the index i runs likewise over a, b, and c. The elements
Z
Uij = (4π~aij N/m)

(k)

(k)

d3 r|ui (r)|2 |uj (r)|2

represent the interaction strength (in units s−1 ) between states |ii and |ji in the same
well in terms of the s-wave scattering length between the two states, aij . Since the
wells are space-like separated and the pseudopotential interaction is a δ function, we
can neglect two body interactions between the wells.
7.2

A solution for the linear response of the right well

As in the atomic systems we have already considered, the absorptive and dispersive
properties of the medium with respect to the probe are given by the linear susceptibility, χ(1) , which we can derive from the coherence between states |ai and |bi. To
proceed further we must introduce the density matrix ρ, defined as the outer product
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of the probability amplitudes,
ρ = (Ψ, Ψ0 )(Ψ, Ψ0 )† .

(7.5)

For the sake of clarity we note that (Ψ, Ψ0 ) = (ψa , ψb , ψc , ψa0 , ψb0 , ψc0 ). By the product
rule, we arrive at the rate of change of the density matrix:
∂ρ
∂(Ψ̃, Ψ̃0 )
∂(Ψ̃, Ψ̃0 )†
=
(Ψ̃, Ψ̃0 )† + (Ψ̃, Ψ̃0 )
.
∂t
∂t
∂t

(7.6)

We can incorporate decay by the same methods discussed in chapter 5. Extending
our notation, we write the density matrix in the rotating frame defined in equation
Eq. 7.2 as ρ̃. Extracting the equation of motion for ρ̃ab , we find:

i

∂ ρ̃ab
Ωp −iφab
(ρ̃aa − ρ̃bb )
= (∆p − iγab + Ψ̃† (Ua − Ub )Ψ̃)ρ̃ab +
e
∂t
2
Ωµ −iφac
gb
ga
−
e
ρ̃cb + ρ̃ab0 − ρ̃a0 b ,
2
2
2

(7.7)

where we have defined the probe’s detuning from the |ai ↔ |bi transition, ∆p =
ωa − ωb − ωp . Note that Eq. 7.7 is quite similar to the equations of motion for ρ̃ab
derived in chapter 5. It differs only in that now there is a mean energy difference rather
than a rf field frequency in the coefficient for ρ̃ab , and we have a term corresponding
to the coupling between |bi and |a0 i.
Eq. 7.7 depends on five additional, mutually dependent linked differential
equations, each of which is likewise coupled to other terms in the density matrix.
The situation is in fact more complicated than in the base DIGS system because of
couplings to the additional state, |a0 i. But we are once again only interested in the
linear susceptibility for the probe field, and so we may solve the resulting coupled
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system of equations to first order in the strength of the probe field Ep . In analogy to
chapter 6, we assume that initially all of the atoms are in the two states |bi and |b0 i.
As a result, up to order Ω2p , we have ρ̃aa = ρ̃a0 a0 = ρ̃aa0 = ρ̃a0 a = 0. Additionally, |ci
only develops population at order Ω2p Ω2µ in perturbation theory and therefore to first
order in the probe laser, ρ̃cc = ρ̃c0 c0 = ρ̃ac = ρ̃a0 c = ρ̃ac0 = ρ̃a0 c0 = ρ̃cc0 = ρ̃c0 c = 0. The
only terms in the density matrix that are non-zero to zeroth order in the probe are
ρ̃bb , ρ̃b0 b0 , ρ̃b0 b and ρ̃bb0 while to first order in the probe ρ̃ab , ρ̃a0 b , ρ̃a0 b0 , ρ̃ab0 , ρ̃cb , ρ̃c0 b , ρ̃cb0 ,
and ρ̃c0 b0 are non-zero.
As before, the control laser is assumed to be of arbitrary strength so that
we must solve the equations to all orders in Ωµ . In addition to this, we solve to
all orders in the tunneling rates g` . This is because the critical element of EIT is
the presence of coherence between the two ground states, ρcb . In the case that the
tunnel coupled states |bi and |b0 i as well as |ci and |c0 i are nearly degenerate, they
will form superposition states between the two wells that will in turn affect ρcb . It
is important to point out that our choice to include gb and gc to all orders is not at
odds with our choice to only keep terms to linear order in the probe despite the fact
that gb and gc are themselves small. The assumption of a weak probe means that
ρaa ¿ ρbb at all times. To second order in perturbation theory one can easily show
that ρaa ∼ (Ωp /γa )2 . Tunneling, meanwhile, results in finite populations for both
wells and in the case of degenerate states (including mean field interactions), there
is equal population in both wells ρbb = ρb0 b0 = 1/2. Consequently, as long as there is
finite population in |bi, the weak probe condition remains Ωp ¿ γa and is only weakly
effected by gi . Appendix 7.B gives the full solution for ρ̃aa to second order in Ωp .
In order to keep the inter-well couplings to all orders, we move to the partially
dressed state basis defined in chapter 5, suitably revised for the current system. To
simplify matters, we take γ ph = γb = γb0 = γc = γc0 = 0, which is a reasonable

147
approximation because the decay rates for atoms in a BEC are given by the lifetime
of the condensate, which is much longer than all other time scales in this problem.
We keep the decay from the excited electronic state, γa = γa0 6= 0, which is due
to spontaneous emission. For the current system, the effective Hamiltonian for the
{|bi, |b0 i} subspace can be written as a sum of its diagonal and traceless parts:


¶
1
~  δbb0 −gb 
†
= ~ ωb − ωµ + (Ψ̃† Ub Ψ̃ + Ψ̃0 Ub Ψ̃0 ) I + 
,
2
2 −g −δ 0
b
bb
µ

Hbb0

(7.8)

†

where δbb0 = Ψ̃† Ub Ψ̃ − Ψ̃0 Ub Ψ̃0 is the energy difference between the corresponding
states in each well. Note that these mean field differences appear in place of the
photon detunings in chapters 5, 6, and 8. In the case that ρbb = ρb0 b0 , δbb0 = 0. If
the wells are initially prepared with equal population in both of them, then δbb0 = 0
initially and will remain zero since the eigenstates of Hbb0 have equal probability to
be |bi and |b0 i in this case.
In general, when the populations between the wells are not equal, δbb0 and δcc0
will depend nonlinearly on the populations of the wells. However, if we work near
a Feshbach resonance, the interactions can be treated linearly. Then we can treat
general “detunings.” In this case, the matrix diagonalizing Hbb0 will once again be a
member of SO(2). The angles of the rotation are now given by,
³
cos θb =
³
sin θb =
gbeff =

1−δbb0 /gbeff
2
1+δbb0 /gbeff
2

p

´1/2
´1/2

2
2
δbb
0 + gb .

(7.9a)
(7.9b)
(7.9c)

Under this transformation, we find dressed states |Bi and |B 0 i whose probability
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amplitudes can be written in terms of the bare states and the angle of rotation θb :

ψ̃B = cos θb ψ̃b + sin θb ψ̃b0

(7.10a)

ψ̃B 0 = − sin θb ψ̃b + cos θb ψ̃b0

(7.10b)

Identical reasoning applies for the {|ci, |c0 i} subspace leading to the dressed states
{|Ci, |C 0 i}. Note that these dressed states are in a coherent superposition of spatially
delocalized states.
Combining these transformations, we arrive at the full transformation from the
bare basis {|ai, |bi, |ci, |a0 i, |b0 i, |c0 i} to the dressed basis {|ai, |Bi, |Ci, |a0 i, |B 0 i, |C 0 i},




0
0
1

0 cos θ
0
b



0
0
cos θc
D=

0
0
0


0 − sin θ
0
b


0
0
− sin θc

0

0

0 sin θb
0

0

1

0

0 cos θb
0

0

0 

0 



sin θc 
.

0 


0 


cos θc

(7.11)

The Gross-Pitaevskii equations rewritten in this dressed basis are given in appendix
7.A.
The transformation for the density matrix from the original basis, ρ̃, to the
dressed basis is ρ̃d = Dρ̃D† . In terms of the dressed states, the coherence ρ̃ab is given
by
ρ̃ab = cos θb ρ̃aB − sin θb ρ̃aB 0 .

(7.12)

Our assumption that all atoms are initially in some combination of {|bi, |b0 i}, implies
that in the dressed basis the terms ρBB , ρB 0 B 0 , and ρB 0 B = (ρBB 0 )∗ are in general
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non-zero to zeroth order in the probe. Beginning with these and keeping only terms
to first order in Ωp , we arrive at two decoupled systems of four (as opposed to three,
as in the previous chapter) equations each:
µ
¶
gbeff 1
Ωµ −iφac
∆p +
− Ubb + Uab − iγab ρ̃aB −
e
(cos θc ρ̃CB − sin θc ρ̃C 0 B )
2
2
2
Ωp −iφab
ga
−
e
(cos θb ρ̃BB − sin θb ρ̃B 0 B ) − ρ̃a0 B
(7.13a)
2
2
µ
¶
gbeff gceff 1
1
Ωµ iφac
= ∆p − ∆µ +
−
+ Ucb − Ubb ρ̃CB −
e
cos θc ρ̃aB (7.13b)
2
2
2
2
2
µ
¶
gbeff gceff 1
1
Ωµ iφac
= ∆p − ∆µ +
+
+ Ucb − Ubb ρ̃C 0 B +
e
sin θc ρ̃aB (7.13c)
2
2
2
2
2
µ
¶
gbeff 1
ga
= ∆p +
− Ubb + Uab − iγab ρ̃a0 B − ρ̃aB ;
(7.13d)
2
2
2

∂ ρ̃aB
i
=
∂t

∂ ρ̃CB
∂t
∂ ρ̃C 0 B
i
∂t
∂ ρ̃a0 B
i
∂t
i

and likewise

i

∂ ρ̃CB 0
∂t

∂ ρ̃C 0 B 0
i
=
∂t

i

µ

¶
gbeff 1
Ωµ −iφac
− Ubb + Uab − iγab ρ̃aB 0 −
e
∆p −
(cos θc ρ̃CB 0 − sin θc ρ̃C 0 B 0 )
2
2
2
Ωp −iφab
ga
(sin θb ρ̃B 0 B 0 − cos θb ρ̃BB 0 ) − ρ̃a0 B 0
e
+
(7.14a)
2
2
µ
¶
gbeff gceff 1
1
Ωµ iφac
= ∆p − ∆µ −
−
+ Ucb − Ubb ρ̃CB 0 −
e
cos θc ρ̃aB 0
2
2
2
2
2

∂ ρ̃aB 0
=
i
∂t

∂ ρ̃a0 B 0
=
∂t

µ

(7.14b)

¶

gbeff gceff 1
1
Ωµ iφac
∆p − ∆µ −
+
+ Ucb − Ubb ρ̃C 0 B 0 +
e
sin θc ρ̃aB 0
2
2
2
2
2

µ

(7.14c)

¶

∆p −

gbeff 1
ga
− Ubb + Uab − iγab ρ̃a0 B 0 − ρ̃aB 0 .
2
2
2

(7.14d)

where the control laser detuning is ∆µ = ωa − ωc − ωµ .
At this point we assume that the zeroth order populations in the dressed states
(0)

are non-zero and controlled by a tunable parameter, ϕ, such that ρ̃BB = cos2 (θb − ϕ)
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(0)

and ρ̃B 0 B 0 = sin2 (θb − ϕ). At the same time, we assume that coherences between the
(0)

(0)

dressed states are initially zero, ρ̃B 0 B = ρ̃BB 0 = 0. This is a reasonable assumption
since if the atoms are specifically prepared at some time in the past in the dressed
states or simply allowed to equilibrate to the eigenstates of the double well, then
any coherences between the dressed states would be destroyed before the experiment
by even a small amount of decoherence (as we saw in chapter 6. See Eq. 6.1 and
surrounding discussion). The effect of initial coherences between dressed states on
the transient probe absorption spectrum in a three level system has been considered
before [67] and shown to give rise to temporal oscillations in the absorption coefficient
similar to optical nutation.
We solve Eqs. 7.13 and 7.14 by the same method as in chapter 6. The general
form of the analytic solution is quite complicated and is given in appendix 7.B.
7.3

Optical properties of the right well in the degenerate energy case

We can once again use the reduced susceptibility, Eq. 3.26 to explore the optical
properties of the system. Now, however, we have
σ(r) = [ua (r)]∗ ub (r)V,

(7.15)

where V is the volume of the condensate. That is, the density profile of the system is
now determined by the wave functions in each well. The simplest case to consider is
when the dressed state mixing angles are θb = θc = π/4, corresponding to symmetric
and antisymmetric superpositions between the two wells. This occurs when δbb0 =
δcc0 = 0 or equivalently when ρbb = ρb0 b0 . (This case is analogous to the one we
studied in chapter 6.) In this case the solution simplifies considerably.
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The reduced susceptibility is now,
µ

((2∆µ − 2∆p + gb )2 − gc2 ) (2∆p + gb − 2iγab )(1 − sin 2ϕ)
Z+
¶
((2∆µ − 2∆p − gb )2 − gc2 ) (2∆p − gb − 2iγab )(1 + sin 2ϕ)
+
Z−

χ̃(∆p ) = γab

(7.16)

where
¡
¢¡
¢
Z± = (2∆µ − 2∆p ± gb )2 − gc2 (2∆p ∓ gb − 2iγab )2 − ga2
+ (2∆µ − 2∆p ± gb )(2∆p ∓ gb − 2iγab )Ω2µ
Note that here we have redefined the probe and control laser detunings to include the
mean field energy shifts, ∆p +Uab → ∆p and ∆µ +Uab → ∆µ . Eq. 7.16 differs from the
equivalent solution in chapter 6, Eq. 6.4, in two ways. One, we have neglected ground
state decoherence in the current solution, because in a BEC, decoherence effects are
much smaller than in, say, a hot vapor. Secondly, we now have the coupling between
|ai and |a0 i, ga , which appears only to second order, in the denominator.
Further analysis requires us to estimate the values for the important variables
in the problem. Typical tunneling times were on the order of 10ms, as reported by
Albiez et al. [3], while more recent experiments achieved tunnel couplings between the
wells as high 7900Hz [35]. We therefore assume that 1kHz is a reasonable estimate for
the coupling strength between two wells of a BEC. Therefore, unless stated otherwise,
we will use the values gi = 103 s−1 , which yields gi = 10−4 γa (based on the discussion
in chapter 5). Examples of the real and imaginary parts of the susceptibility are
shown in Figs. 7.2 and 7.3 for ∆µ = 0 while Figs. 7.5 and 7.6 display the spectrum’s
dependence on the tunneling parameters.
We see that the presence of the second well manifests itself as the two ultranar-
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Figure 7.2: The full EIT spectrum of the system near the |ai−|bi resonance. Note the
similarity to Fig. 6.1. The Im(χ̃(1) ) is plotted as a dotted line, and Re(χ̃(1) ) as a solid
line. Note the two additional features, symmetrically located around zero detuning,
at ±gb /2, with equal amplitude for ϕ = 0. In this plot we have taken gb = gc = γab /10
(≈ 500kHz) to emphasize the modifications to the standard EIT spectrum. Given
more physically realistic parameters, the features would be considerably narrower and
closer together. Cf. Figs. 7.3, 7.5, and 7.6. Note that here and in subsequent figures
Ωµ = γa = 2γab .
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Figure 7.3: Close-up of the positive detuning narrow absorption peak corresponding
to the presence of the second well. As in the previous figure, Im(χ̃(1) ) is plotted as
a dotted line, and Re(χ̃(1) ) as a solid line. Note that to either side of the absorption
peak, the real part of the linear susceptibility is rapidly changing, whereas the absorption goes to zero still more quickly. In this plot, gb = gc = (2γab ) × 10−4 , which
we estimate as a reasonable upper bound for the coupling between wells (see text).
Here ϕ = 0.
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row resonances located inside of the EIT transparency window, characteristic of the
DIGS configuration. When δbb0 = 0, the new resonances are symmetrically located
about ∆p = 0 at the locations ±gb /2. In general the location of these resonances is
∆p = ±gbeff /2 and for Ωµ , γab À gb , gc their shape is approximately Lorentzian with a
full width at half max of

µ
Γ=2

gc
Ωµ

¶2
γab ,

(7.17)

just as one would expect from a DIGS system in which the dephasing has vanished.
These new features can be explained along the same lines as in the previous
chapter, where now the dressed states are due to superpositions of space-like separated
atoms. See Fig. 6.3 and the surrounding discussion, substituting gc for Ωc , and gb for
Ωb . To first order in the probe, |a0 i can be neglected altogether. One qualitatively new
feature of the current solution is that we have included the possibility of differently
weighted symmetric and antisymmetric superpositions of the {|bi, |b0 i} manifold.2
Figure 7.4 shows the two ultranarrow resonances as a function of ϕ, which controls
(0)

the relative population in the dressed states such that for ϕ = π/4, ρBB = 1 while
(0)

for ϕ = 3π/4, ρB 0 B 0 = 1. We also plot the dependence of the features on gc and gb , in
Figs. 7.5 and 7.6 respectively, for realistic tunneling frequencies.
The consequences of the features for group velocity control are the same as
in the chapter 6, though now the width of the features is limited by the coupling
between wells. In the vicinity of these resonances the dispersion is extremely large
and, to either side of the peak, there is a region of width ≈ gc /2 in which the dispersion
is 10 times greater than in standard EIT while within a region of width ≈ gc /8, the
dispersion is amplified by a factor of 100. The absorption, meanwhile, drops to below
1% within an order of magnitude of the feature’s width—2(gc /Ωµ )2 γab —from the
2

Recall that this analysis required us to take Ubb0 ≈ 0 so that the “detuning” was linear. ϕ then
represents the case where the energies of the wells are not exactly equal.
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j
Figure 7.4: Im(χ̃(1) ) for gb = gc = (2γab ) × 10−4 as a function of ϕ. One can see that
the amplitude of each resonance is proportional to the initial population in |Bi and
|B 0 i.
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Figure 7.5: Im(χ̃(1) ), which is proportional to the probe absorption coefficient, plotted
near the positive detuning resonance. Here ϕ = 0, gb = (2γab ) × 10−4 is fixed, and
gc is varied, to demonstrate how gc moderates the width of the tunneling induced
resonances. See Fig. 7.3 for a cross-section of this plot at gc = 1kHz.
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Figure 7.6: Im(χ̃(1) ) but now gb is varied, keeping gc = (2γab ) × 10−4 fixed along with
ϕ = 0. gb moderates the distance between the peaks. As gb goes to zero, the peaks
merge to create a single narrow peak at the origin.
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center of the resonance, and is negligible within the regions of interest. Using our
approximation of gc ≈ 1kHz, we find there is a region, to either side of the peaks, of
width O(1kHz) in which the absorption is negligible (. .001%) and the dispersion is
≈ 10 times greater than in standard EIT with a control laser of the same strength;
similarly there is a region of width O(100Hz) in which the dispersion is ≈ 100 times
greater than standard EIT, again with negligible absorption (likewise . .001%).
7.4

Experimental considerations

First, note that the current system requires only three level atoms; the additional
couplings are between the two wells. As a result, any atomic levels which are appropriate for EIT in a BEC are also appropriate for the current system, in a double well
configuration. For instance, one might simply adapt the experiment involving

87

Rb

reported in Hau et al. [43].
This system presents some experimental challenges, however. The regions in
which dispersion is especially high in this system are on the order of gc or smaller,
begging the question of their experimental accessibility using readily available equipment. We propose two solutions. The first follows a recent paper by Kaltenhäuser
et al. [50]. In their experiment, only a σ + polarized probe couples the initial state
of the atoms to the same excited state as the control laser. On the other hand, a
σ − polarized probe couples off-resonantly to other excited states that are unaffected
by the control laser. By mixing a small amount of σ − polarized light into their otherwise σ + polarized probe beam, they simultaneously measured the absorption and
dispersion of the EIT system by examining the interference pattern between the σ +
and σ − polarized components of the probe. They report observing features as narrow as 4kHz in the Re(χ̃(1) ). This experiment was the first to test EIT in optically
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trapped cold atoms; since we are considering optically trapped ultracold atoms, it is
of particular relevance. Performing a similar experiment with a system prepared as
described in this paper would test our predictions for the modified absorption and
dispersion arising from the presence of the second well.
To directly observe the low group velocity that follows from our predictions
would require lasers with line widths small relative to the frequency window in which
the dispersion is large. Though such lasers are not readily available commercially,
several groups have reported performing spectroscopic experiments within the range
of interest. As early as 1999, for instance, Young et al. at NIST were able to achieve
sub-hertz width lasers, albeit with nontrivial active stabilization [119]. More recently,
using a a 657-nm diode laser with a femtosecond comb, a collaboration at NIST and
LANL performed kHz-resolution spectroscopy on cold neutral calcium [30]. And so,
the next generation of lasers could take full advantage of the high-dispersion regime
exhibited by our double well system.
Finally we would like to comment on the approximations made in our model
of a double well BEC that could affect the experimental feasibility of our proposal.
The major assumption made is that the spatial profile of the condensate is fixed.
(L/R)

This means that the ground state wave functions u`

(r) are unchanging and also

that there are no excitations of the condensate. Similar ‘two-mode’ models for a
double well BEC have been successfully used to obtain quantitative agreement with
experiment [5, 35, 34].
(L/R)

In the limit of small nonlinear interactions between atoms, u`

(r) are the

single particle wave functions, Gaussians in the case of our harmonic potential. The
shape of these wave functions are not affected by the population in the wells. How(L/R)

ever, in the limit of large nonlinear interactions, u`

(r) are best approximated by

Thomas-Fermi wave functions and therefore will only remain the same if the num-
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ber of atoms in each well does not change with time. This is implicit in our choice
of initial conditions and a weak probe field that does not significantly excite |ai.
Furthermore, the dynamics of |ai are dictated by the laser coupling, which is faster
than the time needed for atoms in |ai to equilibrate in the potential. Atoms excited
from |bi to |ai will not have time to equilibrate in the new potential and therefore
(L/R)

ua

(L/R)

(r) = ub

(r) implying that σ(r) is maximal: [ua (r)]∗ ub (r) → |ub (r)|2 .

The second issue is that of excitations of the condensate. Transverse excitations
can easily be avoided by using tight confinement in the x and y directions (ωx , ωy >
103 s−1 ). However, since we want to maximize the optical thickness of the wells
along the z direction, we must have very weak confinement along this axis, implying
that excitations along this direction could readily occur. These long wavelength
excitations should have a negligible impact for two reasons. First, the measured signal
is proportional to the integral of the condensate density in the z-direction. Even if
there are local spatial variations of the density in the z-direction, those variations
would be averaged out in the integration.
Secondly, the trapping frequency along the z-axis will be at least one to two
orders of magnitude smaller than in the x and y directions (ωz ≈ 10s−1 −100s−1 ). The
momentum distribution of such elongated quasi-1D condensates has been measured
experimentally using Bragg spectroscopy [88] and showed to have a momentum distribution in the axial direction ranging from 50Hz to 500Hz for temperatures ranging
from T = 0.25TC to T = 0.9TC and trapping potentials ωx = ωy = 4700s−1 and
ωz = 30s−1 (TC is the critical temperature for Bose-Einstein condensation). Since
experiments have already been performed with interwell tunnel couplings as high as
7900Hz [35], this would imply that at low temperatures the separation between the ultranarrow resonances would be more than 100 times greater than the inhomogeneous
broadening in the z-direction. Additionally we can point to the work by Gati et al.
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[35] that measured the effect of thermal excitations in a double well BEC Josephson
junction. This work showed that the loss of inter-well phase coherence due to thermal excitations was negligible when the tunnel coupling energy was much larger than
the thermal energy, kB T . Therefore we conclude that for T ¿ TC , inhomogeneous
broadening due to excitations will be sufficiently small as to not affect our results.
7.A

The full Gross-Pitaevskii equations in the semi-dressed basis

Here we first present the Gross-Pitaevskii equations in terms of the dressed states of
the subspaces {|bi, |b0 i} and {|ci, |c0 i}
´
´
∂ ψ̃a ³
Ωp −iφab ³
†
i
= ωa − ωp − ωµ + Ψ̃ Ua Ψ̃ ψ̃a −
e
cos θb ψ̃B − sin θb ψ̃B 0
∂t
2
´ g
Ωµ −iφac ³
a
e
cos θc ψ̃C − sin θc ψ̃C 0 − ψ̃a0
−
2
2
µ
¶
eff
∂ ψ̃B
gb
1 †
Ωp iφab
†
0
0
i
= ωb − ωµ −
+ (Ψ̃ Ub Ψ̃ + Ψ̃ Ub Ψ̃ ) ψ̃B −
e
cos θb ψ̃a
∂t
2
2
2
µ
¶
gceff 1 †
∂ ψ̃C
Ωµ iφac
†
= ωc − ωp −
+ (Ψ̃ Uc Ψ̃ + Ψ̃0 Uc Ψ̃0 ) ψ̃C −
e
cos θc ψ̃a
i
∂t
2
2
2
³
´
∂ ψ̃a0
ga
†
= ωa − ωµ − ωp + Ψ̃0 Ua Ψ̃0 ψ̃a0 − ψ̃a
i
∂t
2
µ
¶
eff
∂ ψ̃B 0
gb
1 †
Ωp iφab
†
0
0
sin θb ψ̃a
i
= ωb − ωµ +
+ (Ψ̃ Ub Ψ̃ + Ψ̃ Ub Ψ̃ ) ψ̃B 0 +
e
∂t
2
2
2
µ
¶
∂ ψ̃C 0
gceff 1 †
Ωµ iφac
†
i
= ωc − ωp +
+ (Ψ̃ Uc Ψ̃ + Ψ̃0 Uc Ψ̃0 ) ψ̃C 0 +
e
sin θc ψ̃a .
∂t
2
2
2

(7.18a)
(7.18b)
(7.18c)
(7.18d)
(7.18e)
(7.18f)

The rotation angle θb and gbeff are defined in the text. The transformation to the
dressed state basis {|Ci, |C 0 i} from {|ci, |c0 i} is defined in the same manner as Eq.
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(10) with the rotation angles and dressed state energies explicitly given by
³
cos θc =
³
sin θc =
gceff =

1−δcc0 /gceff
2
1+δcc0 /gceff
2

p

´1/2
´1/2

2
2
δcc
0 + gc .

(7.19a)
(7.19b)
(7.19c)

³
´
†
and δcc0 = Ψ̃† Uc Ψ̃ − Ψ̃0 Uc Ψ̃0 .
7.B

General solutions for ρ̃ab and ρ̃aa

The general solution for the coherence ρ̃ab is given by the steady state solution of Eqs.
7.13 and 7.14 combined with Eq. 7.12. The general form of the steady state ρ̃ab is
then:

µ

´¡
¢2
¢
cos2 (θb − ϕ) cos2 θb ³¡
2∆µ − 2∆p − gbeff − (gceff )2 2∆p + gbeff − 2iγab
ζ−
¶
´¡
¢
¢
sin2 (θb − ϕ) sin2 θb ³¡
eff 2
eff 2
eff
+
2∆µ − 2∆p + gb
− (gc )
2∆p − gb − 2iγab
ζ+

ρ̃ab = e

−iφab

Ωp

(7.20)
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while the population in |ai to second order in the probe field is:
µµ 2
´¡
¢2
¢
iΩ2p
cos (θb − ϕ) cos2 θb ³¡
ρ̃aa =
2∆µ − 2∆p − gbeff − (gceff )2 2∆p + gbeff − 2iγab
γa
ζ−
¶
´¡
¢
¢
sin2 (θb − ϕ) sin2 θb ³¡
eff 2
eff 2
eff
+
2∆µ − 2∆p + gb
− (gc )
2∆p − gb − 2iγab
ζ+
µ 2
´¡
¢
¢
cos (θb − ϕ) cos2 θb ³¡
eff 2
eff 2
−
2∆
−
2∆
−
g
−
(g
)
2∆p + gbeff + 2iγab
µ
p
b
c
∗
ζ−
¶¶
´¡
2
¢
¢
sin (θb − ϕ) sin2 θb ³¡
eff 2
eff 2
eff
+
2∆µ − 2∆p + gb
− (gc )
2∆p − gb + 2iγab
ζ+∗
(7.21)
Here we have defined

ζ± =

³¡

2∆µ − 2∆p ±

¢2
gbeff

−

(gceff )2

´ ³¡

2∆p ∓

gbeff

− 2iγab

¢2

¡
¢
+ 2∆p ∓ gbeff − 2iγab (2∆µ − 2∆p ± gb − gc cos(2θc )) Ω2µ

−

ga2

´
(7.22)

We have simplified equations (7.20) through (7.22) by making the substitutions ∆p −
Ubb
2

+ Uab → ∆p and ∆µ −

Ucb
2

+ Uab → ∆µ .

164
Chapter 8
Anomalous dispersion and inversionless gain in a DIGS system

In this chapter we return to the system introduced in chapter 5 and solved in chapter 6.
Previously, we limited discussion to the case where population remained exclusively in
the {|bi, |b0 i} manifold; now, we consider what happens when population accumulates
in the {|ci, |c0 i} manifold. We discuss two models for how this might occur. One
involves direct pumping to |bi and |c0 i from some external source; the second involves
a closed system in which atoms are incoherently excited to |ai and then decay to
both ground state manifolds. In both cases, we find qualitatively similar behavior:
when the population in |c0 i exceeds the population in |bi, the absorption resonances
discussed in chapters 6 and 7 become amplification peaks, whose heights depend on
the relative populations. When the peaks become sufficiently large, the dispersion
changes sign between the peaks (see section 2.2.4 for an account of why this occurs
in general between gain peaks). We show that near zero probe detuning, one can
expect negative group velocities up to four orders of magnitude smaller (leading to a
negative group delay four orders of magnitude larger) than observed by Wang et al.
[109]. Moreover, we show that the sign of the dispersion can be continuously tuned
from normal to anomalous by varying the pumping rate.
This chapter will be organized as follows. In section 8.1, we derive analytic
solutions for ρ̃ab as a function of the pump rate for both open (section 8.1.1) and
closed (section 8.1.2) pumping configurations. We will show that in both cases the
steady state solutions involve population in |bi, |b0 i and |c0 i, with calculable ratios
dependent on the pumping rates; moreover, we will derive an expression for the linear
susceptibility that depends on the population difference between |bi(= |b0 i) and |c0 i.
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In section 8.2, we will analyze the optical response of the DIGS system with pumping.
Here, we will present an explanation and analysis of the gain lines and the anomalous
dispersion mentioned above. Finally, in section 8.3 we will consider the effects of
inhomogeneous broadening on the linear response of DIGS systems.
8.1

Solutions to the master equation

Here we present and solve the Linblad equation for the evolution of the density matrix
in both open (section 8.1.1) and closed (section 8.1.2) pumping configurations. In each
case, we are focused on finding a linear solution for ρ̃ab from which we can derive the
linear susceptibility for the probe beam in section 8.2.
8.1.1

Open pumping configuration

As mentioned in the introduction, the amplification presented here does not require
population inversion. It does require, however, that population be distributed between the ground states–specifically in {|bi, |b0 i} and|c0 i. The details of this requirement are most clearly manifest when we populate these states directly, via pumping
from unspecified external states. This is the case we consider in this section: the
ground states |bi and |c0 i are pumped from external levels; likewise, decay occurs to
external levels.
To model pumping from and decay to external states, we modify Eqs. 5.3 by
including terms to model direct inhomogeneous pumping to |bi and |c0 i, at rates rb
and rc0 respectively. We ignore pumping to |b0 i because the coupling between |bi and
|b0 i will redistribute population between these states without additional pumping; we
also ignore pumping to |ci, because the strong coupling to |ai effectively depletes |c0 i.
Moreover, the effect we are interested in only requires direct pumping to |bi and |c0 i.

166
We feel that in this case, a minimal treatment is enlightening.

i

∂ ρ̃jj
∼ irj
∂t

j = b, c0

Relaxation terms are modeled by,
∂ ρ̃jj
∼ −iγj ρjj
∂t
∂ ρ̃jk
i
∼ −iγjk ρjk
∂t
i

j 6= k

ph
is the full off-diagonal
where γj is the decay from state |ji and γjk = 12 (γj + γk ) + γjk

relaxation term.
Our strategy in what follows will be to assume that Ωp ¿ Ωb , Ωc , rb , rc0 ¿ Ωµ ,
and then use two applications of perturbation theory. First, we work at zeroth order in
Ωp /Ωµ , which essentially decouples the {|bi, |b0 i} manifold from |ai, |ci, and |c0 i. The
{|bi, |b0 i} subspace can be solved exactly at this order. The {|ai, |ci, |c0 i} subspace is
more complicated. However, under the approximations already described ρ̃c0 c0 varies
slowly relative to the other terms of the density matrix in this subspace, and so we can
assume the other terms will follow it adiabatically. Then we can solve for the other
terms to first order in Ωc /Ωµ as a function of the steady state population of |c0 i, ρ̃st
c0 c0 ,
and use these first order solutions to find a self-consistent solution for ρ̃st
c0 c0 . Finally,
we will move to the dressed basis introduced in section 5 and defined in appendix B
and solve for ρ̃ab to first order in Ωp /Ωµ using the zeroth order (in Ωp /Ωµ ) solutions
as source terms.
We assume that the control and rf fields are on resonance, so we can take
∆µ = ∆b = ∆c = 0 (a full general solution for the susceptibility with arbitrary nonzero detunings is included in appendix 8.A. The derivation is identical to the current
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case). Then, to zeroth order in Ωp /Ωµ , the equations of motion for the {|bi, |b0 i}
manifold can be written as
Ωb
∂ ρ̃bb
= irb − iγb ρ̃bb + (ρ̃bb0 − ρ̃b0 b )
∂t
2
0
0
Ωb
∂ ρ̃b b
i
= −iγb0 ρ̃b0 b0 − (ρ̃bb0 − ρ̃b0 b )
∂t
2
∂ ρ̃bb0
Ωb
i
= −γbb0 ρ̃bb0 + (ρ̃bb − ρ̃b0 b0 )
∂t
2
i

(8.1a)
(8.1b)
(8.1c)

These can be solved by writing them in the form i ∂X
= M X + A, which has a steady
∂t
state solution of X = −M −1 A. We find
rb (2γb0 γbb0 + Ω2b )
2γb γb0 γbb0 + (γb + γb0 )Ω2b
rb Ω2b
ρ̃st
=
0
0
bb
2γb γb0 γbb0 + (γb + γb0 )Ω2b
−irb γb0 Ωb
∗
= (ρ̃st
.
b0 b ) =
2γb γb0 γbb0 + (γb + γb0 )Ω2b
ρ̃st
bb =

ρ̃st
bb0

(8.2a)
(8.2b)
(8.2c)

To zeroth order in Ωp /Ωµ , our equations of motion for the {|ai, |ci, |c0 i} subspace are, first for the diagonal terms,
∂ρaa
Ωµ
= −iγa ρaa −
(ρca − ρac )
∂t
2
∂ρcc
Ωµ
Ωc
i
= −iγc ρcc +
(ρca − ρac ) + (ρcc0 − ρc0 c )
∂t
2
2
Ωc
∂ρc0 c0
= irc0 − iγc0 ρc0 c0 + (ρc0 c − ρcc0 )
i
∂t
2
i

(8.3a)
(8.3b)
(8.3c)
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and for the off-diagonal terms,
∂ ρ̃ca
Ωµ
Ωc
= −iγca ρ̃ca +
(ρ̃cc − ρ̃aa ) − ρ̃c0 a
∂t
2
2
∂ ρ̃c0 a
Ωµ
Ωc
i
= −iγc0 a ρ̃c0 a +
ρ̃c0 c − ρ̃ca
∂t
2
2
∂ ρ̃c0 c
Ωµ
Ωc
i
= −iγc0 c ρ̃c0 c +
ρ̃c0 a + (ρ̃c0 c0 − ρ̃cc )
∂t
2
2
i

(8.3d)
(8.3e)
(8.3f)

We assume that Ωµ , γa À Ωc , rc0 , γc , γc0 . With these assumptions, it is clear
that all of the equations of motion, except the one governing ρ̃c0 c0 , are dominated by
the terms proportional to Ωµ and γa . This is our justification for the claim that ρ̃c0 c0
varies slowly relative to the other terms in this subspace, and that therefore ρ̃c0 c0 can
be treated as a constant with respect to the other equations of motion.
To zeroth order in Ωc /Ωµ , we have two decoupled systems of homogeneous
equations, decoupled from the pumping terms. The steady state occurs only when
(0)

(0)

(0)

(0)

(0)

ρ̃c0 a = ρ̃c0 c = ρ̃aa = ρ̃cc = ρ̃ca = 0. Physically, this makes sense, since the system is
(1)

non-conservative and there is no external pumping. To first order in Ωc /Ωµ , ρ̃aa =
(1)

(1)

ρ̃cc = ρ̃ca = 0 again, since the equations of motion are unchanged at this order. The
second system, however, now leads to non-zero steady state values. These are
(1)

−Ωc Ωµ
4γc0 c γc0 a + Ω2µ
−2iγc0 a Ωc
= ρ̃st
c0 c0
4γc0 c γc0 a + Ω2µ

ρ̃c0 a = ρ̃st
c0 c0
(1)

ρ̃c0 c

(8.4)
(8.5)

This linear solution is sufficient to reproduce the effect that we are interested in.
Taking the first order solutions as the steady states, we can solve self-consistently for
ρ̃st
c0 c0 . We find
ρ̃st
c0 c0 = µ

rc0
(

)

2Ω2c 4γc0 c γc20 a +γc0 a Ω2µ
16γc20 c γc20 a +8γc0 a γc0 c Ω2µ +Ω4µ

¶.
+ γc0

(8.6)

169
We are now very nearly in a position to solve for ρ̃ab to first order in Ωp /Ωµ .
We move now to the dressed basis defined in section 5.2. The assumptions already
eff
stated, ∆b = ∆c = 0, imply that Ωeff
b = Ωb , Ωc = Ωc , and θb = θc = π/4. In order

to incorporate decay, we assume that γab ≈ γab0 . This is reasonable, supposing both
expressions will be dominated by γa . Moreover, we make the assumptions regarding
decoherence described in section 5.3. Additionally, we assume that γcc0 , γbb0 , γC , γC 0 ¿
Ω2µ , as would occur, say, in a cold atomic gas, or in a hot gas with a buffer gas present.
(1)

We already have that ρ̃aa = 0; moreover, under these new assumptions,
(1)

ρ̃c0 a = − ΩΩµc ρ̃st
c0 c0 , which gives that in the semi-dressed basis, ρ̃C 0 a = ρ̃Ca = −
Meanwhile, ρ̃bb ≈ ρ̃b0 b0 ≈

rb
γb +γb0

and ρ̃bb0 ≈

invariant, and so ρ̃BB ≈ ρ̃B 0 B 0 ≈

rb
γb +γb0

−irb γb0
.
(γb +γb0 )Ωb

√
2 Ωc st
ρ̃ .
2 Ωµ c0 c0

The diagonalization leaves these

and ρ̃BB 0 = (ρ̃B 0 B )∗ ≈

−irb γb0
.
(γb +γb0 )Ωb

Taking these

together, we find steady state solutions
√
ρ̃aB =

¡
¢¢
2Ωp ¡
PB (2iγC − 2∆p − Ωb ) (2iγC 0 − 2∆p − Ωb ) + Ω2c ρ̃st
c0 c0 − PB
2ζ+

(8.7)

and
√
ρ̃aB 0 = −

¡
¢¢
2Ωp ¡
PB (2iγC − 2∆p + Ωb ) (2iγC 0 − 2∆p + Ωb ) + Ω2c ρ̃st
(8.8)
c 0 c 0 − PB
2ζ−

where
¡
¢
ζ± = Ω2µ (2iγC 0 − 2∆p ∓ Ωb ) − (2iγab − 2∆p ∓ Ωb ) (iγC + iγC 0 − 2∆p ∓ Ωb )2 − Ω2c
and where we have defined PB =

rb (Ωb −iγb0 )
(γb +γb0 )Ωb

(for a general definition of PB , see

appendix 8.A). Meanwhile, to be consistent with the other approximations made
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thus far we should note that ρ̃st
c0 c0 simplifies to
ρ̃st
c0 c0 =

rc0 Ω2µ
.
2γc0 a Ω2c + γc0 Ω2µ

ρ̃ab can be found simply from Eqs. 8.7 and 8.8 via the relation ρ̃ab =
8.1.2

(8.9)
√

2
2

(ρ̃aB − ρ̃aB 0 ).

Closed pumping configuration

We chose to present the closed pumping configuration first because we feel it distills
the important parts of the dynamics: as we will argue in section 8.2, population
in two ground states, |bi and |c0 i is sufficient to produce amplification of the probe
beam. Thus the essential physics of the system is already present in Eqs. 8.7 and
8.8. However, the theoretical literature on double dark states has tended to focus on
closed systems. For completeness, we will now present a more theoretically natural
case, in which atoms are pumped directly from |bi to |ai, from which they decay to
|bi, |ci, and |c0 i. A direct benefit of this calculation is that it shows that there is a
closed steady state in which population is in {|bi, |b0 i} and |c0 i. In the appropriate
limit (Ωb → 0), the solution presented here is an analytic solution for the system
described numerically in, for instance, Mahmoudi et al. [71].
In the closed pumping case, atoms are pumped from |bi to |ai, and decay is
internal to the atom. We assume that the ground states are stable for the purposes of
the current calculation. To satisfy optical selection criteria, |ai is assumed to decay
only to |bi, |ci, and |c0 i, with branching ratios αb , αc , and αc0 respectively. Since a
non-zero value of ρ̃st
c0 c0 is necessary, it is crucial that αc0 6= 0. The base equations of
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motion, Eq. 5.3, now have contributions
∂ ρ̃aa
∂t
∂ ρ̃bb
i
∂t
∂ ρ̃cc
i
∂t
∂ ρ̃c0 c0
i
∂t
i

∼ −i(γa + r)ρ̃aa + irρ̃bb

(8.10a)

∼ i(αb γa + r)ρ̃aa − irρ̃bb

(8.10b)

∼ iαc γa ρ̃aa

(8.10c)

∼ iαc0 γa ρ̃aa .

(8.10d)

The off-diagonal relaxation rates are unchanged from the open pumping case, except
that now γb = γb0 = γc = γc0 = 0.
Our strategy here will be the same as in the open pumping case. To zeroth
order in Ωp /Ωµ , however, the two subsystems of the previous case no longer decouple.
But we can again make an observation about the time scales in the problem that will
permit some simplification. As before, we assume that Ωµ À Ωb , Ωc À r; moreover,
we take γa to be sufficiently less that Ωµ for it to be the case that αi γa is about an
order of magnitude smaller than Ωµ . These considerations allow us to assume that
ρ̃bb , ρ̃b0 b0 , ρ̃bb0 , and ρ̃c0 c0 vary slowly relative to the other elements. We can thus assume
that the rapidly varying ones follow these adiabatically. We again work perturbatively
in Ωp /Ωµ , and solve for ρ̃ac0 and ρ̃c0 c . Now, however, ρ̃bb and ρ̃c0 c0 depend on ρ̃aa , and
so to find a self-consistent second order solution for the slowly varying populations,
we require a second order perturbative solution for the rapidly varying populations.
We again work under the assumption that the control and rf field detunings
vanish. First consider the {|bi, |b0 i} subspace. The equation of motion for ρ̃b0 b0 is
given by
i

∂ ρ̃b0 b0
Ωb
= − (ρ̃bb0 − ρ̃b0 b ).
∂t
2

(8.11)

In the steady state, the left hand side of this equation vanishes, and so the right hand
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st
side must as well. Thus, ρ̃st
b0 b − ρ̃bb0 = 0. Likewise, we have

i

∂(ρ̃b0 b − ρ̃bb0 )
= −iγb0 b (ρ̃b0 b − ρ̃bb0 ) + Ωb (ρ̃b0 b0 − ρ̃bb )
∂t

(8.12)

Again, the left hand side vanishes in the steady state. But the first term of the right
st
hand side also vanishes, and so we find ρ̃st
bb = ρ̃b0 b0 .

We can solve for the rapidly varying terms perturbatively in Ωc /Ωµ . To zeroth
order, we again find two sets of decoupled equations. The ones describing ρ̃ac0 and ρ̃cc0
are homogeneous and decoupled from the pumping at this order, and so they vanish.
The second system now has an inhomogeneous term, ρ̃st
bb . We find,
∂ ρ̃aa
Ωµ
= −i(γa + r)ρ̃aa + irρ̃st
(ρ̃ca − ρ̃ac )
bb −
∂t
2
∂ ρ̃cc
Ωµ
i
= iαc γa ρ̃aa +
(ρ̃ca − ρ̃ac )
∂t
2
Ωµ
∂ ρ̃ca
= −iγca ρ̃ca +
(ρ̃cc − ρ̃aa )
i
∂t
2

i

(8.13a)
(8.13b)
(8.13c)

These have a steady state solution of
µ

ρ̃(0)
aa
ρ̃(0)
cc
ρ̃(0)
ca

¶
r
= ρ̃bb
r + (1 − αc )γa
¶
µ
2
r(2αc γa γca
+ γca Ω2µ )
= ρ̃bb
(r + (1 − αc )γa )γca Ω2µ
¶
µ
rαc γa − iγca
= ρ̃bb
(r + (1 − αc )γa )γca Ωµ

(8.14a)
(8.14b)
(8.14c)

To first order, the equations of motion for ρ̃aa , ρ̃cc , and ρ̃ca are unchanged,
as the density matrix elements proportional to Ωc are zero to zeroth order. The
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equations for ρ̃c0 a and ρ̃c0 c , meanwhile, become
∂ ρ̃c0 a
Ωµ
Ωc
= −iγc0 a ρ̃c0 a +
ρ̃c0 c − ρ̃(0)
∂t
2
2 ca
∂ ρ̃c0 c
Ωµ
Ωc
(0)
i
= −iγc0 c ρ̃c0 c +
ρ̃c0 a + (ρ̃st
c0 c0 − ρ̃cc )
∂t
2
2

i

(8.15a)
(8.15b)

These have a steady state solution of
(1)

(0)

ρ̃c0 a =
(1)
ρ̃c0 c

(0)

Ωc (Ωµ (ρ̃cc − ρ̃st
c0 c0 ) + 2iγc0 c ρ̃ca )
4γc0 c γc0 a + Ω2µ
(0)

(8.16a)

(0)

Ωc (2iγc0 a (ρ̃cc − ρ̃st
c0 c0 ) + Ωµ ρ̃ca )
=
4γc0 c γc0 a + Ω2µ

(8.16b)

In the open pumping case, it was only necessary to solve for the coherences to
first order in Ωc /Ωµ in order to find the second order population ρ̃c0 c0 . In contrast, to
find a fully self-consistent second order solution for ρ̃c0 c0 and ρ̃bb in the closed pumping
case, we require a second order solution for ρ̃aa and ρ̃cc . The equations of motion for
ρ̃c0 a and ρ̃c0 c are unchanged at this order. The equations of motion for ρ̃aa , ρ̃cc , and
ρ̃ca meanwhile are now
∂ ρ̃aa
1
= −i(γa + r)ρ̃aa + irρ̃st
bb − Ωµ (ρ̃ca − ρ̃ac )
∂t
2
∂ ρ̃cc
1
1
(1)
(1)
i
= iαc γa ρ̃aa − Ωc (ρ̃c0 c − ρ̃cc0 ) + Ωµ (ρ̃ca − ρ̃ac )
∂t
2
2
∂ ρ̃ca
1
1
(1)
i
= −iγca ρ̃ca + Ωµ (ρ̃cc − ρ̃aa ) − Ωc ρ̃c0 a
∂t
2
2

i

(8.17a)
(8.17b)
(8.17c)
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These are solved by
(1)

(1)

2rρ̃st
bb + i(ρ̃c0 c − ρ̃cc0 )Ωc
2(r + (1 − αc )γa )
¡
1
=
×
r(4αc γa γca + 2Ω2µ )ρ̃st
bb
2(r + (1 − αc )γa )Ω2µ
¡
¢ (1)
(1)
+ iΩc 2(r + γa )γca + Ω2µ (ρ̃c0 c − ρ̃cc0 )

ρ̃(2)
aa =
ρ̃(2)
cc

(8.18a)

+ Ωc Ωµ (r + (1 − αc )γa )(ρ̃ac0 + ρ̃c0 a ))
(1)

ρ̃(2)
ca =

(1)

(8.18b)
(1)

(1)

−2irαc γa ρ̃st
i(ρ̃ac0 − ρ̃c0 a )Ωc
bb + (r + γa )(ρ̃c0 c − ρ̃cc0 )Ωc
−
.
2(r + (1 − αc )γa )Ωµ
4γca

(8.18c)

The next step is to solve for either ρ̃bb or ρ̃c0 c0 self-consistently, in terms of these
steady state solutions. But first we can simplify the expressions already stated using
our initial approximations that r ¿ Ωc , Ωb ¿ Ωµ (and so rΩc /(Ωµ γa ) . (Ωc /Ωµ )3 ).
Moreover, since the ground states are assumed not to decay, γc0 c = γcph
0 c . We assume
that dephasing effects are small, and take γc0 c ¿ r. Note that although we could
in principle proceed through the next step of the calculation without making these
assumptions, the expressions thus derived are unwieldy. Moreover, these assumptions
will be necessary presently when we move to solve to first order in Ωp /Ωµ , and so it
is expedient (and consistent, given our initial assumptions) to make them now. We
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can write,
µ

(2)
ρ̃c0 a
(1)

ρ̃c0 c

¶
Ωc
=−
ρ̃c0 c0
Ωµ
µ
¶
2iγc0 a Ωc
=−
ρ̃c0 c0
Ω2µ

(8.19a)
(8.19b)

rΩ2µ ρ̃bb + 2γc0 a Ω2c ρ̃c0 c0
(1 − αc )γa Ω2µ
¡
1
×
rρ̃bb (αc γa γca + Ω2µ )
=
(1 − αc )γa Ω2µ

ρ̃(2)
aa =
ρ̃(2)
cc

¶
Ω2c
2
2
+2 2 (2γc0 a Ωµ + γa (4γc0 a γca − (1 − αc )Ωµ ))
Ωµ

ρ̃(2)
ca =

−i(2γc0 a ρ̃c0 c0 Ω2c + rαc ρ̃bb Ω2µ )
(1 − αc )Ω3µ

(8.19c)

(8.19d)
(8.19e)

The equations of motion for ρ̃bb and ρ̃c0 c0 can now be written as
∂ ρ̃bb
= i(αb γa + r)ρ̃(2)
aa − ir ρ̃bb
∂t
∂ ρ̃c0 c0
Ωc (2)
(2)
= iαc0 γa ρ̃(2)
(ρ̃ 0 − ρ̃cc0 )
i
aa +
∂t
2 cc
i

(8.20a)
(8.20b)

Inserting the expressions for the second order rapidly varying terms and combining
the two resulting equations, we find the condition that the steady state populations
ρ̃bb and ρ̃c0 c0 must satisfy.
2γc0 a αb
ρ̃bb =
rαc0

µ

Ω2c
Ω2µ

¶
ρ̃c0 c0

(8.21)

This condition specifies a unique pair of populations when we impose the additional
constraint that the sum of the populations must be 1. Then,

ρ̃c0 c0

rαc Ω2µ
.
=
4αb γc0 a Ω2c + rαc Ω2µ

(8.22)
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The other populations, meanwhile, can now be written as

ρ̃aa ≈ 0
ρ̃bb = ρ̃

b0 b0

(8.23a)

2αb γc0 a Ω2c
≈
4αb γc0 a Ω2c + rαc Ω2µ

(8.23b)

ρ̃cc ≈ 0

(8.23c)

ρ̃aa and ρ̃cc vanish because they are of order Ω2c r/(Ω2µ γa ) . (Ωc /Ωµ )4 .
From here, the strategy is the same as in the open pumping case, and in
fact, the solution in that case carries over wholesale. Eqs. 8.7 and 8.8 are general
statements in terms of the steady state solutions for ρ̃aC , ρ̃aC 0 , and the {|Bi, |B 0 i}
terms. In the semi-dressed basis introduced in chapter 5, we now have ρ̃aC = ρ̃aC 0 =
−

√

2 Ωc
ρ̃ 0 0 ,
2 Ωµ c c

just as in the open pumping case; meanwhile ρ̃BB = ρ̃B 0 B 0 = ρ̃bb , since

ρ̃bb = ρ̃b0 b0 and ρ̃bb0 = 0. So if we take PB = ρ̃BB =

2αb γc0 a Ω2c
4αb γc0 a Ω2c +rαc Ω2µ

and consider the

closed pumping solution for ρ̃c0 c0 , then Eqs. 8.7 and 8.8 hold, now as a function of r,
the pumping from |bi to |ai.
8.2

Linear response of the pumped DIGS systems

Once again, we study the optical response by analyzing the reduced linear susceptibility, Eq. 3.26. In this case, it can be written,
(1)

χ̃

µ
γab (PB (iγC − ∆p + Ωb /2) (iγC 0 − ∆p + Ωb /2) + Ω2c /4 (ρ̃st
c0 c0 − PB ))
=
2
Z+
¶
(PB (iγC − ∆p − Ωb /2) (iγC 0 − ∆p − Ωb /2) + Ω2c /4 (ρ̃st
c0 c0 − PB ))
+
, (8.24)
Z−
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where Z± is defined just as in Eqs. 6.4.
Z∓ = (∆p − iγab ± Ωb /2)((∆µ − ∆p + iγC 0 ∓ Ωb /2)(∆µ − ∆p + iγC ∓ Ωb /2) − Ω2c /4)
+ (∆µ − ∆p + iγC 0 ∓ Ωb /2)Ω2µ /4.
As a check on this solution, note that in the limit that ρ̃c0 c0 → 0 (corresponding to
rc0 → 0) and PB → 1/2 (corresponding to normalized population beginning in |bi),
we recover the solution presented in chapter 6.
In section 8.2.1, we will examine the imaginary part of Eq. 8.24, showing
how the system(s) solved above lead to gain lines in the appropriate limits; section
8.2.2 will treat the real part of Eq. 8.24, including the anomalous dispersion present
between the gain lines.
8.2.1

Im(χ): Gain lines

In Figs. 8.1 – 8.4, we plot the imaginary part of the linear susceptibility, Eq. 8.24,
for various choices of pumping rates, in both open and closed cases. In both cases,
we compare our analytic results with a direct numerical solution to the equation of
motion. We see that the presence of the additional levels manifest themselves as two
tunable resonances located inside of the EIT transparency window. In general for
arbitrary ∆b , the new resonances are symmetrically located about ∆p = 0 at the
locations ∆p = ±Ωeff
b /2. For Ωµ , γab À Ωb , Ωc , γC , γC 0 , their shape is approximately
Lorentzian, given by (for ∆µ = ∆b = 0):
γ 2 Ω2
Im[χ̃ ] ≈ ab 2 c (Re(PB ) − ρ̃st
c0 c0 )
2Ωµ
(1)

µ

Ω2c /Ω2µ + γC 0 /γab
(∆p ∓ Ωb /2)2 + (γab (Ω2c /Ω2µ + γC 0 /γab ))2

¶

(8.25)
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Figure 8.1: Here we compare analytic and numeric solutions for the imaginary part
of the reduced susceptibility (corresponding to the absorption coefficient) in the open
pumping case. The analytic solutions are represented by wide dashed lines, and the
numerics by narrow dashed lines. If it is difficult to distinguish the two solutions
in these and other figures, it is because the agreement between them is quite good.
We show the full spectrum in the cases where rc0 = 0 (absorption lines; blue) and
rc0 = .007γab (gain lines; green). Other parameters are rb = .0001γab , Ωb = Ωc = .1γab ,
Ωµ = 2γab , and γb = γb0 = γC = γC 0 = 10−4 γab . We have assumed the dephasings
vanish, and so γC = γC 0 = 10−4 γab .
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Figure 8.2: We show a close up of one of the narrow features. The pumping parameters
here, going from top to bottom, are rc0 = 0 (blue lines), rc0 = .002γab (red lines),
rc0 = .004γab (brown lines), and rc0 = .007γab (green lines). Other parameters are the
same as in Fig. 8.1 rb = .0001γab , Ωb = Ωc = .1γab , Ωµ = 2γab , and γb = γb0 = γC =
γC 0 = 10−4 γab . We have assumed the dephasings vanish, and so γC = γC 0 = 10−4 γab .
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Closed Pumping HAnalytic and NumericL
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Figure 8.3: These are analytic and numeric solutions for the imaginary part of the susceptibility in the closed pumping case. Again, the analytic solutions are represented
by wide dashed lines, and the numerics by narrow dashed lines. Moving from the top
curve to the bottom, the parameters are r = 0 (blue lines), r = .005γab (red lines),
r = .01γab (brown lines), and r = .04γab (green lines). In all cases, Ωb = Ωc = .1γab ,
Ωµ = 2γab , and γC = γC 0 = γcc0 = γb0 b = 10−4 γab .
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Figure 8.4: A close up on the features plotted in Fig. 8.3. As there, the analytic
solutions are represented by wide dashed lines, and the numerics by narrow dashed
lines. Moving from the top curve to the bottom, the parameters are r = 0 (blue lines),
r = .005γab (red lines), r = .01γab (brown lines), and r = .04γab (green lines). Other
parameters are Ωb = Ωc = .1γab , Ωµ = 2γab , and γC = γC 0 = γcc0 = γb0 b = 10−4 γab .
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in the vicinity ∆p ≈ ±Ωb /2. Eq. 8.25 shows that we can expect absorption for
st
Re(PB ) > ρ̃st
c0 c0 and gain for ρ̃c0 c0 < Re(PB ). Note that these conditions are both

necessary and sufficient for absorption and gain, respectively, which implies first that
no population need occupy the excited state in order for amplification to occur (thus,
we find amplification without inversion) and second that coherent pumping is not
necessary for this amplification to occur. Populations in the appropriate ground
states alone are necessary.
In the case of non-zero γC 0 , the widths of the features are the same as reported
in chapter 6. Now, the height is given by
Im[χ̃(1) (±Ωb /2)] =

Ω2c γab (Re(PB ) − ρ̃st
c0 c0 )
.
2
2
2(γab Ωc + Ωµ γC 0 )

(8.26)

The dependence on the population ρ̃st
c0 c0 is manifest in this expression: the height of
the ultranarrow features varies linearly with the difference in populations between |bi
(or in general a function of the population of |bi) and |c0 i. When the population in |c0 i
becomes large, the sign of the Lorentzian reverses, and the absorption line becomes
a gain line.
The populations ρ̃c0 c0 and Re(PB ) vary with the pumping rates for each of the
two pumping configurations. In the open pumping case, the relationships are linear
in the pumping rates rb and rc0 ; the other states do not attain appreciable population.
We find gain when
(2γc0 a Ω2c + γC 0 Ωµ )
rc0
>
.
rb
(γb + γb0 )Ω2µ

(8.27)

The linear dependence on the pumping rate in the open pumping configuration permits additional control over the shapes of the lines. As can be seen in Eq. 8.26, the
heights of the features are proportional to Ω2c . In the case where Ωc becomes small
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(as is necessary to narrow the widths of the features), it is theoretically possible to
counteract the corresponding suppression of the feature’s height by increasing the
pumping rates rb (for absorption) or rc0 (for gain).
In the closed pumping configuration, meanwhile, the populations depend on a
single parameter, r. Now we find gain for

r>

2αb γc0 a Ω2c
.
αc Ω2µ

(8.28)

Here, it is useful to compare the second order derived populations to the populations
found by direct numerical calculation (see Fig. 8.5). As we see, there is excellent
agreement in the case of small r, as assumed. As r grows, both plots plateau, but
there is a small deviation between the numerics and analytics. This arises because
we assumed r ¿ Ωb , Ωc . Indeed, it is surprising that agreement is acceptable for
r & Ωb , Ωc in these plots.
For a full discussion and explanation of the new features in terms of the dressed
state dynamics, see chapter 6. The same dressed states can also be useful in explaining
why, in the case where ρ̃c0 c0 becomes large, the new resonances become gain lines.
Recall that the dressed states of the |ai, |ci, |c0 i subsystem can be written,
Ωµ
~q 2
1
Ωc
|c0 i + √ p
|ai E+ =
|+c i = − √ |ci + √ p
Ωc + Ω2µ (8.29a)
2
2
2 Ω2c + Ω2µ
2 Ω2c + Ω2µ
Ωc
Ωµ
|c0 i − p 2
|ai
E0 = 0
(8.29b)
|0c i = p 2
2
Ωµ + Ωc
Ωµ + Ω2c
1
Ωµ
~q 2
Ωc
|−c i = √ |ci + √ p
|c0 i + √ p
|ai
E− = −
Ωc + Ω2µ .
2
2
2
2
2
2
2 Ω c + Ωµ
2 Ωc + Ωµ
(8.29c)
In the present context, we will call |0c i the gain state.

184

Closed Pumping Populations
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Figure 8.5: The analytic solutions (solid lines) for the populations in the closed
pumping case, plotted with numerical solutions (dashed lines) to the full system of
equations. The lines with positive slope are the population of |c0 i in each case; the
other non-zero lines are the populations of |bi, |b0 i. The dashed lines with population
≈ 0 correspond to |ai and |ci. In all cases, Ωb = Ωc = .1γab , Ωµ = 2γab , and
γC = γC 0 = γcc0 = γb0 b = 10−4 γab .
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The eigenstate |0c i is decoupled from the control laser, so there will not be any
destructive quantum interference in the probe absorption or emission for transitions
to |0c i. This explains why we find spectral lines at the locations corresponding to
transitions from |Bi and |B 0 i to |0c i. Moreover, in the limit as Ωc ¿ Ωµ , we find
sin θ À cos θ, and so |0c i ≈ |c0 i. Thus in the dressed state basis, the population in
|c0 i corresponds to large population in the gain state. The gain state energy remains
~ωa , however, even in this limit, which means that although there is no population
inversion in the bare state basis, there is large inversion in this dressed state basis.
Whereas when the population in |c0 i is small, transitions from the {|Bi, |B 0 i} manifold
to |0c i lead to absorption resonances at ωa − ωB,B 0 , now we find stimulated emission
at the same frequencies, leading to the new gain lines.
It is worth emphasizing that the gain lines described here arise from a different physical process than, say, standard driven two level pump-probe spectroscopy.
There, gain arises from the exchange of quanta between the strong pump field and
the weak probe. The dressed states used to describe and explain pump-probe spectroscopy necessarily involve the probed transition. Here, the basis in which the gain
state emerges does not include the probed transition. In the present system, the gain
is due to stimulated emission from a metastable quantum state, |0c i, to a decoupled (to zeroth order in Ωp /Ωµ ) ground state. It is the coherent preparation of the
{|ai, |ci, |c0 i} manifold that permits emission from this state (essentially |c0 i, in the
limits we have considered) even though the population of the bare excited state is
negligible.
The mechanism here also differs from textbook amplification without inversion,
as presented for instance by Scully and Zubairy [95] and in section 3.2.3. There gain
occurs because coherence between the ground states of the Λ atom cancel absorption,
leaving only stimulated emission. For this reason, this kind of inversionless ampli-
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fication system requires coherent pumping. This permits gain even in the presence
of small population of the excited state, |ai. But crucially, some population in the
excited state is necessary. In the present system, |ai may have zero population, so
long as |c0 i is populated. We note that there are other approaches to amplification
without inversion (which is ultimately a term that describes systems exhibiting a certain property, rather than the name of a particular class of systems) that are closer
in spirit to the current system [78]. But it is nonetheless worthwhile to distinguish
the DIGS approach from the “standard” amplification without inversion, since their
mutual connection to EIT may produce confusion.
8.2.2

Re(χ): Anomalous dispersion

As in the region between two Raman gain peaks, when the pumping rate is such that
the gain peaks are large we find a region of anomalous dispersion but low absorption
[102]. The dispersion is proportional to the first derivative of the linear susceptibility.
In the present case, the heights, widths, and separation of the peaks, and thus the
magnitude and range of the anomalous dispersion, are all tunable by varying r (or rb
and rc0 ), Ωb , and Ωc . The real part of the susceptibility is shown for several values of
the pumping rate in Figs. 8.6 and 8.7. Our definition of the probe detuning

∆p = ωa − ωb − νp

implies that the dispersion is anomalous when the slope of the real part of χ is positive,
corresponding to decreasing νp .
Near the bare transition frequency, ∆p = 0, the real part of the susceptibility
is approximately linear. To second order in Ωb /Ωµ and Ωc /Ωµ (the order to which
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Figure 8.6: Here we compare our analytic and numeric solutions for various pumping
rates in the open configuration. We see that increasing pumping to |c0 i results in a
change from normal dispersion (negative slope, on our sign conventions) to anomalous dispersion (positive slope) in the region around zero detuning. Once again, the
analytic solutions are represented by wide dashed lines, and the numerics by narrow
dashed lines. The parameters in both cases are the same as in Fig. 8.2. In particular,
we have (from most negative slope to most positive), rc0 = 0 (blue lines), rc0 = .002γab
(red lines), rc0 = .004γab (brown lines), and rc0 = .007γab (green lines).
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Figure 8.7: Now we compare our analytic and numeric solutions for various pumping
rates in the closed configuration. We see that increasing the pumping results in a
change from normal dispersion (negative slope, on our sign conventions) to anomalous
dispersion (positive slope) in the region around zero detuning. The analytic solutions
are represented by wide dashed lines, and the numerics by narrow dashed lines. The
parameters are the same as in Fig. 8.4. We have r = 0 (blue lines), r = .005γab (red
lines), r = .01γab (brown lines), and r = .04γab (green lines).
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the solution for the susceptibility is valid), we find,
Re(χ̃(1) ) =

4γab (Ω2c ρ̃c0 c0 − Re(PB )(Ω2b + Ω2c ))
∆p .
Ω2b Ω2µ

(8.30)

See Fig. 8.8 for a comparison of this linear solution and the full real part of the susceptibility for several populations. Meanwhile, the imaginary part of the susceptibility
at zero detuning, to the same order, is,
Im(χ̃(1) ) = 4γab

γC Ω2b PB + γC 0 Ω2c (PB − ρ̃c0 c0 )
.
Ω2b Ω2µ

(8.31)

Thus the absorption at zero detuning can be made vanishingly small for small decoherence, permitting excellent transparency in the region of interest.
Eq. 8.30 can be rewritten to reflect the relative populations necessary for
dispersion to become anomalous. The dispersion is anomalous just in case
ρ̃c0 c0
Ω2
> 1 + b2 .
Re(PB )
Ωc

(8.32)

Eq. 8.32 can be rewritten as a constraint on rb and rc0 in the opening pumping case
and r in the closed pumping case by substituting the expressions for the populations
derived in sections 8.1.1 and 8.1.2. In the open pumping case, the constraint on rc0 /rb
is given by
(2γc0 a Ω2c + γC 0 Ω2µ )(Ω2b + Ω2c )
rc0
,
>
rb
(γb + γb0 )Ω2µ Ω2c

(8.33)

whereas the corresponding constraint on r in the closed pumping case is given by,

r>

2αb γc0 a (Ω2b + Ω2c )
.
αc Ω2µ

(8.34)

It is tempting to consider the limit that Ω2b /Ω2c → 0. However, Eqs. 8.30 and
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Figure 8.8: Here we compare our linear approximation of the real part of the susceptibility, Eq. 8.30, with the general analytic solution, Eq. 8.24 for various populations.
For complete generality, and because the purpose is to show agreement between the
linear approximation and the full susceptibility, we consider the populations directly,
here, rather than limiting ourselves to one pumping scheme or another. In order from
most negative to most positive slopes, we have PB = 1 and ρ̃c0 c0 = 0 (blue lines);
PB = .25 and ρ̃c0 c0 = .5 (red lines); and PB = .1 and ρ̃c0 c0 = .8 (brown lines). In all
plots, γC = γC 0 = γab × 10−4 , Ωµ = 2γab , Ωb = Ωc = γab /10.
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8.32 are not valid in this limit. For one, taking Ωb → 0 makes sense in the context
of Eq. 8.32, but not Eq. 8.30. More importantly, the assumption of linearity only
holds when there is a transparency window between the two peaks, or roughly when
Ω2c /Ω2µ ¿ Ωb /γab , which corresponds to the case where the separation of the peaks
is larger than their widths. It follows that, while inversion of the populations of
|0c i ≈ |c0 i and |bi is sufficient to produce gain lines, the constraint on the population
of |0c i necessary for anomalous dispersion is more stringent. This result can be seen
clearly in comparing Eqs. 8.33 and 8.34 to the corresponding expressions in section
8.2.1, Eqs. 8.27 and 8.28. The pumping rate necessary for producing anomalous
dispersion increases as the square of the width of the window between the peaks,
supposing that the widths of the peaks are held constant. Thus, though it is in
principle possible to produce wide spectral regions of anomalous dispersion, there is
a practical barrier imposed by how rapidly one can pump atoms into |c0 i.
A distinctive and important feature of Eq. 8.30 is that the sign of the dispersion
will change as one varies the pumping rates. This means that in a system with tunable
populations, one can vary continuously between a regime with absorption and slow
light, and another with gain and fast light. A second feature of Eq. 8.30 worth noting
is that the dispersion does not depend on the dephasings γC and γC 0 . This result is
not a relic of the approximations that went into deriving the linearized equation, as
can be seen in Fig. 8.9. The effect of dephasing |c0 i and {|bi, |b0 i} is to destroy the
coherences responsible for producing the narrow peaks. But even as the resonances
shrink, the region between the peaks near zero detuning remains unchanged, until
γC 0 À Ω2c and the resonances vanish altogether.
The values of the anomalous dispersion that we predict have dramatic consequences for group velocity. The absolute value of the dispersion in the anomalous
regime, for large population |c0 i, is comparable to the magnitude of EIT dispersion,
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Figure 8.9: Here we compare our linear approximation of the real part of the susceptibility, Eq. 8.30, with the general analytic solution, Eq. 8.24, as dephasing
increases. The (blue) dotted line has γC = γC 0 = γab × 10−4 ; the (red) dashed line
has γC = γC 0 = γab × 10−3 ; the (yellow) broad-dashed line has γC = γC 0 = γab /100;
solid (green) line is the linear approximation. Note that although the susceptibility is
depressed in the vicinity of the features as the dephasing increases, the dispersion in
the linear regime does not change. In all plots, we take the generalized populations
ρ̃c0 c0 = .8 and Re(PB ) = .1, while other parameters are Ωµ = 2γab , Ωb = Ωc = γab /10.
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as can be seen by examining Eq. 8.30. In the case where PB = 1, the dispersion
becomes approximately that of standard EIT1 (compare with Eq. 3.30 in the limit
that here, Ωc → 0)
∂Re(χ̃(1) )
4γab Re(PB )(Ω2b + Ω2c )
=−
.
∂∆p
Ω2b Ω2µ

(8.35)

In the opposite limit, of very large pumping, ρ̃c0 c0 → 1 and we find
4γab Ω2c ρ̃c0 c0
∂Re(χ̃(1) )
=
∂∆p
Ω2b Ω2µ

(8.36)

For Ωc = Ωb , Eq. 8.36 reduces to the expression for EIT dispersion, with opposite
sign. This means that if one begins with a suitable EIT system and then introduce the
additional couplings and pump processes, one can generate negative group velocities
of the same magnitude as the ultraslow light observed by Hau et al. [43], Kash et al.
[54], and Budker et al. [18].
In the final section of chapter 2, we argued that “small” negative group velocities can best be understood in terms of the group delay, defined in Eq. 2.49. To see
the point made at the end of the last paragraph most clear, suppose that a given EIT
system exhibits a group delay of τdEIT . Then, for index of refraction n ≈ 1 (as we have
here) we can expect a group delay in the same system prepared with the additional
DIGS couplings of,
τdDIGS = τdEIT

Re(PB )(Ω2b + Ω2c ) − Ω2c ρ̃c0 c0
.
Ω2b

(8.37)

We plot τdDIGS /τdEIT as a function of the closed pumping rate in Fig. 8.10.
To be perfectly concrete, take as a sample system the 87 Rb vapor cell prepared
1

Recall, as we stated in chapter 6, that when we refer to standard EIT, we mean EIT in the same
experimental context, with the same control field. In particular, the spatial profile of the sample,
its length, the atomic species, etc. are all taken to be the same in the comparison.
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Figure 8.10: The ratio τdDIGS /τdDIGS as a function of the closed pumping rate, r/γab .
We see that for r > γab /10, the time delay becomes negative; for r > 3γab /10, the
magnitude of the negative time delay comes within a factor of 2 of the EIT time delay,
permitting much faster light than previously observed.
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in Kash et al. [54], modified to include the additional couplings. We can assume that
Ωb ≈ Ωc , so that the details of the strengths of the couplings are irrelevant. They
observe group velocities of 90m/s through their 2.5cm long sample, corresponding to
a group delay of .26ms. In the corresponding DIGS system, with pumping such that
ρ̃c0 c0 ≈ .8 and PB ≈ .1 (this corresponds to a closed pumping rate of approximately
r = .04γab for Ωb ≈ Ωc ≈ .1γab and Ωµ = 2γab ), we should expect a group velocity
of -150m/s, corresponding to a group delay of -.156ms and a group velocity index of
ng = −2 × 106 . These numbers represent an improvement of four orders of magnitude
over Wang et al. [109], who found a group velocity index of ng ≈ −310.
8.3

Doppler Broadening

Doppler broadening is an important experimental constraint on the current system.
Thus far, we have disregarded Doppler broadening in our treatment of DIGS systems,
and so we will focus on it here. For a single photon with wave vector ~k incident on an
atom moving with velocity ~v , the Doppler effect shifts the atomic transition frequency
ω0 by
ωD = ω0 + ~k · ~v .
We can rewrite this expression to find an upper bound on the shift, by noting

ωD = ω0 (1 + ~² · ~v /c) ≤ ω0 (1 + v/c),

(8.38)

where ~² is the unit vector parallel to ~k. The “Doppler width,” then, is given by the
average difference ωD − ω0 = ω0 vavg /c. We can approximate vavg by
r
vavg = 2

2 ln 2

kB T
m
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where kB is the Boltzmann constant, T is the temperature, and m is the mass of the
atoms.
From these considerations, we conclude that Doppler shifts will be unimportant
for the rf fields. Working, for instance, at room temperature (T = 300K), in a gas
of Rubidium atoms, we would find that vavg ≈ 400m/s. For an rf field, we can take
ω0 ∼ 100MHz, which gives an estimation of the Doppler width at ωD − ω0 . 100Hz.
Thus for the rf fields, the effect of Doppler broadening will be much less than the
homogeneous broadening from dephasing (which we have thus far estimated in our
plots at γb , γb0 , γc , γc0 , γC , γC 0 ≈ 10−4 γab ≈ 103 Hz). In the same gas, however, taking
ω0 ≈ 1PHz—a characteristic frequency of optical light—we find that the Doppler
width will be approximately ωD − ω0 ≈ 1GHz À γab . Thus Doppler broadening will
dominate the optical transitions {|bi, |b0 i} ↔ |ai and {|ci, |c0 i} ↔ |ai. In a laser
cooled system, where T ≈ 1µK − 100µK, the Doppler width would be reduced to
γab /10 − γab /100.
We can model the Doppler broadening by averaging over a Gaussian distribution of the one photon detuning ∆p and the two photon detuning, δ = ∆p − ∆µ .
Written in terms of these two detunings (see appendix 8.A for a full statement of the
susceptibility including all non-zero detunings) The Doppler broadened susceptibility
(as a function of mean probe detuning, ∆p , with mean pump detuning fixed at 0),
meanwhile, is given by
(1)
χ̃D (∆p )

1
≈
2πσ∆p σδ

Z

∞
−∞

Z

∞
−∞

2 )
−(∆0p −∆p )2 /(2σ∆
p

×e

d∆0p dδ χ̃(1) (∆0p , δ)

e−(δ−∆p )

2 /(2σ 2 )
δ

.

(8.39)

Evaluating Eq. 8.39 numerically for a variety of variances (see Figs. 8.11–8.14),
we can draw several conclusions about the constraints imposed by Doppler broaden-

197

Two photon Doppler broadening
Im Χ
-0.10

0.05

-0.05

Dp
0.10 Γab

-0.05
-0.10
-0.15
-0.20
-0.25
-0.30
Figure 8.11: Here we have the two photon Doppler effect on the imaginary part of the
susceptibility near the narrow features. We keep the one photon variance constant (to
clarify the effect of the two photon broadening) at σ∆p = .001γab . The blue dotted line
corresponds to σδ = .001γab , the red dashed line has σδ = .005γab , the brown dashed
line has σδ = .01γab , and the solid green line (for which the features have vanished
altogether) has σδ = .05γab . For simplicity and generality, we have used generalized
populations rather than particular models for open or closed pumping, with PB = .1
and ρ̃c0 c0 = .8, and we have allowed the dephasings γC and γC 0 to vanish. The other
parameters are Ωµ = 2γab , Ωb = Ωc = γab /10.
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Two photon Doppler broadening
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Figure 8.12: Here we have the two photon Doppler effect on the real part of the
susceptibility near the narrow features, under the same circumstances as Fig. 8.11.
Again, the blue dotted line corresponds to σδ = .001γab , the red dashed line has
σδ = .005γab , the brown dashed line has σδ = .01γab , and the solid green line (for
which the features have vanished altogether) has σδ = .05γab .
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One photon Doppler broadening
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Figure 8.13: The one photon Doppler effect on the imaginary part of the susceptibility.
Again, we keep the keep the other variance constant at σδ = .001γab . In this case we
show a wide array of values for the variance, as the features are much less sensitive
to the one photon broadening than the two photon broadening—indeed, each line
represents variance an order of magnitude larger than the last. In both the top
and bottom plots, the blue dotted line corresponds to σ∆p = .01γab , the red dashed
line has σδ = .1γab , the brown dashed line has σδ = γab , and the solid green line
has σδ = 10γab . For simplicity and generality, we have once again used generalized
populations rather than particular models for open or closed pumping, with PB = .1
and ρ̃c0 c0 = .8, and we have allowed the dephasings γC and γC 0 to vanish. The other
parameters are Ωµ = 2γab , Ωb = Ωc = γab /10.
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One photon Doppler broadening
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Figure 8.14: The one photon Doppler effect on Re(χ̃(1) ), with the same parameters
as Fig. 8.13. The blue dotted line corresponds to σ∆p = .01γab , the red dashed line
has σδ = .1γab , the brown dashed line has σδ = γab , and the solid green line has
σδ = 10γab .
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ing. For one, the narrow features are unaffected by the single photon broadening, at
least while σ/γab . 1. To see why this would be, consider the expansion of Im(χ̃(1) )
around ±Ωb /2 in terms of the one and two photon detunings. We find,
Im(χ̃(1) )(∆p , δ) ≈
µ

γab Ω2c
(Re(PB ) − ρ̃st
c0 c0 )×
2Ω2µ

γab Ω2c /Ω2µ + γC 0
(γab Ω2c /Ω2µ + γC 0 )2 + (δ ∓ Ωb /2 + Ω2c /Ω2µ (∆p ∓ Ω2b /2))2

¶
(8.40)

To leading order and under the assumption that ∆µ → 0, this reduces to the
Lorentzian given in Eq. 8.25. For general ∆µ and small Ωc , Eq. 8.40 depends
on δ alone, which explains why the widths of the features are sensitive only to the
two photon detuning. When σ∆p Ω2c /Ω2µ approaches the width of the features the
single photon process becomes important. Nevertheless, even for σ∆p /γab ≈ 10, our
numerics show that the features will persist, albeit in suppressed form.
The narrow features (and indeed, the entire EIT structure [26]) are far more
sensitive to the two photon broadening. When σδ /γab approaches the widths of the
features, γab Ω2c /Ω2µ + γC 0 , they are rapidly broadened and ultimately washed out.
One possible way of avoiding this difficulty is to work with a Doppler-free geometry,
where the probe and the control lasers are copropagating. In this case, the two photon
broadening vanishes and it would be possible to observe the (one photon broadened)
narrow resonances even in an approximately room temperature system, as per the
discussion in the previous paragraph. It would also be possible to work in a system
with two photon Doppler broadening, so long as the temperature is sufficiently low.
For Ω2c /Ω2µ ≈ .01, it would be possible to work in a laser cooled system; otherwise, a
quantum degenerate system would be necessary to realize the features.
The anomalous dispersion, meanwhile, is more robust under Doppler broad-
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ening. As when one increases the homogeneous broadening of the narrow lines by
increasing the dephasings γC , γC 0 , the slope of the real part of the susceptibility in
the anomalous regime is unchanged even as the resonances are suppressed. It is only
when the features are washed out entirely by the inhomogeneous broadening that the
anomalous dispersion is lost. In particular, the anomalous dispersion is not reduced
when the variance in the one photon detuning, σ∆p , is as large as 10γab . The dispersion is more sensitive to the two photon detuning, but only because the features
themselves vanish entirely for a smaller value of σδ . This means that the anomalous dispersive regime should be readily observable and unsuppressed even in a room
temperature gas, provided one uses a Doppler-free geometry to eliminate the two
photon broadening. Our numerical calculation predicts that even in the absence of
co-propagating lasers, the dispersion will be unchanged for σδ . γab /100, even though
the resonances will be severely broadened. Thus it should be possible to observe the
anomalous dispersion in a laser-cooled gas without a Doppler-free geometry.
In conclusion, we have studied the effects of various pumping configurations
on the linear response of a driven five level atom. We have found that when the
population of one of the ground states, |c0 i, becomes large, it produces two amplification resonances without population inversion in the bare state basis. We have shown
the dependence of the population of |c0 i on two different pumping configurations.
Moreover, we have shown that in the region between the two gain lines, it is possible
to tune the system to permit anomalous dispersion. We have studied the effects of
Doppler broadening on this system, and concluded that the anomalous dispersion is
robust under both homogeneous and inhomogeneous broadening of the gain lines, so
long as the gain lines do not vanish.
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8.A

Full solution for general laser and rf field detunings

For completeness, we present here a complete and general solution for the reduced
susceptibility, χ̃(1) , including arbitrary detunings of all fields. We find
χ̃(1) =

2γab
(cos θb ρ̃aB − sin θb ρ̃aB 0 ).
Ωp

(8.41)

Here,

¡ ¡
¢
Ωp ¡
(sin θb ρ̃B 0 B − cos θb ρ̃BB ) − 2iγC + ∆b − ∆c − 2δ − Ωeff
b
Z+
¡
¢
¢
eff 2
× 2iγC 0 + ∆b − ∆c − 2δ − Ωeff
+ 2i cos(2θc ) (γC − γC 0 ) Ωeff
b
c + (Ωc )
¡
¢
eff
+ cos θb cos θc ρ̃Ca 2iγC 0 + ∆b − ∆c − 2δ − Ωeff
−
Ω
Ωµ
b
c
¡
¢ ¢
eff
− cos θb sin θc ρ̃C 0 a 2iγC 0 + ∆b − ∆c − 2δ − Ωeff
Ωµ
(8.42)
b + Ωc

ρ̃aB =

and
¡ ¡
¢
Ωp ¡
(sin θb ρ̃B 0 B 0 + cos θb ρ̃BB 0 ) − 2iγC + ∆b − ∆c − 2δ + Ωeff
b
Z−
¡
¢
¢
eff 2
× 2iγC 0 + ∆b − ∆c − δ + Ωeff
2i cos(2θc ) (γC − γC 0 ) Ωeff
b
c + (Ωc )
¡
¢
eff
− sin θb cos θc ρ̃Ca 2iγC 0 + ∆b − ∆c − 2δ + Ωeff
Ωµ
b − Ωc
¢ ¢
¡
eff
(8.43)
Ωµ
+ sin θb sin θc ρ̃C 0 a 2iγC 0 + ∆b − ∆c − 2δ + Ωeff
b + Ωc

ρ̃aB 0 =
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where now
¡
¢ 2
eff
Z± = sin2 θc 2iγC 0 + ∆b − ∆c − 2δ ∓ Ωeff
Ωµ
b + Ωc
¡
¡
¢
¢
+ 2i cos2 θc sin2 θc (γC − γC 0 ) 2i (γC − γC 0 ) 2γab + ∆b − 2∆p ∓ Ωeff
− Ω2µ
b
¢
¡
eff
+
Ω
+ −2i sin2 θc γC − 2i cos2 θc γC 0 − ∆b + ∆c + 2δ ± Ωeff
c
b
¢
¡¡
eff
× 2i cos2 θc γC + 2i sin2 θc γC 0 + ∆b − ∆c − 2δ ∓ Ωeff
b + Ωc
¡
¢
¢
× 2iγab + ∆b − 2∆p ∓ Ωeff
− cos2 θc Ω2µ .
b
We have defined the two photon detuning, δ = ∆p − ∆µ = ωc − ωb + νµ − νp .
In the special case that cos θb ρ̃BB − sin θb ρ̃B 0 B = sin θb ρ̃B 0 B 0 + cos θb ρ̃BB 0 , we
√
can define PB = 2(cos θb ρ̃BB − sin θb ρ̃B 0 B ). Likewise, when sin θc ρ̃Ca = cos θc ρ̃C 0 a ,
µ
sin θc ρ̃Ca . Then Eqs. 8.42 and 8.43 take on the relatively
we can define PC = − 2Ω
Ωeff
c

simple form familiar from the body of the paper,
¡¡
¢¡
¢
Ωp ¡
PB 2iγC + ∆b − ∆c − 2δ − Ωeff
2iγC 0 + ∆b − ∆c − 2δ − Ωeff
b
b
Z+
¢
¢
2
−2i cos(2θc ) (γC − γC 0 ) Ωeff
+ (Ωeff
(8.44)
c
c ) (cos θb PC − PB )

ρ̃aB =

and
¡¡
¢¡
¢
Ωp ¡
eff
0 + ∆b − ∆c − δ + Ω
PB 2iγC + ∆b − ∆c − 2δ + Ωeff
2iγ
C
b
b
Z−
¢
¢
2
−2i cos(2θc ) (γC − γC 0 ) Ωeff
+ (Ωeff
c
c ) (sin θb PC − PB ) .

ρ̃aB 0 = −
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Chapter 9
Summary and Conclusion

In this dissertation, we have studied the linear response of five level systems in a
dressed interacting ground state configuration, under a variety of preparations. We
showed that in the absence of pumping, with initial conditions analogous to electromagnetically induced transparency and double dark resonances, the absorption
spectrum for a weak pulse traveling near resonance with a pre-determined transition
include two additional narrow peaks. Meanwhile, when the system is modified to
include incoherent pumping—either internally, or from external levels—the height
of the features becomes dependent on the difference between the populations of the
ground states. When population accumulates in the auxiliary manifold, the absorption resonances become gain lines, with a central region of anomalous dispersion. Our
focus has been on using these atomic systems to control group velocity.
Part I reviewed background material relevant to the central topics of the dissertation. In chapter 2, we reviewed the semiclassical theory behind the study of the
linear susceptibility of the coherently prepared systems we discuss; we also discussed
the physical interpretation of anomalous dispersion. In chapter 3, we used this theory
to study two precursors to DIGS systems—electromagnetically induced transparency
and double dark resonances—in considerable detail. In addition to deriving the EIT
(and DDR, by extension) Hamiltonians from first principles and then solving for the
linear susceptibility near the probe frequency, we provided a detailed treatment of
the linear response of these systems and their applications to the control of group
velocity. We explained these coherence phenomena in terms of dressed state analysis,
and we review the experimental literature on these systems. We also gave overviews
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of the related phenomena of coherent population trapping, STIRAP, and amplification without inversion. Chapter 4 gave an overview of the theory behind weakly
interacting Bose-Einstein condensates and the Josephson effect.
The central topics of the dissertation, concerning DIGS systems, were presented
in part II. Chapter 5 presented the DIGS Hamiltonian and showed how it could be
transformed by a change of basis into two solvable systems of equations. We also
described a decay scheme that permitted us enough nuance to explore how various
relaxation rates affect the DIGS system, without rendering the system unsolvable.
Finally, we suggested some possible level configurations in 87 Rb and 23 Na where DIGS
could be realized. As we discussed in chapter 3, alkali vapors are particularly well
suited for atomic coherence experiments of the sort we propose and have been used
in many experiments involving EIT and DDR.
In chapter 6, we solved the model presented in chapter 5 under initial conditions
analogous to standard EIT. We assumed that population was initially in |bi and then
solved perturbatively in the probe field, Ep . We showed that the additional couplings
manifest themselves as a pair of new features located within the EIT transparency
window. These features have controllable widths, heights, and locations dependent
on the intensity of the lasers; additionally, detuning the new couplings from resonance
can control the location of the doublet’s center. We showed that the new features can
be understood in terms of a dressed state analysis. Finally, we discussed how the new
features could be used for additional group velocity control within the EIT spectrum.
We showed that near the features, the dispersion was up to 100 times larger than
at its maximum value in an identical system without the couplings to the additional
levels.
Perhaps the most novel contribution of the dissertation appears in chapter 7.
There we show how the Josephson effect in a double well Bose-Einstein condensate
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can be used to effectively reproduce the DIGS Hamiltonian, modulo considerations
arising from the particulars of BEC theory. Instead of additional atomic levels driven
by external fields, tunneling couplings between neighboring wells produce the dressed
states that lead to the DIGS resonances in this case. Since both the decoherence
between the wells and the strength of the couplings are small, one can generate
features that are generally narrower than is possible in a DIGS system as realized
in an atomic gas. The reason is that the atomic gas is limited by, for instance,
collisional dephasing and Doppler broadening, which are vanishingly small in BoseEinstein condensed systems.
The realization of DIGS in a BEC could be used for precision measurements
of atomic tunneling and overall phase coherence of the BEC, as the widths and locations of the features are directly dependent on the tunneling rates. Moreover, the
double well system provides a tool for nonlocal control of light propagation. The new
features result from superpositions between space-like separated atoms; to our knowledge, space-like separated superpositions have never been used to directly affect the
spectral properties of a dielectric medium. As a result, the system may provide new
possibilities for tests of fundamental physics, including quantum nonlocality. The
discussion in the current dissertation is only the first step of what seems likely to be
a fruitful research program on non-local quantum control in double well BECs.
That said, we take the results in chapter 8 to be the most significant in the dissertation. There, we modified the system presented in chapter 5 and solved in chapter
6 to include pumping. We derive analytic solutions for two pumping configurations—
one in which pumping is from and decay is to external states, and a second where
the system is closed and atoms are pumped internally—and show that in both, population collects in the two ground state manifolds. These analytic results are a useful
contribution in themselves, as they reduce in an appropriate limit to the equations
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governing a DDR system with pumping. Such systems have received considerable attention by, for instance, Lukin et al. [70] and Mahmoudi et al. [71]. However, previous
treatments have relied on numerical solutions. We present the first analytic solutions
here, for both DDR and DIGS systems with pumping. The result of the calculation
is to show that under quite different configurations, the steady state solution involves
population accumulating in both ground state manifolds, with negligible population
in the excited state. We show quite generally that when population collects in |c0 i,
irrespective of the process by which it arrives, the heights of the features we describe
in chapter 6 become dependent on the population difference between |c0 i and |bi.
This condition can be expressed in terms of the pumping rates in both the open and
closed cases.
We show that when the population of |c0 i becomes larger than that of |bi, the
absorption resonances described in chapters 6 and 7 become gain lines whose height
again varies with the difference between the populations. We explain this gain in
terms of dressed states and show that it is essentially inversion-free: no population
ever accumulates in the excited state. The gain arises because of the coherent couplings between the ground states and the excited state, which change the effective
relative energies of the states. We go on to show that for sufficiently large populations
differences (the condition is simple and derived analytically), irrespective of relaxation
rates, the dispersion becomes anomalous in a tunable window with low absorption
and index of refraction of n ≈ 1. The dispersion can be smoothly varied from normal
to anomalous by varying the pumping rates in the system. This dispersion can be
explained in terms of the analyticity of the susceptibility, via the Kramers-Kronig
relations, which we discuss in chapter 2.
Significantly, the magnitude of the anomalous dispersion is of the same order
as the normal dispersion in standard EIT in an identically prepared system without
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the additional couplings. We analyze the group velocity in terms of the group delay
and predict that our system improves on past measurements of negative group delay
by four orders of magnitude. Finally, we showed that the anomalous dispersion is
robust under Doppler broadening for temperatures approaching room temperature.
We believe that such large negative group delays in experimental systems that are
already accessible (since they are so closely related to EIT and DDR) could find
immediate and broad application.
There are many exciting paths the research presented here might follow. In
addition to future studies concerning nonlocal quantum control in double well BECs,
we expect to find further applications of the DIGS system, especially with pumping.
We have not yet explored the nonlinear susceptibility of the DIGS system, though
we expect there to be interesting physics there, as nonlinear effects in EIT and DDR
have received as much or more attention in the literature as linear effects. Moreover,
we would like to find a way to combine the pumping with the realization of DIGS in
a BEC that we have already discussed, though this project faces technical challenges
related to pumping atoms between the wells.
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